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ON THE REMINDER OF A TAYLOR-MACLAURIN TYPE GENERAL
FORMULA
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We continue the study started in [1] regarding the Taylor—Maclaurin
representation of functions. In the present paper we obtain a more convenient
representation for the function R (x), the residual term of the generalized

Taylor—Maclaurin formula.
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8 1. Preliminaries. It is known that the function
E (i)=Y ("I T(u+np™ ) (p>0) (1.1)

n=0
is an entire function of order p and type 1 for any value of the parameter 4 [2] .
For any 11>0, >0 the following formula holds

V(@) (z=0)E (A" )t dt = 2" *7E (42" u+ ), (1.2)
0

where 4 is complex parameter, and the integration is taken along the line segment

connecting points 0 and z (see [2], chap. III, (1.16)).
It can be shown also that for any & >0, £ >0 the following formula holds:

1
!x“-lEp(zx”ﬂ;a)(l ~x)/E, (AT (- X)) pdx = (1.3)

=1 PAE (M Asa+ B = ATE, (M AT a + BYI(A - AT,
where 4, A" (1 # A7) are arbitrary complex parameters (see [2], chap. III, (1.21)).
From (1.3), using the well-known formula E,(z;2/ p) =1/z{E,(z; 1/p) 1"y,

for the particular case of o = f/=1/p we can deduce that

[ E,(d"7:10 p)i"P 7 E (2" (x =)' 731/ p)(x— )"/ 7 dt = o~
0 .

=x""NE,(Ax"7:1/ p) = E (A'x""7;1/ p))/ A= A"
The following classes of functions were introduced in [3]:
1) Cg‘o)(a €[0,1)) is the class of functions f(x), possessing all derivatives
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D! f(x)= f"(x), n=0,1,2,..., with sup

0<x<o0

2) C;(“’)(ae[o,l)) is the class of continuous functions f(x) on [0,+x),

(1+xm“)f(”)(x)‘ <+o, mm=0,1,..;

possessing all Weil derivatives D”'”f(x), n=0,1,2,.., and satisfying
sup \(1+x’"“)D;;/P f(x)‘<+oo, n,m=0,1,... Itis proved that C'™,C* coincide [3].

0<x<+00

§ 2. Main Results.
Lemma 2.1. Let p>1(1-a=1/p), f(x)eC)™, &~
Then the following formula holds

f (x)| € L(0,+x).

.[ ep(to —x;4)dt, J. ep(tl =ty ) f(&)dt, =
* o 2.1)

SU(A-2) | &) e, —xid) —e, (t - x: A0,

where 4y, 4 >0, A=max{y, 4}, e, (x,4) = E,(Ax'751/ p)x

Proof. First note that the inner integral of the left hand side of (2.1)
converges absolutely and uniformly on #e (0, +oo) due to Lemma 2.1 (see [1]).

+00

Then the change the order of integration and formula (1.4) yield J e, (ty — x;Ay)dt, x

x [ e, (ty—x; 2 )dty [ e,(t, —1034) [ (t)dly =ﬁ [ f@)le, (6 —x: ) —e, (6, —x; 7).

Lemma 2.2. Let {4,}; (4 #4;) be an arbitrary sequence of complex

numbers.
Then for any n > 1.

n

SUCTT (4 -4)=0. (2.2)

=0 j=0,(i#))
Lemma 2.3. Let p=21(l-a=1/p), f(x)eC;(“’) and assume that

et f (x)| € L(0,40) for any n>1. Then the following formula holds:
_[ e, (ty — x;4,)dt, _[ e,(t _to;ﬁ“l)dtl"'J. e, (t, —t,_34,) f(t,)dt, =
* o ot (2.3)

= [ K, (r=x:{4}0)f()dz, xe(0,+w),

where
K, (x{4}0) =2 a"e,(x4), (2.4)
i=0

1 1,

-1
af'“:{ I1 (4,—4)} e,(5 ) =E (Ax"31/ p)x? ,0< A <A,y <40, i=0,1,....
J=0, (i=))

Proof. Let n=1. Then, using (2.1), we get
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+o0 +o0

[ ety —x;20)dty [ e,(t; —ty; ) f(t)dt, =

X ty

Uy~ 2) | @) eyt —x:20) —e, (6~ x: A )bty =
x (2.5)

= I {a(l)e (4 —x; ﬂn)+a(l)e (&, —x; )} (8)d :TKp(ﬁ _XQ{/ii}lo)f(ll)dtl,

-1
1 n
where Kp(rl—x;{ﬂi}é)%af”ep(a—x;m, af”-{ [1 (&-—4,-)} (i=0.1).

