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1. Introduction. In this paper we will consider the following subset of the set of
built-in constants of Backus FP system [1]: the functions Identity (in short, id), Head (hd),
Tail (t]), Append left (apndl), Equals (eq) and the functionals Composition (comp),
Construction (constr), Condition (cond), Constant (const).We will show completeness and
minimality of this subset. Let ®={id, hd, tl, apndl, eq, comp, constr, cond, const}. Theorem 3.1
of the present paper states that the set of built-in constants ® is complete. Theorem 3.2
states that the set of built-in constants @ is minimal for Backus FP system, which uses more
than three atoms. Theorem 3.3 asserts that the set of built-in constants ®\{const} is
complete and minimal for Backus FP system, which uses only three atoms, and it is the
only proper subset of the set @, which is complete for such systems.

2. Definitions Used and Preliminary Results. In the paper we will use the
definitions given in [2]. Let Afoms ={ay,...,a,}, n >3, be a finite set of atoms, containing at
least three elements (7, F, nile Atoms). T and F correspond to logical true and false values
respectively, nil corresponds to empty list.

Backus FP system is a functional programming language, which is defined with the
following quadruple L = (M, C, X, A) , where:

o M is the set of objects: 1) if m € Atoms, then m € M; 2) Le M; 3) if my,...,m, € M,
1<i<n, n>0,then (m,...m,)e M, and if for any 1< i <n, m;=L, then (m,...m,)= L.

o C=MUC,UC, is the set of constants, where C; and C, are correspondingly subsets
of built-in functions and functionals of Backus FP system. We will consider the set of
built-in functions C\={id, hd, tl, apndl, eq} and the set of built-in functionals
C, = {comp,constr,cond,const}. Let us give their definitions (m € M, S =M\ {1} is the

set of S-expression).
id(m) = m; hdim) = m,, if m=(m,...my), m;e S, i=1,...k, k>1, 1 otherwise;

nil, if m=(m,),m, €8S,
tH(m)=1(m,...m,), ifm=(m,...m ), m €S, i=1,...k k>1,

1, otherwise,
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(mym,...m,), if m=(m,(m,...m,)), . 3
. T,if m=(mmy), m =m,, my,m, €S,
m eS,i=1...k k>l

apndl(m) = (o), if m=(my mil), my €S eq(m)=1F,if m=(mm,), m #m,, m,m, €5,
’ Bl ’ ’ 1, otherwise.

1, otherwise,
compe[[M—M)*—[M—M]] and for any functions gh € [M—M)], comp(g,h)=
=fe[ M—M] is defined by: f(m) = g(h(m)) for all m € M;
constre[[M—M]*~[M—M]] and for any functions g,h € [M—M], constr(g,h)=
=fe[ M—M] is defined by: f(m) = (g(m) h(m)) for all m € M;
conde[[M—M]*—[M—M]] and for any functions p,g,h € [M—M], cond(p,g.h)=
glm), if pm)=T,
=fe[ M—M] is defined by: f(m)=1h(m), if p(m)=F, forallm e M.
1, otherwise,
conste[M—[M—M]] and for any mye M, const(my)=fe[M—M] is defined by:

Fm) :{mo, if m#1,

1, otherwise,
« Xis the set of variables: X ={F}| F; € Vjyny , i 21}.
« A is the set of terms constructed using constants and variables only from the sets C
and X, without using the 4th point of the definiton of term [2], and the elements of the set M
are used only as the values of the argument of the functional const.
Definition 2.1. A program P in Backus FP system is a system of equations of the form

k=1,

forall m e M.

ey
£, =7,
where F; € X, i # j= F#F, 1, € ANApng, FU () < {Fy,...F,), ij =1,...,n, n 21. The
mapping Wp:[M—M]'—>[M—M]", where ¥Yp(g )= <Val ; (r),..., Val ; (z.)>, g e[M—M]"
will be called a mapping corresponding the program (1). By (g) ;, i =1,...,n, we will denote ith
component of the vector g . We will say that / e[M—M]" is the solution of the program
(1), if ¥o( /)= f . From [3] it follows that any program (1) has a least solution. We will
devote WP(Q) =Q, ¥/ (Q) =¥, (¥ (Q)),j >0, where Q is the least element of [M—M]".
Using the results from [4] we can deduce, that if f =< Sis-s f, > 1s the least solution of the

program P, then f, = sup{(ﬁ”ﬁ (§_2))l. | k >0}, because all constants used in the program P
are continuous mappings and all variables are of order 1. The equation F= 7, is called the
main equation and the function f, = (17)1 — the fixpoint semantics of the program P .

Definition 2.2. We will say that the function fe[M—M] is representable in Backus
FP system, if there exists a program P such that /o= f, where fp is the fixpoint semantics of
the program P.

