
PROCEEDINGS  OF  THE  YEREVAN  STATE  UNIVERSITY         
  

 

Physical  and  Mathematical  Sciences                                                  2009,  № 3,  p. 26–31    
 
 
 

 
 

M a t h e m a t i c s  
 

ON  THE  NUMBER  OF  SERVED  CUSTOMERS  IN  BMAP(t)|G|∞   MODEL 
 
 

A. R. KHAJKHNIDI∗ 
 

Chair of Probability Theory and Mathematical Statistics, YSU 
 

In the present paper the ( ) | |BMAP t G ∞ model with non-stationary input 
stream of customers is considered. The distribution of customers’ number served 
during time t and its mean value are obtained. Estimates for characteristics of 

( ) | |MAP t G ∞  and ( ) | |xM t G ∞  models are obtained as well. 
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Introduction. The models with infinite number of servers are applied for 
analyzing and estimating characteristics in communication and telecom-mutation 
networks, computer networks, network databases, multimedia, distance learning 
systems, provider systems, etc. [1]. 

Application of the M|M|∞ model in communication networks allowed 
forecasting load of telephone lines and number of channels, needed to provide 
service quality [2].  

Application of the M|G|∞ model is substantiated by the fact that its sta-
tionary distribution is invariant with respect to the service time distribution [3, 4] 
and the Poisson property of the output stream. The model was being used to 
estimate the channel load in package commutation networks [5], to forecast losses 
in queuing systems [6], to determine the optimal level of reservation [7], etc. 
However, the assumptions on stationarity and Poisson property of the input stream 
were hindering further application of the model in computer networks. Possible 
mistakes while using such models to estimate characteristics of computer and 
mobile networks, to forecast the time and quantity of the channel peak load are 
mentioned in [8, 9]. The cause of those mistakes is the non-stationary and non-
Poisson character of the network stream. The network traffic differs from the 
Poisson one and is characterized by non-ordinarity, non-stationarity, long-term 
dependence and after-action [10, 11]. As a rule, it is pulsing, and the customers 
arrive in groups of different lengths [11]. 

To  describe  the  network  traffic  one  uses  BMAP  (Batch  Markovian 
Arrival Process)  models  [12].  BMAP  stream  properties  and  its  applications  
are presented  in  [13]. 

Papers [14–16] are devoted to the study of the | |BMAP G ∞  models. The 
models with phase type input stream | |PH G ∞ are considered in [17, 18]. Papers 
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[8, 9, 19, 20] are devoted to the study of ( ) | |M t G ∞ model with non-stationary 
Poisson input stream. Here there are also presented examples and arguments justi-
fying the use of models with non-stationary input streams for telecommunication, 
mobile network and production system analysis.  

Models with phase type input stream and service ( ) | ( ) |PH t PH t ∞  are 
considered in [21], where the system load and the distribution of number of busy 
servers are studied with the help of numerical methods. The distribution of number 
of busy servers for the model ( ) | |BMAP t G ∞  is obtained in [14]. 

In literature on infinite linear queues there are mostly studied distributions of 
the number of busy servers in steady-state and/or non-steady-state modes, its 
moments and distribution of the model’s busy period. However, as a performance 
measure for practical systems one should use the number of served customers 
during the period of the system’s functioning [5, 9]. 

For  systems  with  non-Markovian  and  non-stationary  input  streams  the 
study of this characteristic encounters some difficulties. Here one should mention 
the paper [22], where the models | |M G ∞  and | |xM G ∞  with stationary input 
streams are considered. 

In the present paper the distribution of number of customers served during 
time t and the joint distribution of numbers of customers served and being under 
service by the moment t for the ( ) | |BMAP t G ∞  model are considered. 

