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In the present paper the results of [1] are generalized, more general systems of 
operators generated by Riemann–Liouville integral and derivative and general sys-
tems of functions generated by Mittag–Leffler type functions are introduced as well. 
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§ 1. Preliminaries and Lemmas. Let [0,1),α ∈  1/ 1 ( 1)ρ α ρ= − ≥ , ( )f z   

is a complex function satisfying ( ) (0, ( )if re L lϕ )ϕ∈  for fixed ( )ϕ π ϕ π− < ≤ , 
, where 0 r< < +∞ (0, ( )) { ; arg , 0 | | }l z z z lϕ ϕ= = < < < +∞ .  

Then the function 1

0

1( ) ( ) ( )
( )

z
D f z z f d

Г
α αξ ξ ξ

α
− = −∫ −

z

, where the 

integration is taken along the line segment connecting points 0  and , 
, is called the Riemann–Liouville integral of order 

z
1arg( ) ( 1)argz αξ α−− = − α  of 

( )f z , and the function 1/ ( ) ( )dD f z D f z
dz

ρ −≡ α  is called the Riemann–Liouville 

derivative of order 1/ ρ  of ( )f z .  
The operators 0 / ( ) ( )D f z f zρ = , 1/ ( )D f zρ , / 1/n n( 1) /( ) ( )f z D D f zρ ρ ρ= −D , 
, are called the Riemann–Liouville operators of successive differentiation of 

order 
2n ≥

/n ρ , 0,1,...,n =  of function ( )f z . 

It is known, that if (0,1)α ∈ , then  (1 )( ) ( )dD f z D f z
dz

α α− −≡ . 

If ( ) (0, )f x L l∈ , then for any (0, )α ∈ +∞ , a.e. ( ) ( )D D f x f xα α− = . If 
(0,1]α ∈ , ( ) (0, )D f x L lα ∈  and (1 )

0[ ( )]xD f xα− −
= 0= , then a.e. ( ) ( )D D f x f xα α− =  

(see [2], chap. IX, (1.11), (1.12')). These formulas are true also for complex variable . z
Let 0, 0μ α> > . Then the following formula is true: 

                1 1/ 1 1 1/

0

1 ( ) ( ; ) ( ;
( )

z
z E d z E z

Г
α ρ μ μ α ρ

ρ ρ )ξ λξ μ ξ ξ λ μ α
α

− − + −− =∫ +

                                                

         (1.1) 
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(see [2], chap. III, (1.16)), where λ  is an arbitrary parameter, the integration                    
is taken along the line segment connecting points 0  and , and z

0
( ; )

( / )

k

k

zE z
Г kρ μ
μ ρ

∞

=
=

+
∑ ) ( 0ρ >  is the ρ  order entire function of Mittag–

Leffler type for any value of parameter μ . We put    
1/ 1

, ( ; ) ( ; )e z E z zρ μ
ρ μ ρλ λ μ −≡ − ,  1/ 1/ 1

, 1/ ( ; ) ( ;1/ ) ( ; )e z E z z e zρ ρ
ρ ρ ρ ρλ λ ρ −= − ≡ λ . 

L e m m a  1 . 1 . Let 1,ρ ≥  1/ 1 1/ρ μ ρ< + , ≤ λ  is an arbitrary parameter. 
Then the following formula holds: 
                                            ( 1/ )

,{ ( ; )} ( ; )D e z e zμ ρ
ρ μ ρλ λ− = .                                (1.2) 

Proof. Since 0 1/ 1μ ρ≤ − < , then according to the definition of operator 
( 1/ )D μ ρ− , using formula (1.1) we have 

( 1/ ) (1 1/ )
, ,{ ( ; )} { ( ; )}dD e z D e z

dz
μ ρ ρ μ

ρ μ ρ μλ λ− − + −= =  

1/ 1/ 1

0

1 ( ) ( ; )
(1 1/ )

zd z E d
dz Г

ρ μ ρ μ
ρξ λξ μ ξ

ρ μ
− −⎧ ⎫

= − −⎨ ⎬+ −⎩ ⎭
∫ ξ =  

1/ 1/ 1/ 1/ 1{ ( ;1 1/ ) } ( ;1/ ) ( ; ),d E z z E z z e z
dz

ρ ρ ρ ρ
ρ ρ ρλ ρ λ ρ −= − + = − = λ

.∞

 

, , 0i iz re e r lϕ ϕξ τ τ= = < < < < +  
L e m m a  1 . 2 . Let 1,ρ ≥  1/ 1 1/ρ μ ρ< + , ≤ λ  is an arbitrary parameter. 

