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In this paper we consider the solvability of the boundary value problem, 
connected with the anisotropic Helmholtz-Schrödinger equation, under the 
boundary conditions of the first and second type on the line 0y = . 
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Introduction. The issue of solvability was considered in [1] for a class of 
boundary value problems, coordinated with the anisotropic Helmholtz-Shrödinger 
equation in the Sobolev space on the upper and lower half-planes, where the 
boundary conditions of the first and second type were fulfilled on 0y =  line. In [1] 
it was shown that the solvability of this problem is equivalent to that of some 
Riemann-Hilbert problem. 

Let { }2( , ) : 0( 0)x y R y yΩ± = ∈ > <  and ( )1 2H Ω ± , ( )1 2H Ω− ±  are the 

corresponding Sobolev spaces (see [2]). Now consider the following anisotropic 
Helmholtz-Schrödinger equation  
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This equation a particular case of equation (1) from [1], where . 
Note that similar problems in the isotropic case were investigated in [3–6]. We 
suppose that the following boundary conditions are fulfilled: 
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where , 1/2
0 ( )h H R+∈ 1/2
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1 ( )p H R− −∈ , the  
coefficients  are the complex constants and .  0 1 0 1 0 1 1, , , , , , , oa a b b c c d d 1 1 1 1a d b c=
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As was noted above, the solvability of the boundary value problem (1)–(2) is 
equivalent to the solvability of the Riemann-Hilbert problem (see [1]) 
                                               ( ) ( ) ( ) ( ),u L u mλ λ λ λ+ −= +                                     (6) 
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and the matrix-function  
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Consider the matrices , generated from the coefficients 

of the boundary conditions (2). It is easy to verify that without the loss of the 
generality the non-degenerate cases (i.e. 
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where 0,1ν ≠  is a constant. 
In all cases 1)–10) the matrix-function ( )L λ can be presented in the form 
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Recall that the generalized factorization of matrix  ( )L λ  in space  is 
the following representation:  
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It is easy to see that the components 1( ) ( )Lρ λ ±
± λ  belong to  and 2 ( )L R 1( ) ( )Lρ λ λ±

+  
( 1( ) ( )Lρ λ λ±

− ) have the analytic continuations in the upper half-plane Im 0λ >  (the 
lower half-plane Im 0λ < ). 

Denote by  
1 ( ) 1 ( )( ) , ( ) ,

2 2

ic id

ic id

r d r dr r
i i

ξ ξ ξλ λ ξ
π ξ λ π ξ λ

∞+ ∞+

+ −
−∞+ −∞+

= =
− −∫ ∫  

where         
2 2

2 2

( ) ,kr
k k

ε λλ
χ ρα λ λ
α δ

−
=

⎛ ⎞⎛ ⎞
⎟
⎠

+ + − +⎜ ⎟⎜
⎝ ⎠⎝

* **k c d k   < < < .  

Here 2 2 2 2
* **max Im ; Im , min Im ; Im .k k k k k kχ ρ χ ρ

α δ α δ
⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪= − + − + = + + ⎪
⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎪⎭

 

It is evident that ( )r λ±  belong to the  and 2 ( )L R ( ) ( ( ))r rλ λ+ − have analytic 
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The representation (14) is the canonical factorization of the matrix-function  ( )L λ . 
Using equalities (13) and (14) we can write the Riemann-Hilbert problem (6) 

in the form 
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In an expanded form we get the following system: 

    
1

2

2

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),
( ) ( )
( ) ( ) ( ).

u mr w R u r w r m
R R
w w m

λ λλ λ λ λ λ λ λ
λ λ
λ λ λ

+
+ + − − − − +

+ +

+ −

⎧ − = + + −⎪
⎨
⎪ = +⎩

λ
      (16) 

Hence we have 
0

2 2
0

2 1 2
0 0

0 0
1 2

2

1 1( ) ( ) , ( ) ( ) ,
2 2
( ) ( ) 1( ) ( ) ( ( ) ( ) ( ) ( )) ,

2 2

( ) ( ) ( ) ( )1( ) ( ) .
( ) ( )( ) 2 2

i x i x

i x i x

i x i x

w m x e dx w m x e dx

r Ru m x e dx m x r x R x m

r m x r x mu m x e dx e
R x R xR

λ λ

λ λ

λ λ

λ λ
π π
λ λ

λ
π π

λ
λ

λ π π

∞

+ −
−∞

∞ ∞
+ +

+ +

− +
−

−∞ −∞ − −−

= =

= + +

⎛ ⎞
= +⎜ ⎟

⎝ ⎠

∫ ∫

∫ ∫

∫ ∫

x e dx

x dx

+  

Using (5) and the following representation  
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we obtain the solution of the boundary value problem (1)–(2).  
Theo r em .   The boundary value problem (1)–(2) has the unique solution, 

which is given by the formula (17), where the functions ( )a λ and ( )b λ  can be 
reconstructed by formula (5). 
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