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Let D be a bounded convex domain in the Euclidean plane and we choose 
uniformly and independently two points in D. How large is the mean distance 
m(D) between these two points? Up to now, there were known explicit 
expressions for m(D) only in three cases, when D is a disc, an equilateral triangle 
and a rectangle. In the present paper a formula for calculation of mean distance 
m(D) by means of the chord length density function of D is obtained. This 
formula allows to find m(D) for those domains D, for which the chord length 
distribution is known. In particular, using this formula, we derive explicit forms of 
m(D) for a disc, a regular triangle, a rectangle, a regular hexagon and a rhombus. 
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Introduction. Let D be a bounded convex domain in the Euclidean plane 

2 (with area D|| || and perimeter D| | ), and we choose uniformly and independently 
two points 1P  and 2P from D . How large is the mean distance (D)m  between these 
two points? In other words, we want to calculate the following quantity [1]: 

2
1 2 1 2

D D
(D) = 1/ || D || ( , ) ,m P P dPdPρ∫ ∫                                 (1.1) 

where 1 2( , )P Pρ is the Euclidean distance between 1P  and 2P , ( 1,2)idP i =  is the 
two dimensional Lebesgue measure. Up to now, there were known explicit 
expressions for (D)m only in three cases when D  is the disc rK of a radius r [2]: 

                                           ( ) = 128 45rm K r π                                                   (1.2) 
for an equilateral triangle Δa  of  side  a: 

   ( ) = (1/5 3ln/20),am aΔ +                                            (1.3) 
and for a rectangle a, bR  with sides a b≤  [3]: 

3 3 2 2
2 2

2 2 2 2

2 2 2 2 2 2
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15

5 ln ln .
2
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a b a bm R a b
b a b a

b a a b a b a b
a b b a

⎡ ⎛ ⎞
+ + + − − +⎢ ⎜ ⎟
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⎤⎛ ⎞+ + + + ⎥⎜ ⎟+ +
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In the present paper a formula for calculation of mean distance (D)m  by 
means of the chord length density function of D  is obtained, which allows to find 
an explicit form of mean distance (D)m  for those domains D,  for which the chord 
length distribution is known. In particular, using this formula, we derive explicit forms 
of (D)m  for a disc, a regular triangle, a rectangle, a regular hexagon and a rhombus. 

2. The Main Formula. In this section we obtain a formula for calculation 
(D)m  in terms of chord length density function for domain D . 

Let ( ) D, [D],g g gχ = ∩ ∈  is a chord in D , where [D] { : D }g g= ∈ ∩ ≠∅G  
is the set of lines intersecting domain D (G  is the space of all undirected lines in the 
plane 2 ). It is well known the following formula between (D)m  and the integral 

4
4

[D]
( ) :I g dgχ= ∫  

2
4 6 || D || (D),I m=                                           (2.1) 

where dg is the locally finite measure in the space G , which is invariant with respect 
to the group of all Euclidean motions in the plane [1, 4]. 

By definition, D
( )

( ) 1/ | D |
g y

F y dg
χ ≤

= ∂ ∫  is the chord length distribution 

function for D  [5, 6]. 
To transform the formula for (D),m  we write 

4
4 D

0
| D | ( ) ,I x f x dx

+∞

= ∂ ∫                                     (2.2) 

where D ( )f x  is the chord length density function of D  (that is D D( ) ( )f x F x′= is the 
first derivative of the distribution function). Finally, from (2.2) and (2.1), we get 

2 4
D

0
(D) | D | / 6 || D || ( ) ,m x f x dx

+∞

= ∂ ∫                               (2.3) 

Therefore, if we know the explicit form of D ( )f x  for domain D , using (2.3) 
we can calculate (D)m . Further we demonstrate the efficiency of formula (2.3).  

3. The Case of a Disc. Consider a disc of radius r, D = .rK  In this case the 
chord length density function has the following form [5]: 

2 2 2

0, if (0,2 ),
( )

/(4 1 / 4 ), if (0,2 ).rK

x r
f x

x r x r x r

∉⎧⎪= ⎨
− ∈⎪⎩

 

Therefore, we get 
2

4 5 2 2

0
( ) 1/ 6 / 4 = 128 / 45

r

rm K r x r x dx rπ π= −∫ , i.e. (1.2) [1, 5, 7].  

