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GENERAL CLASSES OF TAYLOR-MACLAURIN TYPE FORMULAS
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In the present paper the results of [1] are generalized, more general systems of
operators generated by Riemann—Liouville integral and derivative and general sys-
tems of functions generated by Mittag—Leffler type functions are introduced as well.
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§ 1. Preliminaries and Lemmas. Let a €[0,1), 1/p=1-a (p=1), f(z2)

is a complex function satisfying f(re'”)e L(0,/(p)) for fixed p(-r<@<r),
0<r <+, where (0,/(¢))={z;argz=¢, 0<|z|<] <+w}.

Then the function D~ f(z)——J(z T 1(E)dE, where the

integration is taken along the line segment connecting points 0 and =z,
arg(z — &)“"' = (a—1)argz, is called the Riemann—Liouville integral of order o of

f(z), and the function D"”f(z)= d D_“ f(2) is called the Riemann—Liouville

derivative of order 1/ p of f(z).

The operators D" f(z)= f(z), D"?f(z), D"’ f(z)=D""D" V" f(z),
n>2, are called the Riemann-Liouville operators of successive differentiation of
order n/p, n=0,1,..., of function f(z).

It is known, that if @ € (0,1), then D” f(z)= D 1) £(2).

If f(x)eL(0,]), then for any ae(0,+oo), ae. DD’ f(x)=f(x). If
a €(0,1],D% f(x)e L(0,]) and [D™"" f(x)],_, =0, then a.e. D™*D“ f(x)= f(x)

(see [2], chap. IX, (1.11), (1.12"). These formulas are true also for complex variable z .
Let /1 >0, & > 0. Then the following formula is true:

I )J(Z & E,(AE" gt dE =2 E, (A2 st ) (1.1
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(see [2], chap. III, (1.16)), where A is an arbitrary parameter, the integration

is taken along the line segment connecting points 0 and 2z, and
k

E (z _ >0) 1s the order entire function of Mittag—
Lz )= ZOF(+k/)(p ) P g

Leffler type for any value of parameter x. We put
e, (HA)=E (22", 1)z, e, ), (mA)=E (2271 p)z'P 7 =e (2, 2).

Lemma 1.1. Let p>1, 1/p<u<l+1/p, A is an arbitrary parameter.
Then the following formula holds:

DU Ple  (zA)=e,(z;2). (1.2)
Proof. Since 0< u—1/p<1, then according to the definition of operator

€p.1/p

D“VP) using formula (1.1) we have
D~ l/p){epy(z A} = = 4 ptsiipa le, (z:4)}=

d
T dz r(1+1/p—

=E{Ep (~A2"75141/ p)2"' P} = E (227511 p)2"'7 7 =e (2 ),

j (:-&)""E, (—zé“p;mﬁ*”df} -

z=re”, E=1e", 0<1<r<I<+om
Lemma 1.2. Let p>1, 1/p<u<l+1/p, A is an arbitrary parameter.
Then the following formula holds:

DW=l p) pylu=1/p) {ep’ﬂ (z: )} = €, (z:4). (1.3)

Lemma 1.3. Let p>1, 1I/p<u<l+1/p, A is an arbitrary parameter,

f(2)e L(0;l(p)), —wr<@<m, is continuous on (0;/(¢)). Then the following
formula holds:

pwe {gep,,, (z— f;/’i)f(é)dff} = {ep(z -5 A)f()de, (1.4)
z=re?, E=1%, 0<1<r<l<+4om.
Lemma 1.4. Let p>1, 1/p<u<l+1/p, A is an arbitrary parameter,
f(z)e L(0;/(p)) is continuous on (0;/(¢)) . Then the following formula holds:

D) {Iep (z- f;/’i)f(s‘)d(f} =[e,.. (=& (§)ds,
0 0 (1.5)

z=re?, E=1e,0<1<r<]<+om.
We note that these Lemmas for z = x € (0,+o) are proven in [4]. We remark

also that these Lemmas are true for u>1+1/p, but then D“ P f(z)=

d - {D (PUp=) £(2)} | where P is an integer satisfying P—1<u—1/p<P.
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Lemma 1.5. Let a€[0,1), l/p=l-a(p=2]), l/psu<l+l/p,
A is an arbitrary parameter. Then in the class of functions satisfying
DD y(re) e LO,I(p), D {DU O y(re®)} e L0 1)), ~m <@ <7, the
following of Cauchy type problem

(D4 DUy =0, DG =0
D—(l+l/p—y) y(Z)L:O -0 .

has a unique solution y(z)=0.

Proof. We put D“'”y(z)=j(z). Then the problem (1.6), according to
Theorem 2.1 [5], has a unique solution y(z)=0. Now we not that

DR y(2)=0. (1.7)

If we apply the operator D“# to (1.7), then, using (1.6), we will have y(z)=0.