J=0, (%))
So, the Lemma is true for n=1.
Now we apply the method of mathematical induction. We suppose, the for-
mula is true for n, and we prove that it remains true for » +1. By our assumption,

J. ep (tl _ZO’A’I)dtl J ep (t2 _tl’//iQ)dtZJ e (tn+l n’ n+1)f(tn+l)dtn+l =
) ] Iy (2,6)

= IK (t, =934, }n+l)f(tl)dt1,

-1
n+l
where K (4 —1p: {4 1) = Za("”)e (t,—t; 1), @™ —{ IT —/1_/)} NN
J=L #))
Now, using (2.6) and Lemma 2.1, we will have
J. e, (ty —x; Ay )dt, J. K, (=t {4 }n+l)f(t1)dt1 =
X t
+00 +0 (41
= [e,(ty—x; ) dt, | {Zd(”“)e (1, —to,/l)} f(t)dt, = (2.8)
X t i=l1
n+1 oy pil (D
= | f) e, —x4)+ e (t, —x;A)pdt,.
I 1;1% 2 1= XA ;l_ﬂop1 1
Next we show that
pel D) L _ -1
’ " (h=4)¢ (2.9)
21 PRI H A =
_ -1
n+l n+l n+l
Z*"*” (A =4) = Z[(/lo ) 11 (4-4) J Z—Z[ I1 (%—/1,-)} (2.10)
=1 =1, (%)) i=1\_j=0, (i%))
(see (2.7)).
n+l n+l

According to Lemma 2.2, > 1/ ] (4 - 4;)=0, hence,

=0 j=0, (i)

—Z[ i1 (ﬂ,-—ﬁj {ﬁ(ﬂo z)} . @.11)

i=1\_j=0, (i#))
Further we note that
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n+l
a"V (A -2)=1/ ] (-4)=a"", (2.12)
J=0, (i#))
and using (2.9)—(2.12), we get

+00 +00 +00

j e, (ty = x; Ay)dly j e,(t _to;ﬂq)dtlmj. e, (t =t A, () dt,,, =

X 1 1

n

+0 [ 41 +o0
= ,[ (%ai(nﬂ)ep (t _X;/li))f(to)dto ZI Kp(t() X {/11‘}8+1 ) (8y)dty.

X

The Lemma is proved.
Theorem. Let f(x)eC:™ and ¢**|D!” f(x)‘ e L(0,+0), k=0,1,...n

for any n>1. Then the following formula holds:

Jf(x) Zi‘,Lﬁépf(O)(o,«(X)+(—1)'1+1TKP(T—X; L7 f(oydr,  (2.13)
i=0 X

-1 1 1
. n n — 1 —
where Kp(x;{/%}o)=2{ I1 (/1,-—/%-)} e, (x;4), ep(x;/i,-)=Ep(/1,»x”;;1)x“-

i=0 | j=0, (i)
Proof. According to Theorem 3.3 (see [1]),
Fx)=> L f(0)p,(x)+ R, (x), xe(0,+0), (2.14)
i=0
4o 4o 400 n+l

where R, (x)=(-"" [ e,(ty—x:4)dt, [ e,(t, —ty: A)dhy... [ e,(t, —1, 134, )Lw7 £(t,)dt,.

X l [}

Since &** DY'P f(x)| e L(0,40) (k=0,1,2,...,n) forany n>1 and L"*V'? f(x)=
=[](DY? + 4) f(x) . Then it is easy to see that e L(O;”D/pf(x)‘ € L(0,+0).
k=0

Now, using Lemma 2.3, we get
R,() = (=)™ [ K, (= x{430) LI f(0)d . (2.15)

From (2.14) and (2.15) we obtain (2.13).
The Theorem is proved.
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