4. The Case of a Regular Triangle. The chord length density function for a 
regular triangle Δa with side a has the following form [5, 8, 9]: 

2 2

2

1 30, if [0, ]; , if 0, ;
2 23 3

( )
1 4 3 2 3 2 3arcsin , if , .

2 2 22 3 3 3

a

ax a x
a a

f x
x a a ax a

a xx a a

π

π
Δ

⎧ ⎛ ⎤
∉ + ∈⎪ ⎜ ⎥⎜⎪ ⎝ ⎦

= ⎨
⎛ ⎤−⎪

− + − ∈⎜ ⎥⎪ ⎜
⎝ ⎦⎩

 (4.1) 



Aharonyan N. G.   Mean Distance Between Two Points in a Domain.  
  

5 

Substituting the values of ( )
a

f xΔ  from (4.1) into (2.3), we obtain 
3 / 2

4 4 4
3

0 0 3 / 2

2 2 2 4

3 / 2 3 / 2

8 1 2( )
23 3 3 3 3

1 2 34 3 arcsin .
2 23

a a a

a
a

a a

a a

m x dx x dx x dx
aa a a

ax x a dx x dx
xa

π π⎡Δ = + − −⎢⎣

⎤
− − + ⎥

⎥⎦

∫ ∫ ∫

∫ ∫
              (4.2) 

Using some standard formulas we obtain ( ) = (1/ 5 3ln3/ 20)am aΔ +  (1.3) [1–3, 5]). 
5. The Case of a Rectangle. It is well known that the chord length density 

function for a rectangle a, bR  with sides a ≤ b has the following form [5–7, 9, 10]: 

2 2

2 2 2 2

2 2
2 2 2 2 2

0, if [0, ); / ( ), if (0, ];

( ) /( ) , if ( , ];

1 , if ( , ].
( )

a, bR

x a b x a b x a

f x a b a b x x a x a b

ab a b x b a b
a ba b x x a x b

⎧
⎪

∉ + + ∈⎪
⎪

= + − ∈⎨
⎪ ⎛ ⎞⎪ ⎜ ⎟+ − ∈ +⎪ ⎜ ⎟ ++ − −⎝ ⎠⎩

 (5.1) 

Substituting the values of ( )
a, bRf x  from (5.1) into (2.3), we obtain 

2 2

2 2

5 2
2

, 2 2 2 2

2 5 2 2 2 2 2
2

2 2

1( )
53

( ) .
5 5

a b

a b
a

a b

b

a xm R a b dx
a b x a

x b a b a bab dx
x b

+

+

⎡
= + +⎢

−⎣
⎤+ +
⎥+ + −
⎥− ⎦

∫

∫

                   (5.2) 

After some calculations we obtain (1.4) [1, 2]. In the case a b= we get the mean 
distance for a square with side a 

 ( ) /15(2 2 5ln(1 2)).am a= + + +                               (5.3) 
6. The Case of a Regular Hexagon. For a regular hexagon Ha with side a 

we have: 2| | 6 , || || 3 3 / 2.a aH a H a= = The density function has the following form 
(see [6, 8–10]): 

2 2

2

2 2

2 2 2

1 10, if (0, 2 ]; , if (0, ];
2 6 3

4 32 3( ) arcsin , if ( , 3];
2 22 3 3

1 1 3 6arccos , if ( 3, 2 ].
26 3 3 3

aH

y a y a
a

y aaf y y a a
y ya a

a a y y a a
a ya a y y a

π

π

π

⎧ ⎛ ⎞
∉ − ∈⎪ ⎜ ⎟

⎝ ⎠⎪
⎪ −⎪= − + ∈⎨
⎪
⎪ −⎪ − − + ∈
⎪ −⎩

   (6.1) 

Therefore,  4
3

0

4( ) ( )
27 aa Hm H x f x dx

a

∞

= ∫ .  Substituting (6.1) form, we get 

[ ]1 2 33
4( ) ,

27am H I I I
a

= + +  where  4 4
1

0

1 1 1 ;
2 106 3 30 3

a

I x dx a
a

π π⎛ ⎞ ⎛ ⎞
= − = −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
∫  
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2 2 23 3 3

4 4
2

2 3 4 3arcsin ;
2 22 3 3

a a a

a a a

a x x aI x dx x dx dx
xa a

π −
= − +∫ ∫ ∫  

2 22 2 2
4 4 2

3 2 2
3 3 3

1 1 3 6arccos
26 3 3 3

a a a

a a a

a a xI x dx x dx x dx
a xa a x a

π −⎛ ⎞
= − − +⎜ ⎟

⎝ ⎠ −
∫ ∫ ∫ . 

