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For 2-categories the notion of S-universality is introduced and investigated.

Keywords: 2-categories, 2-functors, 2-transformations, S-universal morphisms.

“The bold step of really formulating the general notion of a universal arrow
was taken by Samuel [1] in 1948; the general notion was then lavishly popularized
by Bourbaki [2]”. In order to interpret Grothendieck's extension of the fundamental
theorem of Galois theory [3] in abstract categories more general notions than the
universality is required [4]. Here this notion of S-universality for 2-categories is
introduced and investigated. Firstly, we give the definitions of 2-categories,
2-functors and 2-transformations in a form, which is convenient for our goals. For
comparison see [5-7].

1. A 2-category € consists of a date base, satisfying some system of axioms.
The date base for 2-categories is defined as follows:

(i) an arbitrary set of objects ¢ = Ob €;

(i1) sets A2, ¥)o = More (2, %) of morphisms 2°F % from 2 to % for all
2,%e0b¢

(iii) sets AF, G) = Trans (F, G) of transformations (or morphisms of rank 2)
FéGforall F, G € 42, %) and forall 2; % € Ob €,

(cm) a composite map for morphisms F' € A2, %), and K € @Y. %), with
Fe°K e @2, %), where 2,% % € Ob ¢;

(ct) a composite map for transformations & € € (F, G) and n € € (G, H)
with £e i e €(F, H), where F, G, H run (2, %), and 2, % run Ob @,

(mt) a multiplication map for transformations & € € (£, G) and p € € (K, L)
with &+ p € AF°K, G°L), where F, G run A2, %), K, L run @%. ¥), and
2,94%e0b@;

(im) a system of identity morphisms e(2) = 1,,€ @2, %), for any 2'e Ob €;

(it) for any F' € A2, %) and any 2, % € Ob € a system of identity
transformations 1 € @F, G).
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This date base of the 2-category must satisfy the following system of
axioms:

DFe(KeR)y=(F°K)°R;, 2)1,F=F=Fcly; 3)de(neg=(5°n-°g
Nlp.&=¢E=¢0lg;  NE(pra)= (Ep-a 6) lu E=E Ly
7 (Gem-(pe o)=(E-pe(no); 8 lplxg= lpuk,
for transformations & € € (F, G), n € € (G, H), { € € (H, A), p € € (K, L),
ce €L, M), aec @R,S), for morphisms F, G, H A € A2, Yo,
K.L,M € @Y%, %), R,S € @*, %) and objects 2,% %N e Ob €

The system of all morphisms of the 2-category ¢ is denoted by More or
€y, the system of all transformations of ¢ is denoted by Trans, or . If € is the
2-category, then for any objects 2, % of € the sets A2, %), and AF, G) for all
F, G € A2, %), constitute a usual category (or 1-category), which is denoted as
A2, %). A well-known example of a 2-category is the 2-category Cat of categories,
covariant functors and natural transformations.

2. Let € and 9 be arbitrary 2-categories. A 2-functor @ from ¢ to 9 is
given by

(1) amap @ G — Do;

(ii) maps Dyy: A2, Yo —> Y I Dy, Ydy)o for all 2, % e Ob €,

(ii)) maps @pg: € (F, G) > 9D (FDyy, GDyy) for all F, G € €2, ¥), and
2,94 0b@,
which satisfy the following conditions:

D)(FeK) Dy =F @.yy/ ° K @y/z; 2) e(2) Dyy = e(IDy);

3)(&° n) Pru= (& Drc) ° (11 Don); 4) e(F) ©pr = e(F Dyy) ;

5 (& P) Pr-xyc1y= & Pre* p Prr.

Remark. The condition of naturality in Gray [8] follows from the conditions
2) and 5). Further the subscripts of the 2-functor are often omitted.

