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MEAN DISTANCE BETWEEN TWO POINTS IN A DOMAIN
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Let D be a bounded convex domain in the Euclidean plane and we choose
uniformly and independently two points in D. How large is the mean distance
m(D) between these two points? Up to now, there were known explicit
expressions for m(D) only in three cases, when D is a disc, an equilateral triangle
and a rectangle. In the present paper a formula for calculation of mean distance
m(D) by means of the chord length density function of D is obtained. This
formula allows to find m(D) for those domains D, for which the chord length
distribution is known. In particular, using this formula, we derive explicit forms of
m(D) for a disc, a regular triangle, a rectangle, a regular hexagon and a rhombus.
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Introduction. Let D be a bounded convex domain in the Euclidean plane
R* (with area || D ||and perimeter | D |), and we choose uniformly and independently
two points A and P, from D . How large is the mean distance m(D) between these
two points? In other words, we want to calculate the following quantity [1]:
mD)=1/|DIF [ [ p(R.P)dRdP, (L1)
DD

where p(F,P,) is the Euclidean distance between F and P,, dP. (i=1,2) is the

two dimensional Lebesgue measure. Up to now, there were known explicit
expressions for m(D) only in three cases when D is the disc K, of a radius 7 [2]:

m(K )=128r/45x (1.2)
for an equilateral triangle A, of side a:
m(A,)=a(l/5+3In/20), (1.3)

and for a rectangle R, , with sides a <b [3]:

3 2

3 2
m(Ra,b)=1 a +b—2+\/a2+b2{3—2—2—b—2j+
a

15| b* a
(1.4)
5007 a+Na*+b* a*, b+a® +b?
a a
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In the present paper a formula for calculation of mean distance m(D) by

means of the chord length density function of D is obtained, which allows to find
an explicit form of mean distance m(D) for those domains D, for which the chord

length distribution is known. In particular, using this formula, we derive explicit forms
of m(D) for a disc, a regular triangle, a rectangle, a regular hexagon and a rhombus.

2. The Main Formula. In this section we obtain a formula for calculation
m(D) in terms of chord length density function for domain D .

Let y(g)=gnD, ge[D], is a chord in D, where [D]={geG:gnD=J}
is the set of lines intersecting domain D (G is the space of all undirected lines in the
plane R?). It is well known the following formula between m(D) and the integral
L= [ 7 (g)dg:

(D]
1,=6[|D|* m(D), 2.1
where dg is the locally finite measure in the space G, which is invariant with respect
to the group of all Euclidean motions in the plane [1, 4].
By definition, F,(y)=1/|0D| f dg is the chord length distribution

2(8)=y
function for D [5, 6].
To transform the formula for m(D), we write

1,40D| | x* fy vy, 22)
0

where f,(x) is the chord length density function of D (that is f;,(x) = F}(x)is the
first derivative of the distribution function). Finally, from (2.2) and (2.1), we get

m(D)=aD| /6| DI [ x*fi,(x)dx, 2.3)
0
Therefore, if we know the explicit form of f,(x) for domain D, using (2.3)
we can calculate m(D) . Further we demonstrate the efficiency of formula (2.3).
3. The Case of a Disc. Consider a disc of radius », D=K, . In this case the
chord length density function has the following form [5]:
0, if x ¢ (0,2r),

Jx (x)=
N XIA@1I=x2 147y, if xe(0,27).
2r
Therefore, we get m(K, ) = 1/6zr f x> /N4 = x* dx=128r/457 | ie. (1.2)[1,5,7].
0

4. The Case of a Regular Triangle. The chord length density function for a
regular triangle A, with side a has the following form [5, 8, 9]:

0, if xe[0,al; LI SRS PNCER
o 2a 3a\/§ @1
A, X)= '

1 V4x*-3ad° 2 . ax/g 2z ) ax/g

S - + arcsin—— — ———, if xe| —,a|.