Model Description. The model consists of unlimited number of identical 
servers; the input stream of customers is non-stationary BMAP stream. Service time 
is a random variable γ ,  not depending on input process, on model state, having 
arbitrary distribution ( ) ( )G t P tγ= ≤  and finite average γ . The input BMAP 
stream is given by basic Markovian process (MP) [13] ( )J t  (phase process (PP)) 
with finite set {0,1,..., }E m=  of states and the sequence of characteristic matrices 
{ ( ), 0}kD t k ≥  of m m×  size. 0 ( )D t  is a non-singular matrix with negative 
diagonal and non-negative extra-diagonal elements, the column-wise sum of which 
is less or equal to zero. 0 ( )D t  manages PP ( )J t  transitions, that are not accom-
panied with customer generation. Non-negative matrices ( ), 1kD t k ≥ , manage PP 

( )J t  transitions, that are accompanied with generation of groups of 1k ≥  
customers. Assume that PP ( )J t  is a non-expandable MP with generating matrix 

( )D t , with set E  of states and with vector of stationary distribution 

0 1( ) { ( ), ( ),..., ( )}, 0mt t t t tπ π π π= ≥ . Here ( )D t  is the matrix of size m m× :  

0
0

( ) ( ), ( ( ) ( )), 0, ( ) ( ) 0, ( ) 0, ( ) 1,k
k

D t D t D t D t t t D t D t e t eπ π
∞

=
= ≠ ≥ = = =∑  

where e  is a unit vector column. BMAP stream customer arrival rate ( )tλ  at 
moment t  is  

1
( ) ( ) ( ) , 0.k

k
t t kD t e tλ π

∞

=
= ≥∑  

Transitions probabilities ( , )P x t  ( )PP J t  during time [ ),x t  are found from 
Kolmogorov equations: 
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[ )( ) ( ) ( ), ,dP u P u D u u x t
du

= ∈  

and may be presented in matrix-exponential form 
( )

( , )

t

x

D u du

P x t e=
∫

.    
Model Analysis. Let the states of the system (number of served customers 

and ( ))PP J u  are observed during the time interval [ , ]u t . Denote by ( , )N u t  the 
number of customers arrived at moment ,u  0 u t≤ ≤ , and served until moment ,t  

( ) (0, )N t N t= . Take (0) 0.N =  Let , , ( , )k i jQ u t  be the probability that k  custom-
mers are served by moment t , and ( )PP J u  is in the phase j E∈  under condition 
that at initial moment u t≤  the system was empty, and ( )PP J u  was in phase 

, ,, ( , ) ( ( , ) , ( ) | (0, ) 0, (0) ).k i ji E Q u t P N u t k J u j N t J i∈ = = = = =  ( , )kQ u t  is a 
m m×  matrix with elements ( , , , ).kQ s t i j  Assume also ( , ) ( ( , ), 0),kQ u t Q u t k= ≥  

( ) (0, ).Q t Q t=  
( , )kb n t u−  is the probability that n k≤  customers that had arrived at 

moment u  from a group of k  customers are served during time t u− . As is shown 
in [14], the equality holds  

( , ) ( ) (1 ( )) , 0 .n k n
k

k
b n t u G t u G t u k n

n
−⎛ ⎞

− = − − − ≤ ≤⎜ ⎟
⎝ ⎠

 

( , )nR u t  is the probability that the service of n  customers arrived at moment u  
will be finished during time t u− .  ; , {1,2,..., }(0, ) ( ) ( ( )) .n n n ij i j mR t R t R t ∈= =  

( , ) ( ) ( , ) ( ) ( ) (1 ( )) .n k n
n k k k

k n k n

k
R u t D u b n t u D u G t u G t u

n

∞ ∞
−

= =

⎛ ⎞
= − = − − −⎜ ⎟

⎝ ⎠
∑ ∑  

The probabilities ( , ), 0kQ u t k ≥ , may be estimated from the system of 
differential equations [15] 

                                              
0

( , ) ( , ) ( , )
k

k
n k n

n

dQ u t Q u t R u t
du −

=
= ∑                                (1) 

with initial condition 0 ( ,0) , ( ,0) 0, 1,kQ u I Q u k= = ≥  where I  and 0 are the unit 
and null matrices. 