3. A natural 2-transformation J of a 2-functor ¢ @ % into a 2-functor ¢ ¥ 9
isamap Jo: Ob % — Mor 9 such that

(a0) Jo (2) is a morphism (2°®) J, (2" ¥) for any 2 € Ob €,

(al) F®@°J, = Jgo F'¥ for any 2'F % € Mor €;

(a2) SD-e(Jy) = e(Jdy)* &Y forany (FE G) € Trans €, Fand € @2, ¥),.

Then one can define a map J;: Trans ¢ — Trans 9 such that Jr (F & G),
where F, G € A2, %), is the transformation J: = D+ e(J)) = e(J,) * £¥ of the
functor F@-° J,= J,° F¥nto the functor G@° J, = J,° G¥, which both are
functors from 2@ to %¥.

This map satisfies the following equalities:

(b1) Ir(lp) =e(FP°J)) =e(Jy) ° F ¥,

(b2) Jr (F £G) (G nH)) = Ir(&)°Ir(m);

(03) I (FEG) - (K pL) =31 (&) p¥? = Ed+ Ir(p)
for any F, G, H € €(2,%), for any K, L € €%, %) and for any 2,%, *¥ € Ob €

Further, the notion of S-universal morphisms is introduced and investigated.

4. Let Sy, be a property of morphisms, Sy be a property of transformations.
Usually we suppose that the properties S are
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(u) unitary: any identity element (morphism or transformation) has the
property S;

(m) multiplicative: the composite (resp., product) of morphisms or
transformations has the property S, if each composant has this property.

Naturally, any property S for an element x can be expressed in the form
x €./, where ./ is the set of all elements satisfying the property S.

5. Definition. Let € and 9 be arbitrary 2-categories, Sy, and Sy be arbitrary
properties of morphisms and transformations respectively. Let Yu% be a 2-functor
and 2 be an object in €. Then a pair (2, 2" J, (2'u)), consisting of an object 2" in
9 and a morphism J, in €, is called S-universal pair from 2 to u, if

(i) for any object 2 in ¥ and for any morphism 2" F (Zu) in € there is a
unique morphism 2" F % with property Sy such that J, °Fu = F;

(i1) for any two morphisms F and G from 2'to 2u and for any transformation
F &G there is the only transformation F & G with the property Sy and such
that e(/,-&u) = ¢

Dually, the $-couniversality is defined. Note, that if all morphisms and
transformations in 9 satisfy respectively the properties Sy, and Sy, we get the
usual definition of (co)universality.

Let (2, 2 JyQu))and (% ¥ Jy, (Y u)) be two S-universal pairs respectively
from 2 and % to “u%. A morphism from (2, 2" J, Q'u)) to (% Y J,Yu)) is
a pair of morphisms 2'K % in ¢ and 2'K % in & such that J, - Ku = K ° J,
Emphasize that this condition determines K uniquely.

If (K, K) and (L, L) are two morphisms from (2, J,) to (% J,), then the
transformation from (K, K) to (L, L) is a pair of transformations KpL in € and
K p L in 9, where the last transformation is uniquely determined by condition
p ey = ey - p.

All S-universal pairs from objects in ¢ to the functor Yu@, their morphisms
and the transformations of morphisms together with composition of morphisms,
composition and multiplication of transformations, identity morphisms and identity
transformations, that are induced by those in # and ¥, from a 2-category (%, u, S)
of S-universal pairs from objects in € to u.

Dually, the category (v, ¥, S*) of S-couniversal pairs from a 2-functor
€v9 to objects in ¥ is defined.