Lemma 1.6.Let a€[0,1), I/p=1-a (p=1), l/p<u<l+1l/p, A isan

arbitrary parameter, the function f(re)e L(0,/(¢)) is continuous on (0,/(¢)),

—m<@<m. Then in the class of functions satisfying D“™"?)y(re') e L(0,1(p)),
DYP{D¥ Py (e )y e L(0,l(¢)) the following Cauchy type problem

(D7 + DU () = £ (2), DD P y(z))| =0, w5
DU p=) ¥(z) ’

=0 O’

has a unique solution
y(z)zjep,y(z—é;/l)f(f)dé z=re”,E=1e, 0<r<r<l<+o. (1.9)
0

Proof We put D“?y(z)=73(z). Then we get the following Cauchy type

problem
(D" + )3(z)=f(2), D“3(2)|_,=0. (1.10)
According to Theorem 2.3 from [5], the problem (1.10) has a unique solution
H2)=[e, (=& f(E)dE . (1.11)
0

We apply operator D™ to (1.11). Then, by the Lemmas 1.2-1.4, we get

D—(y—l/p)j}(z) — D—(,u—l/p)D(,u—l/p)y(Z) — D—(#—l/p) {jep (Z _ 5, l)f(g)dg} 5 1.e.
0

WD) =fe, (2 - EDF(E)dE.
0

§2. Main Results. Let sequences {1,}7, {0;};, {#,}, satisfy the conditions
j=0,1,... 2.1
Consider the sequence of operators on an admissible class of functions f(z),
A" f ()5, (A" f(2)}7 defined by

p;zl, VUp,<u <l+l/p;, 0<A;, <4,

j+1
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AVf(2)=[(2). A" f(2)= {Hl D, }f (2), nz1, (2.2)
j=0
AW £(z)= DI DWTPIAD £(2) p>0, (2.3)

where (j=0)

D,f(2)=(D"" +2)D“ " f(z), DV f(z)= F(L )f(z— & f(&)dE,
j’ 0

d _a 1/ p, d —1/p,—u,
Dl/P,f(Z)EED ’/f(Z), 0‘_,' :1_(1/10/)’ D(#, l/pj)f(Z)EZD (1+1/ p; #/)f(Z).

Consider the sequence of functions {¢2,(z;{4,,0;,4,}y)}, given by
(23449, Po> Mo }) = € ooatte (z34)

Ql(Zﬂ{lj7p]’;uj}%)) E_.'epo,yo (Z_tl;ﬂ'o)epl,,u1 (tl’]'l)dtl ’
0

V4 tl
Q{205,130 = e, , (2=t 2)d [e, , (4 =13 4)dt, X
t ‘ ‘ (2.4)

x [ e, o (b —t3 0 )e, , (t,32,)dt, n22,
0

where z=re?, t, =7, (k=0,1,..,n), 0<7,<7, | <..<7,<r<l<+w,
o (<4

= = A
k=0F(;uj +k/pj)

Note that for p, =p2>1, u;=1/p, j=0,1,..., operators (2.2), (2.3) and the

system of functions (2.4) were introduced in [1], and for z =x €(0,+) —in [3]. For

. _ 1/p;. -1 w1
epja,u/ (Z’l./')zEp/ (_/,L/Z /”u. )Z ' '

J

, j=0,1,..

p; >1, U Zl/pj, j=0,1,..., z=x € (0,+0) these systems were introduced in [4].
Lemma 2.1.
1°. For any n>0 the following relations hold:
AR (440551300 = AV, ({450,110} =0, k=n+1,(2.5)

J

AN,z 051,30y = E, (=2,2"731). (2.6)
20 A® {.Qn(Z;{ﬂj;pj;,uj}g)}‘ =0, 0<k<n-1. 2.7)
30, DATIIAR (D (234450, 1 j}g)}\ =0, 0<k<n. (2.8)

The parts 1°, 2° of Lemma 2.1 can be proved in the same way as the Lemma 3.1 for
z=x€(0,40) (see [4]). So, we need to prove only (2.8). For 0 <k <n denote
Tgs1

z
O, (zA4,,51,11) :J.ep,( =t A)d I € Gy — s Ay Al X
0 0

L
4. . — pol® — i
X... X J.epn,l,un,](tn—l L), o (t34,)d,,  z=re?, ., =1,
0

_ ip
t,=t,e", 7,<7,; <..<l 4 <r<+owo.
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‘QO,n(Z;{/lj’pjﬂluj S)Egn(z’{/lj7pjﬂluj 8)7 “Qn,n(z;{ﬂ’nﬂpnhl'ln})Eepﬂ,‘un(z;ﬂ’n)'

Let 0<k<n—1. Using the definition of operator A’ and Lemma 1.6, we
easily obtain

AL, (240, oo 1, YO = 2, (2340 0, 1,10 (29)
Now applying the operator D™"*"/#7#) 1o (2.15), we get
DTN (234205 1500y = D7 TN, (2344 0y 1Y) =
; ) 2.10)
= Iep,(v . (2=t 3400, (G A Py 1 i VAl -
0

For k =n we will have
DTN (24 Py 30D} = B (<A, 73141 p, )2 (2.11)