Let ( , , )Q u t z  be the generating function (GF) of number of customers served 
by moment t : 

0
( , , ) ( , ), | | 1n

n
n

Q u t z z Q u t z
∞

=
= ≤∑ . 

Then from (1) for ( , , )Q u t z  we get  

                                    ( , , ) ( , , ) ( , , ), | | 1Q u t z Q u t z R u t z z
u

∂
= ≤

∂
,                           (2) 

with initial condition ( ,0, )Q u z I= .  Here  

0 0
( , , ) ( , ) ( )(1 ( ) ( )) .n n

n n
n n

R u t z z R u t D u G t u zG t u
∞ ∞

= =
= = − − + −∑ ∑  
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Solution (2) is presented in matrix-exponential form 

                                    
( , , )

( , , ) , 0 , | | 1.

t

u

R x t z sx

Q u t z e u t z= ≤ ≤ ≤
∫

                          (3) 

Hence  for  0

( , , )

0 (0, , ) ( , ) .

t

R x t z sx

u Q t z Q t z e= = =
∫

                             
Let 1 2( ) ( ( ), ( ),..., ( ))mq t q t q t q t=  be the average number of customers served 

in the system during time t . If for all i  and t  the condition of model’s stability 

;
1 1

( ) ( ) ,
m

ij n ij
n j

t nD t i Eλ
∞

= =
= < ∞ ∈∑∑ , holds, i.e. the rate for all phases and moments of 

time is limited, then for the average number of customers served during time t  we 
get 

                                
10

( ) (0, ) ( ) ( , ) ( )
t

n
n

q t P u nD u P u t G t u du
∞

=
= −∑∫ .                            (4) 

If the phase process has stationary distribution π , and the BMAP starts from 
balanced state, the average number of customers served during time t  we get 

                
10 0

( ) ( )1 ( )1 ( ) ( ) ( )
t t

m n m
n

q t q t nD u G t u du u G t u duπ π π λ
∞

=
= = − = −∑∫ ∫ .           (5) 

Let us consider the joint distribution of number of customers served during 
time t  and the number of busy servers at moment t . Let , ( , )r mQ u t  be the proba-
bility that by moment t  r  customers are already served in the system, and m  
servers are busy, , 0.r m ≥  

Probabilities , ( , ), , 0r mQ u t r m ≥ , may be estimated from the system of 
differential equations: 

                                  ,
,

0 0

( , )
( , ) ( , )

m rr m
r n m k k

k n

Q u t
Q u t b n t u

u − −
= =

∂
= −

∂
∑ ∑                          (6)                

with initial condition 0,0 ,( ,0) , ( , ) 0, , 0.r mQ u I Q u t r m= = ≥  

Let ( , , , )Q u t z y  be the joint GF of the number of customers served and the 
number of busy servers by moment t : 

,
, 0 0

( , , , ) ( , ), | | 1, | | 1.r m
r m

n m r
Q u t z y z y Q u t z y

∞ ∞

= =
= ≤ ≤∑ ∑  

From (6) for ( , , , )Q u t z y  follows 

                         ( , , , ) ( , , , ) ( , , , ), | | 1, | | 1Q u t z y Q u t z y R u t z y z y
u

∂
= ≤ ≤

∂
               (7) 

with initial condition ( ,0, , )Q u z y I= . Here 

( , , , )R u t z y =Ф ( , ( , , , )),u u t z yα Ф
0

( , ) ( ), ( , , , ) ( ) ( ),n
n

n
u z z D u u t z y yG t u zG t uα

∞

=
= = − + −∑   

0 0 0 0
( , , , ) ( , , ) ( ) ( ) ( ) .r m r m n k

r k n
r m r m

k n
R u t z y z y b m u t z y D u G t u G t u

n

∞ ∞ ∞ ∞

+
= = = =

+⎛ ⎞
= = − −⎜ ⎟

⎝ ⎠
∑ ∑ ∑ ∑  
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Particular Cases.  
1. Let the input stream be a MAP process with characteristic matrices ( )C u  

and ( )D u . Then in the model considered above we have 0 ( ) ( ),D u C u=   

1( ) ( ),D u D u= ( ) 0, 1.kD u k= >  Hence for ( , )nR u t , 0,1n = , and ( , , )R u t z we get: 