Then the following formula holds: 
                                     ( 1/ ) ( 1/ )

, ,{ ( ; )} ( ; )D D e z e zμ ρ μ ρ
ρ μ ρ μλ λ− − − = .                      (1.3) 

L e m m a  1 . 3 . Let 1, 1/ 1 1/ρ ρ μ ρ≥ ≤ < + , λ  is an arbitrary parameter, 
( ) (0; ( ))f z L l ϕ∈ , π ϕ π− < ≤ , is continuous on (0; ( ))l ϕ . Then the following 

formula holds: 

                    
( 1/ )

,
0 0

( ; ) ( ) ( ; ) ( ) ,

, , 0 .

z z

i i

D e z f d e z f d

z re e r l

μ ρ
ρ μ ρ

ϕ ϕ

ξ λ ξ ξ ξ λ ξ ξ

ξ τ τ

− ⎧ ⎫
− = −⎨ ⎬

⎩ ⎭
= = < < < < +∞

∫ ∫            (1.4) 

L e m m a  1 . 4 . Let 1,ρ ≥  1/ 1 1/ρ μ ρ< + , ≤ λ  is an arbitrary parameter, 
( ) (0; ( ))f z L l ϕ∈  is continuous on (0; ( ))l ϕ . Then the following formula holds: 

                 
( 1/ )

0 0
( ; ) ( ) , ( ; ) ( ) ,

, , 0 .

z z

i i

D e z f d e z f d

z re e r l

μ ρ
ρ ρ μ

ϕ ϕ

ξ λ ξ ξ ξ λ ξ ξ

ξ τ τ

− − ⎧ ⎫
− = −⎨ ⎬

⎩ ⎭
= = < < < < +∞

∫ ∫            (1.5) 

We note that these Lemmas for (0, )z x= ∈ +∞  are proven in [4]. We remark 

also that these Lemmas are true for 1 1/μ ρ≥ + , but then ( 1/ ) ( )D f zμ ρ− =  

( 1/ ){ (
P

P
P

d )}D f z
dz

ρ μ− + −= , where  is an integer satisfying P 1 1/P Pμ ρ− < − ≤ . 
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L e m m a  1 . 5 . Let [0,1), 1/ 1 ( 1), 1/ 1 1/ ,α ρ α ρ ρ μ ρ∈ = − ≥ ≤ < +           
λ  is an arbitrary parameter. Then in the class of functions satisfying   

( 1/ ) ( ) (0, ( )iD y re L lμ ρ ϕ )ϕ− ∈ , ( 1/ ){ ( )} (0, ( )),iD D y re L lα μ ρ ϕ ,ϕ π ϕ π− − ∈ − < ≤  the 
following of Cauchy type problem 

                   
1/ ( 1/ ) ( 1/ )

0
(1 1/ )

0

( ) ( ) 0, { ( )} 0,

( ) 0
z

z

D D y z D D y z

D y z

ρ μ ρ α μ ρ

ρ μ

λ − − −

=

− + −
=

+ =

=

=
           (1.6)                                          

has a unique solution . ( ) 0y z ≡

Proof. We put ( 1/ ) ( ) ( )D y z y zμ ρ− ≡ . Then the problem (1.6), according to 
Theorem 2.1 [5], has a unique solution ( ) 0y z ≡ . Now we not that  
                                                       ( 1/ ) ( ) 0D y zμ ρ− = .                                           (1.7) 

If we apply the operator  ( 1/ )D μ ρ−  to (1.7), then, using (1.6), we will have . ( ) 0y z ≡
L e m m a  1 . 6 . Let [0,1), 1/ 1 ( 1), 1/ 1 1/ ,α ρ α ρ ρ μ ρ∈ = − ≥ ≤ < +  λ  is an 

arbitrary parameter, the function ( ) (0, ( )if re L lϕ )ϕ∈  is continuous on (0, ( ))l ϕ , 
π ϕ π− < ≤ . Then in the class of functions satisfying ( 1/ ) ( ) (0, ( )iD y re L lμ ρ ϕ )ϕ− ∈ ,   
1/ ( 1/ ){ ( )} (0, ( ))iD D y re L lρ μ ρ ϕ ϕ− ∈  the following  Cauchy type problem 

