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Mathematics

ON THE STRUCTURE OF WIENER-HOPF OPERATOR CORRESPONDING
TO ANISOTROPIC BOUNDARY VALUE PROBLEM, CONNECTED WITH
HELMHOLTZ-SCHRODINGER EQUATION WITH THE BOUNDARY
CONDITIONS OF THE FIRST AND SECOND TYPE

S. A. HOSSEINY MATIKOLAI"
Chair of Differential Equations and Functional Analysis, YSU

In this paper we investigate the Fredholm property of Wiener—Hopf operator
for anisotropic boundary value problem for the Helmholtz—Schrédinger equation
with the boundary conditions of the first and second type on the line y =0 .
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First we formulate the anisotropic problem ( AP)
Let Q" ={(x,y)eR*:y>0(y<0)}. It is necessary to find the function

o+ €H'(2") and the following equation

u e L*(R*) such that u
Au+ (k> +2p sech* (B, y)u=0 in QF, O
Au+ (k> +2B%sech’ (B y)u=0 in Q°,

where Imk, >0 and boundary conditions are satisfied

a(()”u(xj +0)+ b(()”u(xj —-0)=h"(x)
L ou(x, +0) ou(x,—0) on R",
al( ) J +b1( ) J :hl( )(x)
Oy 0
ay u(x, +0)+ 85 u(x, —0)=hi" (x)
S ou(x; +0)  ou(x;—0) on R".
al( ) J +bl( ) J zhl( )(x)
Oy Oy

Here A" e H"*(R*),n" e H"*(R*), i) e H™(R ), ) e H"*(R"), and
a™® b (i=0,1) are complex constants. Note that H'(Q2") and H*?(Q%) are

the corresponding Sobolev spaces (see [1]).
Let y, are the characteristic functions respectively for R* and (A, u) is

Fourier transform of u(x,y) function:
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A= [ [ & ueyydsdy. 7,0 =2 -k

with slitted branches +k, +ir,7 >0, and 7, (1)~ 4 by |A| > .

The solution of (1) is
(+)
U - —y7. () A+ (A (=
u(x,y) = G( f)](x,y) =E L e i Dz, )+ Vi (g ()
Uy

(see [2-4], where u{") =u(x,*0).
As in [2] we introduce the operators

B, =F'L,F.
Here the matrix-functions L, (1) have the form
a(()i) béi)
L= wriW)-p wr@-p | @
o @

Now we shall verify that B, : H"*(R)*> > H"*(R)xH "*(R). If ii e H'"*(R)?,

then i = [”1 J e F(H"*(RY)= H"*(R)* and
Uy
a(()i) b(()i) .
ol u
LMa=| i) -B . AD-B [}
_al b] uz
7, (A) y_(A)
*) A b(i) ~
_ 2 “ Ztl no “22 2 _|™ (4)
_al(i) Vi (2’) - ﬁ ﬁ] +bl(i) V- (i) - ﬁ, 122 W, (l) :
7, (A) y_(A)

2

From here we get
[ )= las? + 6] +|-a® OB 0 PP o(a
' o V) B A V)

as W—)oo, therefore, w, € H'*(R),w, e H'*(R). As a result, we obtain
FY(L,(AMi)e H*(R)x H"*(R). Thus, B,:H"*(R)> - H"*(R)yxH "*(R).
From representation (2) it immediately follows that

(detL, (A)*" = O0(A[") by |A]—> 0. 3)
(3) is equivalent to the bijectivity of B, operators. We also assume that the
following conditions are fulfilled

)

+

209y p2 200y B2
ap O EA B DBy L g
¥ (A) 7, (4)
al"p® +aMpH 2 0.
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Consequently, the problem AP is a normal type problem and in virtue of the
theorem on equivalence (see [2, 3]) the function u € I*(R?) is the solution of this
problem, only if

a) u is represented in the form (3) and u" satisfy the system

(+) -)
(“?)J:Bl [V+ J+ l(”ho() ’
Uy Wy Ly
where /,,,/,,, are even and odd continuations on the whole axis,

(r)2>"(nr
b) the functions v, ,w, are solutions of the Wiener—Hopf system

W[KJ:[%J‘ZJiBIYM%)J:[%J' @
w ) A ok ) e
Here, as above, it is easy to check that
W= ;(JrF*lLF : 1:11/2(R+) < ]:]71/2(R+) S HY (R YxHX(RY),
where
L(A) =L (AL (A). (5)
To prove (5) note that L, (1) matrices are invertible and

e y’(A)-p’ e

1

IR () = 1 y_(A)
S 0 SR GOl 18 RS A il A O
A7) N ¢S I RN 0
consequently we can write
L L) = > ! X
DR L ADB | oo P,
7 (%) AV
OB rA-p S rA)-B GO~
7 () 7 )
g BA=BILDL) o PAB |y LB |
= v e G

Theorem. Let the problem AP is of normal type. Then the operator
W given by (4) has the Fredholm property, iff the matrix

V ﬂ 1 a0 +al b al b —al b
c d aé*)bl(*’+af*’bé*’ al(—>bl(+>_al(+>bl(—) af”bé’@aé’)bf’)

satisfies the conditions

ad=0, bc#0 (6)
or
1 bc

d+#0, —=—¢[0,1]. 7
a PR [0,1] (7)
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In both cases the index of the operator W is equal to zero.

(The parameter A = ad is called the characteristic parameter of the problem
bc P

AP).
Proof. Due to (5), the symbol of L(1) can be calculated.
Let y(1)=+A? —k? is an auxiliary “wave” corresponding to the number &

(we assume that k, =k ) and y(A)=¢t (A)t,(A)=~A—-k~NA+k, where ¢t (1),
t,(A) are the branches selected in the usual manner as noted above.
It is well known (see [1]) that the transforms

F'YWF:H'(R)—H 2R, x, F'CFI:H'(R)—>H 2(R)
are bijective for every continuation / and s, € R. The operator W is equivalent
(coincided modulo invertible operators) to the operator

Wy=y F'LF:L*(R") - L*(R"),

where the matrix-function Z,(4) is given as

tA 0 tLH 0 1
L=, 711) L, H_l@ :am(*) 72(;“)(;)[’)2 o %f x

This matrix-function Z,(1) is invertible in C(R)*>*

ta b
Lo(ioo)=[c J_rdJ’

ie. L,(A) is piecewise continuous on the one-point compactification of R".

, and in case of |A| — oo
tends to the matrix

In virtue of the theory of Cauchy integral equations on the circle that is
obtained by means of the Cayley transform of the real axis (see [5]), the Fredholm
property of the operator W, (and hence ¥ ) is equivalent to the conditions

detL,(1) =0, ALER,
det[uLy(~o0) + (1 - )Ly (+0)] %0, g €[0,1].
Note that these conditions can be written in the form of the conditions (6), (7).
Using the formulas for the index we obtain
Ind W =dimKer (W) —-dimKer R(W) = Ind W, = —Ind L,(A),
where



26 Proc. of the Yerevan State Univ. Phys. and Mathem. Sci., 2011, Ne 2, p. 22-26.

g p 72(A) -2 +gMp® i) -B7

detL (l):detL(l):detLJr(l): 0 1 7/7(1) 1 0 7/+(ﬂ,) |
0 detZ (1) aOpO) M + a0 M
BRIV B A V)

It is easy to see that Ind L;(1)=0.
The proof is complete.
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