0 1( , ) ( ) ( )(1 ( )), ( , ) ( ) ( ),R u t C u D u G t u R u t D u G t u= + − − = −  
( , , ) ( ) ( )[1 ( ) ( )].R u t z C u D u G t u zG t u= + − − + −  

Substituting the values ( , ), 0,1nR u t n = , and ( , , )R u t z  in (3), (4) and (5), for 
( )q t and ( , , )Q u t z  we get      

( , , ) { ( ) ( )[1 ( )(1 )]}

( , , ) .

t t

u n

R x t z dx C x D x G t x z dx

Q u t z e e
+ − − −

= =
∫ ∫

 

0
( ) (0, ) ( ) ( , ) ( ) ,

t

q t P u D u P u t G t u du= −∫   
0

( ) ( ) ( ) ,
t

q t u G t u duπ λ= −∫   ( ) ( )1mu D uλ π= . 

In the case, when 0 ( ) ,D u C=  1( ) ,D u D=  ( ) 0, 1,kD u k= >  i.e. the 
parameters of input stream do not depend on time, we get 

{ ( ) ( )[1 ( )(1 )]} ( ) [1 ( )(1 )]

( , , ) .

t t

u u

C x D x G t x z dx C t u D G t x z dx

Q u t z e e
+ − − − − + − − −

= =
∫ ∫

 

0
( ) (0, ) ( , ) ( ) ,

t

q t P u DP u t G t u du= −∫   
0

( ) ( ) ,
t

q t G u duπ λ= ∫   1mDλ π= . 

2. Let ( ) ( ), 0,k kD u u kβ λ= ≥  i.e. the customers arrive into the system in 
groups of size kβ  at moments, given by the Poisson process with parameter ( )uλ . 
Then if the condition of the model stability is satisfied, for ( )q t  and ( , , )Q u t z  we 
get: 

( , , ) ( ) (1 ( ) ( ))

( , , ) , 0 , | | 1;

t t

u u

R x t z dx x G t x zG t x dx

Q u t z e e u t z
λ Φ − − + −

= ≤ ≤ ≤
∫ ∫

 

0
( , , ) ( ) (1 ( ) ( )), ( ) ( ) ( ) ,

t

R u t z u G t u zG t u q t u G t u duλ β λ= Φ − − + − = −∫  

where 
1

( ) n
n

n
z zβ

∞

=
Φ = ∑  is the GF of sizes of arriving customers’ groups. 

Hence, if ( )uλ λ=  for all 0u ≥ , then we get the result well-known for the 

model | |xM G ∞  [22], which states that the average number of customers served 
and input stream intensity are correspondingly equal to  

0
( ) ( ) , .

t

q t G u duπ ββλ λ βλ= =∫  

The obtained results may be applied for estimating characteristics, as well as 
searching optimal strategies for managing resources of wide class of systems, 
whereas the model ( ) | |BMAP t G ∞  may be used as models of these systems. 
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BMAP(t) | G |∞  մոդելում սպասարկված հարցումների թվի մասին 
 

Աշխատանքում դիտարկված է հարցումների ոչ ստա-ցիոնար մուտքային հոսքով 
մոդելը: Ստացված են t ժամանակում սպա-սարկված հարցումների թվի բաշխումը և նրա 
միջինը: Ստացված են նաև մոդելների բնութագրերի համար գնահատա-կաններ: 

 
 

 
О числе обслуженных запросов в модели BMAP(t) | G |∞  

 
В работе рассмотрена модель ( ) | |BMAP t G ∞  с нестационарным вхо-

дящим потоком запросов. Найдено распределение числа обслуженных за 
время t запросов. Получены также оценки для характеристик моделей 

( ) | | ,MAP t G ∞  ( ) | | .xM t G ∞  
 


