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One of the problems in the theory of coding is the code building of a
maximum volume for the proposed additive channel. In this paper we have found
and consequently presented the upper and the lower bounds for the code volume,
which corrects the errors of the additive channel.
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Introduction. We consider an additive communication channel introduced
in [1], as some information transformer, which is the generalization of the classic
binary channel with limited number of distortions 0—1, 1—0. Many notions and
facts in the present paper originate from the classic coding theory and are the direct
analogues of the well known results [1-6].

The “noise” generated by the additive channel results to a word at the
channel exit that is different from that at the channel entrance. This leads to
necessity for introducing standard in the coding theory notions of corrective code,
relay speed, decoding, etc.

One of the problems of the coding theory is construction of a code of the
maximum volume for the given channel. In the present work upper and lower
bounds for the error correcting code volume were obtained for the additive
channel.

Codes in the Additive Channel. Let B ={0,1} be the binary alphabet and

B" be the set of all words of finite length over the alphabet B, and B" ={0,1}". It

is convenient to consider in this paper the set B" as an n-dimensional space over
the field B={0,1}.

If A={yo.y1,...,ym} is a subset in B", then the notion of an additive channel
A is associated with 4 in the following way.

Each vector x € B” is transformed in the channel 4 into one of the vectors of

the following form: y=x® y,, s=0,m, where @ is the addition operation in the

space B" (addition modulo 2).
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Definition 1. For any x € B" the set
A (x)= {u ®y:ued(x), ye A}

is could the f-order neighbourhood of x with respect to 4. Here we assume that
A°(x) = {x}.

As the cardinality of number of elements in the #-order neighbourhood does
not depend on the vector x, we denote it by 4’ =| 4" (x)]|.

Definition 2. We will say that the code V = {v,,v,,...,vy} corrects errors of

the additive channel 4={y,,y,,...,»,,} if Al(vl.) N Al(vj) =0, i#].
Equivalently, V corrects the errors of A, if
v®@y #v, Dy, (1)

or, in the symmetric form, v, ®v, =y ®y,.

It is clear that the expressions above are symmetrical with respect to the pair
(4, V), therefore, the notions of “error” generation and “error” correction have the
same nature.

Statement 1. If the code V corrects the errors of the additive channel 4, then
the code 4 corrects errors of the additive channel V.

Note that the following estimate is given in [4] for the cardinality of number
of elements in the code V, correcting the errors of the additive channel
A={Yos Visers Y}

2)1 2”
e qr L ik

The code V', for which the upper bound is attained, is called a perfect code
correcting the errors of the additive channel A.

To describe the “interrelations” of the additive channel 4 and its error-
correcting code V', it is convenient to introduce the following binary predicate

X(4,7):

X(A4,7)= {

The predicate X (4, V') has the following properties:

a) X(A4,V)=X(V, 4).

This property immediately follows from the symmetry of the error-
correcting condition (1).

b) X(A(-Dx, V(-Dy)zX(V, A) forany x, ye B".

¢) X(4,V)=X(TA,TV), where T is any invertible linear transformation
T: B" — B" [1].

The property c¢) shows that the channels 4 and 74 for any invertible linear

transformation 7 share the same properties in the sense of error-correcting,
therefore, it is natural to consider such channels as the same.

1, if thecode V corrects errors of the channel A4,

0 otherwise.
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One of the main problems for the given channel A4 is the determination of the
upper and lower bounds of the error-correcting code V(A) of the maximum

volume for the channel A4. If the number of the elements of the channel A4 is fixed,

then there are ( j different additive channels and, as usual, it is reasonable to

2n
4]
consider the maximum and the minimum of the cardinalities of error-correcting
codes:

D, (n) = r‘n‘ax|V(A)|, D, (n) = r‘n‘in|V(A)|.
A=k —_— A=k

The meaning of these functions were considered in [1] for the group code
class and is obvious enough and it hardly needs in additional comments.

It is clear that there are as many additive channels as there are Boolean
functions and, as the properties b) and c) show, some of them do not essentially
differ from each other. Is not clear what the classification of such channels looks
like, but the following definition correspond to the general point of view.

Definition 3. The channels A and C are called equivalent, if any error-
correcting code for the additive channel A corrects also errors of C and vice
versa.

The equivalence makes possible to look for the additive channels with the
“best” and “worst” correcting properties for each m <2".

Statement 2. The additive channels (4®u) and (4®v) are equivalent for
any u,ve B".
Statement 3. If X(A4,V)=1,then | ANV |<1.

It follows from the preceding statements that, without loss of generality, we
can assume that:

a) if {4} is the class of additive channels equivalent to A, then it is

sufficient to solve the problem for any representative of this class;
b) the additive channel A4 contains the zero vector, which can be interpreted
as possibility of errorless transfer of the signal through the channel.

It follows from the equality X (A,V) =1 that X (V,A) =1, hence, analogical

statement holds for the code V' too; i.e. it is sufficient to consider only codes
containing the zero vector.
Thus, it follows from X (A4,V)=1 that the sets 4 and ¥ can overlap only

at zero, and we must look for the elements of the code V' in {B" \ A} U {(00...0)} .