6. Proposition. If the properties S), and Sy are unitary and multiplicative both
for the composites and for the products, then for any object 2'in ¢ and any 2-
functor Y u € the S-universal pair (2, J,) from 2" to u is determined
uniquely up to the isomorphism of the object 2. More exactly,

(1) if (2°J,) is another S-universal pair from 2" to u and S, is multiplicative
for composites and unitary, then the only morphism 2 J,- 2°, satisfying Sy
and Jy°Jy u= Jy, is the isomorphism;

(ii) if 2° J 2" is an isomorphism such that J, J', e(J), e(J) have the
properties Sy, and Sy respectively, which are multiplicative for composites of
morphisms and products of transformations, then J, = J, °J together with 2’
constitutes a S-universal pair from 2" to u.
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7. Proposition. Consider an arbitrary object 2 in 9, an object 2" and a
morphism 2°J 2u1 in €. Then for any object 2 in 9 the maps
ov: DX Py —> A2 Puh, F |> Je Fu,
or: UE,G) - AE o, Goy), S>> 1, & forall F, G e (2 Ph
constitute a 1-functor of 1-categories @: (2, ) — AL Pu).

Dually, a functor ¢ @2, ) — Z(2'v,7) is determined.

8. Proposition.

(a) The pair (2, 2" Jy (X'u)) is a S-universal pair from 2" to u, if and only if
the composants of the functor ¢ = (¢, ¢r) associated with J have sections, i.e. left
inverse maps

s ‘A2 Pu)o—> N2 P,
vr: QFE o, G o) > UE,G), F, Ge D, IeP
for all e 9.

Moreover, one can take

(1) the property S), for a functor Fis F € Im yy;

(i) the property Sy for a transformation F £ G with F, G € 9 (2, 9) is
Eelm yr

(b) The pair w= (ywy, wr) gives a functor from €2 2u) to 92, P), if
and only if S7 is a unitary and multiplicative for composites property.

A dual necessary and sufficient condition is true for a S-couniversal pair
(2, 2v) 1 2 fromv to 2 and the pair of sections

wu*: DAV, Do —> A2, D,
yr*: DU ou™, V oM*)O0—> AU, V), U,V € €2, Do
gives a functor from %(2'v, #) to @2, #), if and only if S7 is a multiplicative for
composite and unitary property.

9. Let Y u € be an arbitrary 2-functor, 2° and 2" be arbitrary objects in &
and € respectively.

Proposition. By assigning to each

(i) object € 9, the objects 92, #) and I, u);

(ii)) morphism 2U 2 in 9 the morphisms.

@ 992, Uxr 92 #? — X2 2) such that F |»> F o U,
FEG | (FoU) (& 10) (G U

(b) @2, Uu): €2, u) > @2, 2u) such that F' |- F° Uu,

FEG |> (FeUu) (& 1y) (G e Un).

(iii) transformation U & V with U, V € 9(#, 2) the transformations

@ 22, ©: D2, U) > 22, V) such that for any F € %2, %)
W2 ) =g i EoU |> Eo V;

(b) A2, xu): €42, Uu) > €2, Vu) such that for any Fe@2, Fu)
A2, ku)p= = 1p* ku: Fo Uu —> F o Vu, we define 2-functors 9{(2, *) and
A2, *u) from 2 to Cat.

Dually, the 2-functors %( v, %) and € , #) from ¢ to Cat are defined. So,
if @9 and Yu€ are arbitrary 2-functors, then we have two 2-bifunctors 9(* v, *)
and A-,-U) from 7 x 9 to Cat.
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10. Proposition.

(a) Let 9u € be an arbitrary 2-functor, 2" and 2 be arbitrary objects in
¢ and 9 respectively, 2°J (2" u) be an arbitrary morphism. Then the system of
functors @ for all e 9, constitutes a natural 2-transformation @: 9(2; <) —>
— A2, * u) of 2-functors from ¥ to Cat.

(b) If (2, 2J (2" u)) is a S-universal pair from 2" to u, then the system of
pairs W= (i, wr) for all e 9, is natural in the second variable. It gives a
natural 2-transformation vy : @2, * u) > 9(2, *) of 2-functors from % to Cat,
if the property Sr is unitary and multiplicative for composites.