              
1/ ( 1/ ) ( 1/ )

0
(1 1/ )

0

( ) ( ) ( ), { ( )} 0,

( ) 0,
z

z

D D y z f z D D y z

D y z

ρ μ ρ α μ ρ

ρ μ

λ − − −

=

− + −
=

+ = =

=
       (1.8)                                         

has a unique solution 

             .     (1.9) ,
0

( ) ( ; ) ( ) , , , 0
z

i iy z e z f d z re e r lϕ ϕ
ρ μ ξ λ ξ ξ ξ τ τ= − = = < < < <∫ +∞

Proof. We put ( 1/ ) ( ) ( )D y z y zμ ρ− = . Then we get the following Cauchy type 
problem 
                                 1/( ) ( ) ( ),D y z f zρ λ+ =   0( ) 0zD y zα−

=
.                       (1.10) =

According to Theorem 2.3 from [5], the problem (1.10) has a unique solution  

                                            
0

( ) ( ; ) ( )
z

y z e z f dρ ξ λ ξ ξ= −∫ .                                 (1.11) 

We apply operator  ( 1/ )D μ ρ−   to (1.11).  Then, by the Lemmas 1.2–1.4, we get 
( 1/ ) ( 1/ ) ( 1/ ) ( 1/ )

0
( ) ( ) ( ; ) ( )

z
D y z D D y z D e z f dμ ρ μ ρ μ ρ μ ρ

ρ ξ λ ξ ξ− − − − − − − ⎧ ⎫
= = −⎨ ⎬

⎩ ⎭
∫ , i.e. 

,
0

( ) ( ; ) ( ) .
z

y z e z f dρ μ ξ λ ξ ξ= −∫  

§ 2. Main Results. Let sequences 0{ } ,jλ
∞

0{ } ,jρ
∞

0{ }jμ ∞  satisfy the conditions  
                     11, 1/ 1 1/ , 0 , 0,1,...j j j j j j jρ ρ μ ρ λ λ +≥ ≤ < + < < =                (2.1) 
Consider the sequence of operators on an admissible class of functions ( )f z , 

( )
0{ ( )}n f z ∞Δ ( )

0( )}n, { f z ∞Δ  defined by  



Proc. of the Yerevan State Univ.  Phys. and Mathem. Sci., 2012, № 1, p. 20–26.  
  

23 

                          
1

(0) ( )

0
( ) ( ), ( ) ( ), 1

n
n

j
j

f z f z f z D f z n
−

=

⎧ ⎫
Δ ≡ Δ = ⎨ ⎬

⎩ ⎭
∏ ≥

≥

,                     (2.2) 

                                ,                        (2.3) ( ) ( 1/ )( ) ( )( ) ( ), 0n n nn nf z D D f z nα μ ρ− −Δ ≡ Δ
where  ( 0)j ≥

1/ ( 1/ )( ) ( ) ( ),j j j
j jD f z D D f zρ μ ρλ −≡ +      1

0

1( ) ( ) ( ) ,
( )

j j
z

j
D f z z f d

Г
α αξ ξ ξ

α
− −≡ −∫  

1/ ( ) ( ), 1 (1/ ),j j
j j

dD f z D f z
dz

ρ α α ρ−≡ = − ( 1/ ) (1 1/ )( ) ( ).j j j jdD f z D f
dz

μ ρ ρ μ− − + −≡ z  

Consider the sequence of functions 0 0{ ( ;{ , , } )}n
n j j jzΩ λ ρ μ ∞  given by 

0 00 0 0 0 ,( ;{ , , }) ( ; )z eρ μΩ λ ρ μ λ0z≡ ,  

0 0 1 1

1
1 0 , 1 0 , 1

0
( ;{ , , } ) ( ; ) ( ; )

z

j j jz e z t eρ μ ρ μΩ λ ρ μ λ λ≡ −∫ 1 1t dt

2dt ×

.i i
k kz re t e k nϕ ϕτ= = = 1 10 ...n n r l

,   

                        (2.4) 