Further we denote
Vo = (00...0) €A, vy= (00...0) ev.

The Code Volume Bound in the Additive Channel. Let 4={y,,»,....»,,}
and {y,,),,...y,} be a basis in 4. Let us consider any basis {z,,z,...z,}, in the
space B", where z, =y,, i=1,_r , and let f be a linear invertible transformation
f:B" — B", defined as follows:
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f(z)=e=(0" 10“), i=1n.
We denote by f(C) the image of the set C < B":
fO)={f(»); yeC}.
Obviously, if (¢a,..r,) € f(A4), then ; =0 forall i=r+1,n.
The following statements hold.
Lemma 1. The image f( A)) of the code V(4 ) is a maximum code

for the channel f(A4) and |V ‘V (4 ))‘
Proof.  Since X (A4,V(4))=1, X(f(A4).f(V(4))=1, we have
()=l (r( \=| (4)|. On the other hand, from X (f(4), 7 (f(4)))=1

we obtain: X( )f ( )_lf ( (f( ))):1.

Hence, f~ ( (f(4 ))) is a error-correcting code for the channel A4, that is

P )< )

The Lemma is proved.

We denote CxD = {(xy) eB"™; xeC, ye D} forany C < B",D < B™.

It is obvious that |Cx D|=|C|x|D| and B" x B™ = B"™™.
Let

A= {)70,)71,...,)7,"} cB" and A= Ax0" = {yo,yl,...,ym} c Bt

where y, =(3,0"), i=0,m.

Lemma 2. If X(4,/)=1 forsome V cB",then X(A4,V)=1, where
V=VxB" c B"™"

Proof. Assume that X (4,V)=0, which means that there are v,,v, €V and

Vi,y, €A suchthat v, ®v, =y, @y, i#j, [#5.
Let
v, =), Ve v, u, € B™ and v, =(iuy), e v, u, € B™.
Then
v, ®v; =) ® (duy) = (VO u)(u; Du,)).
Hence, it follows from the definition of 4 that u; =u,. Consequently, v #1 ,
implying that v @ = 3, ® y,_, which contradicts to X (A4,V)=1.

The Lemma is proved.
Let

V(A)={vy.V,...vy } € B"™, where v, =(ab,), a, € B", b eB", i=0,N.
Also let {ﬁo,ﬁl,...,ﬁNl}eB"l, {ﬁo,ﬁl,...,ﬁNz}gB"z are the maximum

cardinality subsets from {ay,a,,...,a,} and {b,b,..b,} respectively, satisfying



18 Proc. of the Yerevan State Univ. Phys. and Mathem. Sci., 2012, Ne 2, p. 14-21.

the conditions: v, #v,, where i, j€(0,N,), @, #i,, i,j€(0,N,).

We want to prove that {ﬁo,zil,...,ﬁNz } =B".

If there is some element u € B™ \{ﬁo,ﬁl,...,ﬂNz } , then for any v,v,, i= O,—N,
and for d € B" the vector v, @ (du) can be represented in the form (ab) , where
aeB", be B”, b#(00...0). As the vector y, @ y,, s#t, can be represented in

the form (c0™) with ceB™, we deduce that X(4,0)=1 for the code

Q=V(A4)U(du)< B"™, which contradicts to the fact that J(4) is a maximum
code. Let us consider the set
M, = {v eB";ve {vo,vl,...,le }; (vb) e V(A)}
for any vector b e B™.
Since X(,:l,Mb)zl for any u,veM,, u#v, u®v=y @y, s#t, then
ub@®vb=y @y, for b,beB™. This contradicts to the fact that X(A,V(A)) =1.

It is obvious that:
1. Mb ﬂ Ml; = @,

2. U M, =V(A4),

beB™
3. Mb|s‘V(/])\.
Consequently, [V'(4)=| U M,[= ¥ |M,|< 3 [7(4)=|r(4)2".
beB? beB™ beB™

From this mequality and Lemma 2 we obtain that |V(A)| = ‘V(/]) 2™ that is:

Lemma 3. For any A of the mentioned type |V(A)|:‘V(/N1)

2™ and

V(A)x B™ is the maximum error-correcting code for the channel 4.

In the rest we denote the rank of any subset M < B" by r(M).
According to Lemma 1, we can always assume that the vectors of the

channel 4={y,.,y,,...,} < B" have the form y, :()71.0"4(/1)), i=0,N.

Consequently,
A= {5, s Tm} € B and]k’gz (m+ 1)[ <r(4)<m.
Statement 4. If r(A) = ]log2 (m + 1)[ , then |V(A)| — gn=Jloga(m1)[

Proof. According to Lemma 3, V(A)zV(;l)2n_]l°g2(m+l)[, where

N 21|og2<m+ln}
r(zzl) = :|log2 (m+ 1)[ As V(A)<2 { "1 and :|log2 (m+ 1)[ —l<log,(m+1),
2]log2(m+l)[ 5
hence, | <—— <2, consequently, V(A)‘ =1.
m+1
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om
(m+1)
from Lemma 3, taking into account the Hamming’s upper bound.