11. Theorem. Given a 2-functor 9 u €, objects 2" in € and 2" in &, then
there exists a canonical bijection between all

(i) S-universal pairs (2, 2" J, (2 u)) with a unitary and multiplicative for
composites property Sy

(i) pairs (¢, ), consisting of natural 2-transformations

QN2 ) > Q2 u), Yy A2 u) > N2 u),
of 2-functors from @ to Cat, satisfying the condition o @=1.

Dually, given a 2-functor ¢ v 9, objects 2 in 9 and 2 in € there exists a
canonical bijection between all

(i) S"-couniversal pairs $(#, #v I, #)) with a unitary and multiplicative for
property Sr';

(ii) pairs of natural 2-transformations

QA D > IV D, Y IV D > A, D)
of 2-functors from ¢ to Cat such that y ° ¢ =1.

12. We denote by €, the full 2-subcategory of ¢, for which the objects
are all objects 2" in € such that there is a S-universal pair (2, 2°J (2u)) from
2 to u and y: €, — € is the canonical embedding.

Fix a S-universal pair (2, 2°J, (2 u)) from 2 to u for any object 2 in
€,. Then assigning to each

(i) object 2 the object 2;

(i1) morphism 2°K % the morphism 2'K %, which is uniquely determined
by condition J, e Ku=K ° J, and the property Sy,

(iii) transformation (2°K %) p (2L %) the transformation (2K %) p (2L %),
which is uniquely determined by properties p * e(J,) = e(J,) * pu and Sz

(iv) object 2" the morphism 2°J, 2(v°u) we get a 2-functor €, v 9 and
anatural 2-transformation from y to v e u.

In the dual case we denote by %" the full 2-subcategory of % defined
by all objects # in @ such that there is a S -couniversal pair (% 2v)I%)
from €v 9 to # and by J: 9° — 9 the canonical embedding. Then the 2-func-
tor 9" u € and the natural 2-transformation from u © v to ¢ are similarly determined.

13. Let €, v 9 be the 2-functor associated with a system of fixed S-universal
pairs from all 2€(€,), to u. Suppose that Sr is unitary and multiplicative for
composite property. Then for any object # in 2 the systems of functors

@D, P > Q1 ), v: AL ), > D9, P forall X e €
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constitute the natural 2-transformations
P9I v, D> A*,2u), yv:A*,2u)—> 9 v,P)
of 2-functors from €,” to Cat.

Dual assertions are true for the 2-functor 9" u € associated with a system of
fixed S -couniversal pairs from €v @ to all e (2"),.

14. Theorem. Given a 2-functor 9 u € and a full 2-subcategory & of €
with an embedding functor & y € there exists a canonical bijection between all

(i) pairs (v, J), where & v 9 is a 2-functor and J: ¥ —> v ° u is a natural
2-transformation such that for any 2" € &, (2'v, 2°J, 2(v ° u)) is a S-universal pair
from 2" to u with unitary and multiplicative for property Sr;

(i) triples (v, @, y), where & v 9 is a 2-functor,

0 I v, ) > ),y e u) > S, )
are binatural 2-transformations of 2-functors from ¢*x % to Cat such that
weop=1l

A similar canonical bijection exists in the dual case for a 2-functor
€v 9 and a full 2-subcategory ¥ of ¥ with an embedding functor 76 9.

15. Remarks.

(a) In the case, when all morphisms and transformations of the category ¥
have the property S, we have both equalities w° ¢ =1 and ¢ = 1. Consequent-
ly, in this case ¢ is a bijection, y is the inverse bijection, therefore, i is functorial
and ¢, w determine reciprocally inverse isomorphisms of natural 2-transforma-
tions. In general case we have not ¢ =1, but only (¢ ° w)* = @ w. The similar
remark is correct in S -couniversal case.

(b) There is a simple method to reduce the results and notions for 2-catego-
ries to 1-categories by interpreting 1-categories as trivial 2-categories, which have
only identity transformations.
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