1

0 0 1 1

1

1 1

0 , 1 0 1 , 1 2 1
0 0

, 1 1 ,
0

( ;{ , , } ) ( ; ) ( ; )

( ; ) ( ; ) , 2,
n

n n n n

tz
n

n j j j

t

n n n n n n

z e z t dt e t t

e t t e t dt n

ρ μ ρ μ

ρ μ ρ μ

Ω λ ρ μ λ λ

λ λ
−

− − − −

≡ − −

× − ≥

∫ ∫

∫

where ,  , ( 0,1,. ., ) τ τ τ−< < < < < < +∞ , <
/

1/ 1 1
,

0

( )
( ; ) ( ; ) , 0,1,...

( / )

j

j j j

j j j

kk
j

j j j
k j j

z
e z E z z z j

Г k

ρ
ρ μ μ

ρ μ ρ

λ
λ λ μ

μ ρ

∞− −

=

−
≡ − = =

+
∑  

Note that for 1, 1/ , 0,1,...j j jρ ρ μ ρ= ≥ = = , operators (2.2), (2.3) and the 
system of functions (2.4) were introduced in [1], and for (0, )z x= ∈ +∞ – in [3]. For 

1,jρ ≥  1/ , 0,1,..., (0, )j j j z xμ ρ≥ = = ∈ +∞

1k n≥ +

)z−

 these systems were introduced in [4]. 
L e m m a  2 . 1 .  
10.  For any  the following relations hold: 0n ≥

                , (2.5)          ( ) ( )
0 0{ ( ;{ ; ; } )} { ( ;{ ; ; } )} 0,k n k n

n j j j n j j jz zΩ λ ρ μ Ω λ ρ μΔ = Δ ≡

                .                                      (2.6) 1/( )
0{ ( ;{ ; ; } )} ( ;1n

n

n n
n j j j nz E ρ

ρΩ λ ρ μ λΔ =

20.  ( )
0 0

{ ( ;{ ; ; } )} 0, 0k n
n j j j z

zΩ λ ρ μ
=

Δ = 1k n≤ ≤ − .                                 (2.7) 

30.  (1 1/ ) ( )
0 0

{ ( ;{ ; ; } )} 0, 0k k k n
n j j j z

D z kρ μ Ω λ ρ μ− + −

=
Δ n= ≤ ≤ .                   (2.8)     

The parts 10, 20 of Lemma 2.1 can be proved in the same way as the Lemma 3.1 for  
 (see [4]). So, we need to prove only (2.8). For 0(0, )z x= ∈ +∞ k n< <  denote 

1

1 1

1

1 1

, , 1 1 , 1 2
0 0

, 1 1 , 1 1
0

1 1

( ;{ , , } ) ( ; ) ( ; ) ...

... ( ; ) ( ; ) , , ,...,

... .

k

k k k k

n

n n n n

tz
n

k n j j j k k k k k k k k

t
i i

n n n n n n k k

i
n n n n k

z e z t dt e t t

e t t e t dt   z re t e

t e , t r

ρ μ ρ μ

ϕ ϕ
ρ μ ρ μ

ϕ

Ω λ ρ μ λ λ

λ λ τ

τ τ τ

+

+ +

−

− −

+ + + + + +

− − + +

− +

= − −

× × − = =

= < < < < < +∞

∫ ∫

∫

1 2dt ×
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0, 0 0 , ,( ;{ , , } ) ( ;{ , , } ), ( ;{ , , }) ( ; )
n n

n n
n j j j n j j j n n n n n nz z z eρ μΩ λ ρ μ Ω λ ρ μ Ω λ ρ μ λ≡ ≡ z

1

.      

Let . Using the definition of operator 0 k n≤ ≤ − ( )kΔ  and Lemma 1.6, we 
easily obtain  
                          .                    (2.9) ( )

0 ,{ ( ;{ , , } )} ( ;{ , , } )k n
n j j j k n j j jz zΩ λ ρ μ Ω λ ρ μΔ = n

k

Now applying the operator (1 1/ )k kD ρ μ− + −  to (2.15), we get 

    
, 1 1/

(1 1/ ) (1 1/ )( )
0 ,

1 1, 1 1 1
0

{ ( ;{ , , } )} { ( ;{ , , } )}

( ; ) ( ;{ , , } ) .