2a 2x a3 2x  3a\3 2
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Substituting the values of f, (x) from (4.1) into (2.3), we obtain

\/ga/Z a
m(A,) = 8{ _[x4dx+ il j xtdx - 2z _[ x*dx —
3a° | 2a 3a\/§ 0 30\/§J§a/2
4.2)
- J' x2N4ax? —3a% dx + —— .[ X arcsinﬁdx .
2 Ban a\/_\/—a/z 2x

Using some standard formulas we obtain m(A,)=a(1/5+3In3/20) (1.3) [1-3, 5]).

5. The Case of a Rectangle. It is well known that the chord length density
function for a rectangle R,, with sides a <5 has the following form [5-7, 9, 10]:

0, if xe[0,Va® +b%); x/(a+b), if xe(0,a];
fr ) =1d’bla+b)x*Vx* —a’, if x e(a,b]; (5.1)

ab [ 4 +\/2b 2}— L itxep N +p]
x =b a

(a+b)x* | x> - +b
Substituting the values of f, x, , () from (5.1) into (2.3), we obtain

1 as Va? +b* 2
m(R,,)= bz{ +a’b j 4dx+

NE
Jaw? 2 i ) (@ +b2)2 [ +b2}

2
(5.2)
+ab? .[ —dx+

b Nxi—b? 5 5

After some calculations we obtain (1.4) [1, 2]. In the case a =b we get the mean
distance for a square with side a

m(g,) = a/15(2+~/2 + 5In(1++/2)). (5.3)

6. The Case of a Regular Hexagon. For a regular hexagon H, with side a

we have: |H |=6a, | H, |= 334 /2. The density function has the following form
(see [6, 8—10]):

(1 V4
0, if y¢(0,2a]; —[———j, if ye(0, aj;
4 al2 63 4
Vs 2 a3 \/4y2 —-34? )
(y)= - arcsin + , if ye(a, a\/g]; 6.1)
fH“ 7 2a\/§ a\/§ y 2y2 Y
V4 1 1 a3 6a* — y* .
_— arccos + ,if ye (a\/g, 2al.
60\/§ 2a (l\/g y yzdyz _3a2

Therefore, m(H,) = _[ X fH (x)dx . Substituting (6.1) form, we get

273

m(H)— 3[1 +1, +1,], where I, = I(z 6[j =a4(%——307i6];
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a3 a3 ay3 2
I, - f x4dx—i I x* arcsin&dx I Md’?ﬁ
2(1\/5 a a\/_ 2x a 2
2a 2a 2 _ .2
I, = (L—L Ydx — _[ x* arccos \/gdx+ j 6a—xx2dx-
o3 6a\/§ 2a af X aEN X =3a?

Calculating I, and /3, we obtain ﬁnally
m(H ) =a 4m_ 227 4T8x 113[ 3 2+3 141 Al
15 2160 364543 160 3

7. The Case of Rhombus. In terms of elementary functions the chord length
distribution function for rhombus R(a,y) for 7/3 <y <z /2 has the form [10]:

0, if x¢[0, 2acosy/2]; (1+(z/2—y)coty)/ 2a, if x€[0, asiny);
i[l—(1+y—2arcsinasmy)c t j a’sin’ }/+x il , if x€lasiny,a);
2a 2 \/x *sin’ y

1 . .
fr, (9= __(1{;_7}@7}& ifre] . 20sn |
’ X

2
2a 2 Xt —dsin’y

cot .
j + a’sin® }/+x2 cosy

b
4a 2%\ x* —a’sin’ y

Since |R(a,p)| = 4a, ||R(a,p)|| = a’siny, using (2.3) we obtain
2 o0
m(R(a,y)) = ﬁJ.XA‘f Ray) (X)dx.

asiny

-1 +(}/—2arcsin

if xe{2asinl, 2acoslj.
2 2

We denote by m, (R(a,y)) = J/—{ ——7/ coty}dx
“ x* { asiny) H
m,(R(a,y)) = — +7 2 arcsin coty || dx
asm}/2 X
a 2 2
and my(R(a,) - J- sin? y + x* cosy

asiny x X a sm V4

a4 a4sm Yy o a (7r+2}/)cot7/+a4(7r+27/)cosysin4;/+cot7/G
_ .