Calculating  I2  and  I3,  we obtain finally: 
4 227 478 113 3 3 2 3 14( ) ln ln 3
15 2160 240 160 153645 3 3am H a π π⎛ ⎞+

= − + + − +⎜ ⎟⎜ ⎟
⎝ ⎠

. 

7. The Case of Rhombus. In terms of elementary functions the chord length 
distribution function for rhombus R(a,γ) for / 3 / 2π γ π< ≤  has the form [10]: 

( , )

2 2 2

2 2 2 2

2 2

2 2 2 2

0, if [0, 2 cos /2]; (1 ( /2 )cot )/2 , if [0, sin );

1 sin sin cos1 2arcsin cot , if [ sin , );
2 2 sin

1 sin( ) 1 cot , if , 2 s
2 2 sinaR

x a a x a

a a x x a a
a x x x a

af x x a a
a x x aγ

γ π γ γ γ

π γ γ γγ γ γ
γ

π γγ γ
γ

∉ + − ∈

⎛ ⎞ +⎛ ⎞− + − + ∈⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ −

⎛ ⎞⎛ ⎞= − + − + ∈⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ −

2 2 2

2 2 2 2

in ;
2

sin1 2arcsin cot
sin cos , if 2 sin , 2 cos .

4 2 22 sin

a
a xx x a a

a x x a

γ

γγ γ
γ γ γ γ

γ

⎧
⎪
⎪
⎪
⎪
⎪⎪ ⎡ ⎞
⎨ ⎟⎢⎣ ⎠⎪
⎪

⎛ ⎞⎪− + −⎜ ⎟⎪ + ⎡ ⎞⎝ ⎠ + ∈ ⎟⎪ ⎢⎣ ⎠−⎪⎩
Since |R(a,γ)| = 4a, ||R(a,γ)|| = a2sinγ, using (2.3) we obtain 

4
( , )3 2

0

2( ( , )) ( ) .
3 sin R am R a x f x dx
a γγ

γ

∞

= ∫  

4sin

1
0

2

4

sin

( ( , )) cot ,
2

( ( , ))

We  denote  by 1
2

sin1 2 arcsin cot
2 2

a

a

a

x
m R a dx

a

m R a dx

  

x a
a x

γ

γ

γ γ

γ

π γ

π γγ γ

=

=

⎡ ⎤⎛ ⎞+ −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞⎛ ⎞− + −⎢ ⎥⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠⎣ ⎦

∫

∫
 

3

2 2 2 4

2 2 2 2
sin

( ( , ))
sin cosand

sin

a

a
m R a dx

a x x

x x aγ
γ

γ γ

γ
=

+

−
∫ . 

We have 2

4 4 5 4 4 4

1( ( , ))
sin ( 2 )cot ( 2 )cos sin cot ,

10 10 20 20
m R a

a a a a G
a

γ
γ π γ γ π γ γ γ γ

=
+ +

− − + +    

where 
1

5 5 6
1

sin
sin (1/ )arcsinG a x xdx

γ
γ= ∫ . Calculating G1 and m3(R(a,γ)), we get 

 

3

5 5
1 5 4 2

2 4 2
4 2 2sin cos

( ( , )) cos .

1 cos 3cos 3 1 cossin ln and
10 5 8 sin5sin 4sin 8sin

sin 3 1 cos cos 3(1 cos ) ln sin
2 2 4 sin 4 8

m R a a

G a

γ γ γ γ γ
γ γ γ γ

γ

π γ γ γ γγ
γγ γ γ

=

⎡ ⎤⎡ ⎤+
= − − − + +⎢ ⎥⎢ ⎥

⎣ ⎦⎣ ⎦
⎡ ⎤+

+ + + +⎢ ⎥
⎣ ⎦

 

Further, we have 
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4

4 4 5
2 2

1
16 sin / 2)

( ( , )) ) cot sin
( 1 (

10 5 2
a a

m R a M a
γ

γ γ γ γ
π

= − +
⎡ ⎤ ⎡ ⎤

+ −⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 

5
4 5 4 5 4 5 4 5

1

( ( , )) sin / 2) cos / 2) cot cos / 2) cot sin / 2)