k k k k

k k

k n
n j j j k n j j j k

z
n

k k k n k j j j k k

D z D z

e z t t dt
ρ

ρ μ ρ μ

ρ

Ω λ ρ μ Ω λ ρ μ

λ Ω λ ρ μ
+

− + − − + −

+ + + + +

nΔ = =

= −∫
 2.10) 

For  we will have k n=
             (1 1/ ) 1/ 1/( )

0{ ( ;{ , , } )} ( ;1 1/ )n n n n
n

n n
n j j j n nD z E z .zρ μ ρ

ρΩ λ ρ μ λ ρ− + − Δ = − + ρ

L l

  (2.11) 
From (2.10), (2.11) the formula (2.8) follows. 
L e m m a  2 . 2 . Let the function ( )f z (0, ( ))ϕ∈  be continuous on (0, ( ))l ϕ , 
∞ r any  1n ≥  the following formula holds   0 l< < + .  Then fo

=

∞

n

11

0 0 1 1 1 1, 1 0 1 , 1 2 1 2 , 1 1 , 1 1 1
0 0 0 0

1 0 1 1 1 1
0

( ; ) ( ; ) ... ( ; ) ( ; ) ( )

( ;{ , , } ) ( ) , , , 0,1,..., 1, ... .

n n

n n n n

t ttz

n n n n n n n n n

z
n i i

n j j j k k n n

e z t dt e t t dt e t t dt e t t f t dt

z t f t dt z re t e k n r

ρ μ ρ μ ρ μ ρ μ

ϕ ϕ

λ λ λ λ

Ω λ ρ μ τ τ τ τ

−

− − − − + + +

+

− − − −

= − = = = + < < < < <+

∫ ∫ ∫ ∫

∫
                                          

Lemma 2.2 can be proved in the same way as Lemma 4.1 from [4] for 
. (0, )z x= ∈ +∞

L e m m a  2 . 3 . For any  the coefficients  of the sum 0n ≥ 0{ }n
ka

                                                                       (2.12) 0
0

( ) ( ;{ , , } )
n

k
n k k j j j

k
P z a zΩ λ ρ μ

=
= ∑

can be recovered by the formula .                                          ( ) (0), 0,1,...,k
k na P k= Δ =

Proof. Let 0 . Applying the operator 1j n≤ ≤ − ( )jΔ  to function ( )nP z  and 
using (2.5)–(2.8), we obtain 

                     1/( )
0

1
( ) ( ;1) ( ;{ , , } )j

j

n
j k

n j j k k j j j
k j

P z a E z a zρ
ρ λ Ω λ ρ

= +
Δ = − + ∑ μ

−

.        (2.13) 

But since , then from (2.13) and (2.7) we obtain  

. Now we apply the operator 

(0;1) 1
j

Eρ = ( ) (0),j
j na P= Δ

0,1,..., 1j n= ( )nΔ  to (2.12): 
, hence . 1/( ) ( )

0( ) { ( ;{ , , } )} ( ;1)n
n

n n n
n n n j j j n nP z a z a E z ρ

ρΩ λ ρ μ λΔ = Δ = − ( ) (0)n
n na P= Δ

Lemma 2.3 is proved. 

L e m m a  2 . 4 . Let . Then for any  0
0

( ) ( ;{ , , } )
n

m
n m m j j j

m
P z a zΩ λ ρ μ

=
= ∑ 0n ≥

                              (1 1/ ) ( )
0{ ( )} 0, 0,1,...,k k k

n zD P z k nρ μ− + −
=

Δ = = .                   (2.14)                                      
We note that from (2.5)–(2.8) it is easy to obtain (2.14). Now denote by 

j1{[0, ( )), , , }n j jC l ϕ λ ρ μ+ < > < > < >  the set of functions ( )f z  satisfying the 
following conditions: 
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1) the functions ( ) ( ), 0,1,...,k f z k nΔ =  are continuous on [0, ( ))l ϕ , π ϕ π− < ≤ ; 
2) the functions 0,1,..., 1)n= +  are continuous on [0, ( ))l( ) ( ) (k f z kΔ ϕ  and 

( )k f ( ) (0, ( ))z L l ; ϕΔ ∈
(1 1/ ) ( )