Lemma 4. If for the channel 4={y,,y,,....»,,} 7(4)<m, then there are

C,V < B", X(C,V)=1 such that n(C)=r(A)+1and |V |5V (A)]|, |Cl=m+1.

Proof. From the condition r(A)<m it follows that one can choose an

Statement 5. If r(A4)=m, then |V(A)| S{ }2""1. The proof follows

element y € 4 such that » (;1 \ y) = r(A). Let y=y,,. We consider the set

~ ~ ~ ~ r(4)+1
C :{(yo()), (yIO),...,(ym_l()), el‘(A)+1} (- B (4)+ .
It is obvious that #(C)=r(A)+1=r(A)+1, |C|H Al=m+1.
Let V(A) = {vo,vl,...,ﬁ]\,1 } We construct the following code 7, :
7 ={((P(Dx0) L (D)X 0) @ (30) e, 4y, )}

Since for any i,j€0,N; we have (,0)# (17].0)(-9 (»0)® (er(A)+1 ), then
|- .

Next we prove that X(é,l;]) =1

Let us assume that there exist some pairs of vectors
a,a, €V, a, #a,, and b,,b, € C, b #b,, such that

a,@a,=b®Db,. 2)

Let us consider the following cases:

LI @ =(50), a,=(¥,0), i#j, then b =(50), b,=(50) for
s,/ e(O,m—l), s#l.

Hence, 7 ® ¥, = 7, ® ., and this contradicts to X (4,7(4))=1.

2.1f a; =(¥,0), a, = (ﬁjO) ®(y0)® (er(A)+1 ), then, using (2), we obtain

b ®b, =(71), 1(0,m-1).
Thatis v, ®v, ® y,, = y;,, and this contradicts to X(4,V(4)) =1, too.
3.0f 4, =(7,0)®(30) ®(e, 411 ) & =(7,0) ®(30) © (e, 4,1 )- 12/ € (0, N,) , then
b @b, =(j/s @)71,0), sl G(O,m—l), s#l.

Consequently, v,®v, =3, ®y, and this is a contradiction. Hence,
x(C.7)=1.

Let us consider the set C=C x0""(© c B" and the code V = I71 x B0
that corrects the errors of C . It follows from Lemma 2 that X (C,V)=1, because

r(é ) = r(A) +1, and then, taking into account Lemma 3, we get
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V=17
The Lemma is proved.
Theorem. Forany 1<m+1<2"

2n—:|log2(m+1)[ S5m+l(n) S{ 2 j|2nm
(m+1)
Proof. Since :|log2 (m + 1)[ <n, then there are }log2 (m + 1)[ linearly

independent vectors in B" generating a subspace that contains some channel
Ac B" with

2117;’(@) =2 ‘ V(gl)

znfr(A)—l :|V(A)|

r(A)z:llog2 (m+1)[, A|=m+1.
According to Statement 4 and as was obtained by other methods in [2],
5 1(1’1) > 211—]10g2(m+1)[
m+ - *

Concerning to the upper bound, let 4 < B" be an additive channel satisfying
|[A|=m+1, |V(4)|=D,,,(n).

Let us consider the case m < n.

If r(A) =m, then we have, according Statement 5,

V(4 { 2 }2"'".

(m+1)

If 7(A) <m , then it follows from Lemma 4 that there are pairs (4,V)), 4, < B",
V.c B", i=1,m—r(A), such that |4 |=| Al=m+1, X(A,V)=1, r(4)=r(4)+i.
Then D,,,,(n) =|V(4) |5V, HV(A4) Vs [V () ==V, FV (A, ).

As r(Am_r( A)) = m, then it follows from Statement 5 that

n 2" n—m
Dm+1(n)S{(m+l)}2 .

Now we consider the case when m>n. Let 4 =A4x0""cB". As

r(A)=r(4,), 4, |=| A|, then we have from Lemma 3: V' (4,)=V(4)xB"™".
V)| =y 2.
According to the previous case, we get

2m
IV(AI)IS[(MIJ,

Consequently,

_ V(4) 2" n—m
hence, Dm+1(”):|V(A)|:| 2’”;’ |S{(m+1)}2 .

The Theorem is proved.
COrollary 1. D (n) < 2"*]10g2(m+1)[ '

m+l1

Corollary 2. 1f m=2° -1, then D, (n)=2""
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Corollary 2 can be formulated in the following way: for any integer s <n
there is a channel A < B" of cardinality 2°, for which 7(4) is a perfect code.

But one cannot assert that the condition |A| =2% is sufficient. That is, the

maximum cardinality error-correcting code for the channel 4 when |A| =2" is not

always perfect.
An Example. For n=90 there is no error-correcting code for the additive

channel 4%(y,), where A4\ {yo} c B” is the basis, but ‘Az (¥ )‘ =2,

The proof of this statement for the metrics of Hamming can be found in [7]: the
proof follows from the fact that there is no binary perfect code correcting 2-errors,
except the trivial ones.
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