We have R =
ve my(Ra.y)= 10 10 20 20

where G =a’sin’ y _[ (1/ x®)arcsin xdx . Calculating G, and m’(R(a,7)), we get

siny

Glz—assinsy{ﬂ /4 _1{ cosy +3cos7 31 1+C087Hand

10 5sin’y 5| 4sin*y  8sin’y 8 sin y

sin ycosy  sin? y(l+icosy)lnl+cosy+coszy
2 2 4 sin y 4

m;(R(a,y)) = a’ { + %sin2 y cos’ 7/:|.

Further, we have
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a' 16a"sin’(y/2)

10 5 }{1+(%—y)coty}+Mla2 sinzy

m, (R(a,7)) ={

ms(R(a,y)) == [a sin’ (y/2)—a” cos’ (y/2) + ya® cot y cos® (¥ /2) — ya* cot ysin (;//2)]

—-K, coty/2a,
2asin(y/2) 2 2acos(y/2) .
X . asin
where M, = j ——dx and K, = I x* ar051n—7/dx,
a \/xz —a’sin® 4 2asin(y/2) X

2 /2
acosr/2) o2 %% sin? y + x* cosyd

22asin(}//2) ﬂx —a SlIl V4

Using a standard integral, we obtain

and at least m(R(a,y))=

cos a2 2sin1(1+sinl)
M, =d’ 2sin* 2~ 2L 1+ Ssin y7In 2 2 , besides we get
2 2 2 1+cosy
K, =—a’sin’ y| - 4 T r cos(y/2) N sin(y/2)
1 10sin’(y/2) 10cos’(y/2) 20sin*(y/2) 20cos*(y/2)

_ 3cos(y/2) N 3sin(y/2) _ilncos(]//2)+cosz()//2)
40sin’(y/2) 40cos’(y/2) 40  sin(y/2)+sin’*(y/2) |

6
Since m(R(a,y)) = %Zml (R(a,y)), finally we have
3a’sin” y o

2a |1 sinycos
m(R(@ 7)) =——s [—L 7oR7
3sin

. +cos;/+oos v,
yLS 20

3 1
+-—sin’ ycos ¥ +—sin* #(10+9cos ) In
2o yeosy+—o b4 7)
3 g g .4 2sin]2/(l+singj
+§sin2)/cos27/——sinSZJr?”sinSj—z/coty+smzysin37—/+sm In -

5 2 2 I+cosy

_Sinsg}sin‘%ow A o A
2 2 10sin’(y/2)  10cos’(y/2)

Ve

COoS*- sin’*- 3cosZ 3sin

+ 2 2,

20sin* 4 20cos” 7 40sin’ 7 40cos” 4
2 2 2 2

tsin® yeos’ L +2c0s | cos’ L —sin® L |+
2 2 2

cos”. +cos>”
3V 3.5 .3y

+§sin2 ¥€0S” = Cos ¥y ——sin” ysin —cosy+isin4y(20+3cosy)]n¥ .
4 2 4 2 80 sinZ JrsinZZ
2 2
Therefore, m(R(a,y))=C(y)a, were C(y) is a constant depending only on
the angel y e[z /3,7/2].
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In the case y =x/2, C(x/2) coincides with the rectangle (5.3)
C(x/2)= 1/15[2+ﬁ+51n(1 +ﬁ)].

Similarly we can consider the case y €[0,7/3).

8. Conclusion. We have calculated explicit values for m(D) for some
particular cases, for which there exist explicit form of the chord length density
function. We would like to stress that in [8] there exist an explicit form for the
chord length distribution function for any regular polygon. In particular, for a
regular pentagon the explicit form for chord length distribution you can find in [5].
Therefore, using the result of [8], we can calculate m(D) for any regular polygon.
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