0
3) [ 0,1,...k k ( )] 0,k

z
D f z

=
=

Note that any function  belongs to  

)), , , }n j j j

k nΔ = .                                      (2.15) ρ μ− + −

0
0

( ) ( ;{ , , } )
n

k
n k k j j j

k
P z a zΩ λ ρ μ

=
= ∑

1{[0, (C l ϕ λ ρ μ+ > < > < > . 

j j jl
<

T h e o r e m .  If 1( ) {[0nf z C , ( )), , , }ϕ λ ρ μ< > < > < > , th

                              ( ;{ , , } ) ( )
n

k k
k j j j n

k

+∈ en  

) 0
0

( ) (0f z f z R zΩ λ ρ μ
=

= Δ +∑ ,                  (2.16) 

where

                 
z f d

z l z re e rϕ ϕ

Ω ξ λ ρ μ ξ ξ

ϕ π ϕ π ξ τ τ

+= − Δ

∈ − < ≤ = = < < < +∞

∫        (2.17) 

f. Let ,  n n

  
( 1)

0
0

( ) ( ;{ , , } ) ( ) ,

(0, ( )), , , , 0 .

z
n n

n n j j j

i i

R z

Proo ( )( )
0

0
( ) (0) ( ;{ , , } )

n
k k

n k j j j
k

P z f zΩ λ ρ μ
=

= Δ∑ ( ) ( )R z f z P z= − .                                           

We note that according to Lemmas 2.1, 2.3 and 2.4, from (2.15) we deduce 
that function ( )nR z  satisfies the following conditions: 
              ( 1) ( 1)( ) ( ) ( ), (0, ( ))n n

nR z f z z z lψ ϕ+ +Δ = Δ ≡ ∈              ,                    (2.18) 
( )

0
[ ( )] 0, 0,1,...,k

n z
R z k n

=
Δ = = ,                                (2.19)                                       

                                (1 1/ )

0
[ ( )] 0, 0,1,...,k k

n z
D R z k nρ μ− + −

=
= = . 

n of operator 

                      (2.20) 
( 1)n+Δ  we can wri

( )
te (2.18) in the form  Using the definitio

1/ ( 1/ ) ( )( ) ( )n n n n
n nD D R zρ μ ρλ ψ−+ Δ = z .                                                                             (2.18')           

Note that the function ( ) ( )n
nR zΔ  satisfies the conditions 

the fu
of Lemma 1.6, so, 

nction ( ) ( )n
nR zΔ  is uniquely determined from (2.18') by means of the 

( )
n n

n iR t dtΔ

er the equation  

1 1)n n

integral formula 
( )

, 1 1 1 1 1 1
0

( ) ( ; ) , , , 0 .
z

i
n n n n n n n nz e z t z re t e r lϕ ϕ

ρ μ λ ψ τ τ+ + + + + += − = = < < < < +∞∫
Further we consid

1 1 1(1/ ) ( 1/ ) ( 1)
1 , 1

0
( ) ( ) ( ; ) (n n n

n n

z
n

n n n nD D R z e z t tρ μ ρ
ρ μλ λ− − −− −

− ++ Δ = −∫ dtψ + + . 

), (2.20), we get 

1n n

Using Lemma 1.6 and (2.19

1 1

( 1)
, 1 , 1 1

0 0
( ) ( ; ) ( ; ) ( )

n

n n n n

tz
n

n n n n n n nR z e z t dt e t t t dtρ μ ρ μλ λ ψ
− −

−
− + +Δ = − −∫ ∫ + . 

sting all the initial conditions 
(2.19), (2.20), we arrive at the identity 

Repeating our argument successively exhau
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1

0 0 1 1, 1 0 1 , 1 2 1 2
0 0

( 1)
, 1 1 1( ; ) ( )

n

n n

t z
n n

n n n n ne t t t dtρ μ λ ψ +
+ + +× − =∫ 1 0 1 1

0 0

1 1

( ) ( ; ) ( ; )

( ;{ , , } ) ( ) ,

, , .

tz

n

n j j j

i i
j j n n

R z e z t dt e t t dt

z t f t dt

z re t e r l

ρ μ ρ μ

ϕ ϕ

λ λ

Ω λ ρ μ

τ τ τ τ+

= − − ×

− Δ

= = < < < < < +∞

∫ ∫

∫  

 
Theorem is proved. 
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