/ 2 ,

8 ( ( ( (
5

cot

m R a a a a a

aK

γ γ γ γ γ γ γ γ γ

γ

= − −

−

⎡ ⎤+ −⎣ ⎦

where 
2 sin( / 2) 2 cos( / 2)2

4
1 12 2 2

2 sin( / 2)

sinand arcsin ,
sin

a a

a a

x aM dx K x dx
xx a

γ γ

γ

γ

γ
= =

−
∫ ∫   

and at least 6

2 cos( / 2) 2 2 2 4

2 2 2
2 sin( / 2)

( ( , ))
1 sin cos
2 sin

a

a
m R a

a x x dx
x a

γ

γ
γ

γ γ

γ
=

+

−
∫ . 

Using a standard integral, we obtain 

2
2 3 2

1

5 5
1 5 5 4 4

2 2

2sin (1 sin )cos 2 22sin sin ln , besides we get
2 2 2 1 cos

cos( / 2) sin( / 2)sin
10sin ( / 2) 10cos ( / 2) 20sin ( / 2) 20cos ( / 2)

3cos( / 2) 3sin( / 2) 3 ln
4040sin ( / 2) 40cos ( / 2)

aM a

K a

γ γ
γ γ γ

γ

γ π γ γ γγ
γ γ γ γ

γ γ
γ γ

+⎛ ⎞= − +⎜ ⎟ +⎝ ⎠
⎡ −

= − − + − + −⎢
⎣

− + −
2

2
cos( / 2) cos ( / 2) .
sin( / 2) sin ( / 2)

γ γ
γ γ

⎤+
⎥+ ⎦

 

Since 
6

3 2
1

( ( , )) ( ( , )),
2

3 sin i
i

m R a m R a
a

γ γ
γ =

= ∑  finally we have 

2
3 4

2

4
2 2 5 5 2 3

5 5 5

( ( , ))
2 1 sin cos 3 1 1 cos cossin cos sin (10 9cos )ln

5 20 40 20 sin 43sin

2sin 1 sin
3 8 8 sin 2 2sin cos sin sin cot sin sin ln
8 5 2 5 2 2 2 1 cos

8 8cos cot cos sin
5 2 5 2 2

m R a
a

γ
γ γ γ γγ γ γ γ

γγ
γ γ

γ π γ γ γγ γ γ γ
γ

γ γ γγ γ

=
+⎡ + + + + + +⎢⎣

⎛ ⎞+⎜ ⎟
⎝ ⎠+ − + + + −
+

⎛− + −
4

5 5

2 3 5 5

4 4 2 2

2 3 2 3 4

sin cos
2 10sin ( /2) 10cos ( /2)

cos sin 3cos 3sin
2 2 2 2 sin cos 2cos cos sin

2 2 220sin 20cos 40sin 40cos
2 2 2 2

3 3 1sin cos cos sin sin cos sin (20 3c
4 2 4 2 80

γ γ γ π γ
γ γ

γ γ γ γ
γ γ γγ γ

γ γ γ γ

γ γγ γ γ γ γ

⎡ −⎞+ − + −⎢⎜ ⎟
⎝ ⎠ ⎣

⎤
⎥ ⎛ ⎞− + − + + + − +⎥ ⎜ ⎟

⎝ ⎠⎥
⎦

+ − + +

2

2

cos cos
2 2os )ln .

sin sin
2 2

γ γ

γ
γ γ

⎤+ ⎥
⎥
⎥+
⎦                                           

Therefore, ( ( , )) ( ) ,m R a C aγ γ=  were ( )C γ  is a constant depending only on 
the angel [ / 3, / 2].γ π π∈  
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In the case / 2, ( / 2)Cγ π π=  coincides with the rectangle (5.3) 

( / 2) 1/15 2 2 5ln(1 2) .C π ⎡ ⎤= + + +⎣ ⎦  

Similarly we can consider the case  [0, / 3).γ π∈  
8. Conclusion. We have calculated explicit values for m(D) for some 

particular cases, for which there exist explicit form of the chord length density 
function. We would like to stress that in [8] there exist an explicit form for the 
chord length distribution function for any regular polygon. In particular, for a 
regular pentagon the explicit form for chord length distribution you can find in [5]. 
Therefore, using the result of [8], we can calculate m(D) for any regular polygon. 
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