From (2.10), (2.11) the formula (2.8) follows.
Lemma 2.2. Let the function f(z)e L(0,/(¢)) be continuous on (0,/(¢)),

0</l<+00. Then forany n>1 the following formula holds

z [ [ Iy
Iepo,;q, (Z_tl;ﬂOﬂtlJ.ep[ b (Zl _t2;ﬂl)dt2"' J. € (Zn—l _tn;ﬂh—l ﬂtn_.-ep,,,y” (tn _Zn+1;/in)f(tn+l )Cﬁnﬂ =
0 0 0 0

=[ Q1342 P 1 ) W)y, z=1¢”, 1, =767, k=0,1,...n+], 7, <7, <..<7 <r<+n
0
Lemma 2.2 can be proved in the same way as Lemma 4.1 from [4] for
z=x¢€(0,4x).

Lemma 2.3. For any n >0 the coefficients {q, }, of the sum
P(2)= Y a2, (z:44;, ;.14 }0) (2.12)
k=0

can be recovered by the formula a, = A(k)Pn(O), k=0,1,...n.
Proof. Let 0< j<n—1. Applying the operator A to function P (z) and
using (2.5)—(2.8), we obtain
AVP(2)=a,E, (—zjz‘/pf;1)+kz a2 (AP }) . (2.13)
‘ =j+l
But since E, (0;1)=1, then from (2.13) and (2.7) we obtain a, =A"'P,(0),
j=01,...n—1. Now we apply the operator A" to (2.12):
AP,(2)=a,A"{Q,(z:{4;, p;,11,30)} = a,E,, (~4,2"7;1) , hence a, =A™ P,(0).
Lemma 2.3 is proved.

Lemma 2.4.Let F,(z2)= ) a,2,(z:{4;,p,,4;};) - Then for any n>0

m
m=0

DA IIAR (P ()| =0, k=0,1.n. (2.14)

We note that from (2.5)—(2.8) it is easy to obtain (2.14). Now denote by
C,.1[0,[(p), < A; >,<p; ><u; >} the set of functions f(z) satisfying the

following conditions:
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1) the functions A® £(z), k=0,1,...,n are continuous on [0,/(¢)), —T<@<7;

2) the functions A® f(z) (k=0,1,...,n+1) are continuous on [0,/(¢)) and
A f(2) e L(0.1(9));

3) [D" A AB ()] =0 k=0, (2.15)

Note that any function P,(2)= ) a2 (z{4,, P ,}’5) belongs to
Part . :
Cn+1{[09l(¢))9< ﬂ’J >9< pj >’< /’lj >} *
Theorem. If f(z)eC,, {[0,/(9)),<A; >,<p, >,<u; >}, then

f(z)=é&"f(omk(z;{zj,pj,yj}g)+Rn(z), (2.16)

where

_Z g ny A (n+1)
Rn(z)—gﬂn(z &840y 1 30)AT T f(E)dE, 2.17)

ze(0,l(p), —m<@p<m, z=re?, E=1e?, 0<T<r<+o.
Proof. Let P,(2)= Y, A" f(0)2(z:{2,. ;. ,30) » R,(2)=f(2)=F,(2).
k=0

We note that according to Lemmas 2.1, 2.3 and 2.4, from (2.15) we deduce
that function R, (z) satisfies the following conditions:

A"DR (2)= A"V f(2) =w(2), ze(0,l(p)), (2.18)
[A“‘)Rn(z)]‘ =0, k=01..n, (2.19)
[D—(1+1/p,c —ﬂk)Rn (Z)]Lzo =0, k=0,1,..,n. (2.20)

Using the definition of operator A”*" we can write (2.18) in the form
(D"Pr + 2 )D¥ 7 VPOAMDR (2) =y (z). (2.18")
Note that the function A(”)Rn (z) satisfies the conditions of Lemma 1.6, so,

the function A(”)Rn(z) is uniquely determined from (2.18') by means of the
integral formula

<r<l<+om.

n+l

AR (2)= Jz'ep"’#n (z—t, ;)W dt,.,, z=ré’, t  =1,.€%, 0<t
Further we zonsider the equation
(DY) 1 2, DU EDATIR ()= fe) (2=t 15 AWty )y,
Using Lemma 1.6 and (2.19), (2.20), Weoget
z iy
A(n_l)Rn (2)= E')‘epnfl,#”fl (z—t,34,.)dt, ,([ €s, .1, (¢, =t 4w (t,,,)dt,,

Repeating our argument successively exhausting all the initial conditions
(2.19), (2.20), we arrive at the identity
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¥4 tl
R,(z)= Iepo,ﬂo (z _tl;//iﬂ)dtljepl,lul (ty —ty540)dty x
0 0

X

O —y

epn S, (Zn - tn+1;ﬂ’n)lty(tn+l )dthrl = JQn (Z - Zl 5 {)'/ ’pj Hu_/' }S)A(n+l)f(t1 )dtl >
0

— ol® — ip
z=re’, t;=1,", 7,,<7,<7 <r<[l<+on

Theorem is proved.
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