Definition 2.3. The set of built-in constants ¥, where Yc(C,uU(,), is called
complete, if for any computable function f; B—S, where B — S, there exists a program P of
Backus FP system, which uses the set of constants A/ U ¥ such that the following holds:

o if meB, then fp(m) = f(m) ;

o if mgB, then fp(m) = L,
where fp is the fixpoint semantics of the program P.
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Definition 2.4. The complete set of built-in constants ¥, where Yc(C,U(G,), is
called minimal, if for any ¢ €V the set of built-in constants P\{¢} is not complete.

3. TheMain Results.

Theorem 3.1. The set of built-in constants C;\C, is complete.

The proof of the Theorem 3.1 is similar to the proof of the Main Theorem of the
paper [5]. The alphabet of Turing machine is the set U = AtomsU{[,],—}, where “-”
corresponds to blank symbol. Let O be the finite set of internal states of Turing machine.
Any seS will be represented on the tape of a Turing machine as follows:

e if se Atoms, then on the cell of the tape s will be written;

e if 5 is a list, then on the tape the beginning and the end of the list will be denoted
by the symbols [ and ] correspondingly.

For example, the value (2 (4 ())76) will be represented on the tape as follows:

~lrlalrfafrlyalyfrefg]-

Let 2 B—S be a computable function defined on S-expression. Let T be a Turing
machine, which corresponds to function f. The finite set of the quadruples of T is the
following: {q;,di\di,qr,> 4,8 dksry5e-5 4, i, Ak, Gr,» WheTe q;,, g, €0, dieU, di,e UU{L, R},
[=1,...,m,m > 1. We will define a program P of Backus FP system, which models the work
of the Turing machine 7. For the program P the tape of the Turing machine will be
presented as a list consisting of two linear lists. In the first list will be stored the symbols,
which are on the left side of the head of the Turing machine, in the second list — which are
on the right side. The first element of the second list will show the position of the head. For
example, let the head of the Turing machine be placed on the cell of symbol dg:

~ld 1 d | d [ dlds | ds | dy | ds | dy |dio] —
A

then the tape will be represented as follows: ((d d» d5 dy ds )(dg d7 dg dy dy)).

If the head of the machine shown above is moved to right, then the tape will be
represented as follows: ((d; d> ds dy ds ds)(d7 dg dy dp)).

Let us define a program P, which corresponds to the Turing machine 7:

F'y=comp(F gecoqescomp(F'rconstr(const(0),comp(apndl,constr(const(nil),
comp(apndl,constr(F o000, const(nil)))))))
\F,.u=comp(eq,constr(id,const(nil)))
\Fo=cond(id,const(F),const(T))
\F ni=cond(hd,cond(comp(hd,tl),const(T),const(F),const(F))
\F om=cond(comp(eq,constr(id, const(a,))),const(T),

cond(comp(eq,constr(id,const(a,))),const(T),const(F)))...)
F apnar=cond(comp(F ,hd),comp(apndl,constr(comp(hd,tl),const(nil))),
comp(apndl,constr(comp(hd,hd),comp(F spnarconstr(comp(tlhd),comp(hd,tl))))))
\FisLinear=cond(F,,,const(T),cond(comp(F jg,constr(comp(F yomshd),
comp(Fo,comp(Fy,hd)))),comp(Figpineartl),const(F)))
Fconc=cond(comp(F ,,,hd),comp(hd,tl),comp(apndl,constr(comp(hd,hd),
comp(F .o, constr(comp(tl,hd), comp(hd,tl))))))
F appnas=comp(apndl,constr(const([),comp(F ypnarconstr(id,const(]))))))
Echangerirse=cond(comp(F gua,constr(comp(F yomhd),comp(F,comp(Fushd)))),
comp(apndl,constr(hd,comp(F cpangerirssst))),cond(comp(Fistinear,hdl),
comp(F cope;constr(comp(F gppnan.hd), tl)),comp(apndl,constr(comp(Fepangerirsishd),tl)))
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\FlistoTape=cond(comp(Fispinearsid),cOMP(E yppnapsid),cOMP(Eserorape-(COMPE changerirstsid)))

Fencode=CONA(F 41omsi@sF lisitotape)

\F getLast:CO’Zd(Comp (F nullsl l)ahd ,Comp (F getLaslat l) )

\F excepiras=cond(comp(F,tl),const(nil) ,comp(apndl,constr(hd,comp(F pcepiasitl))))
Fuewrape=cond(comp(eq,constr(hd,const(L))),cond(comp(F,comp(hd,comp(hd,tl))),comp(apndl,
constr(const(nil),comp(apndl,constr(comp(apndl,constr(const(—),comp(hd,comp(tl,comp(hd.tl))))),
const(-))))),cond(comp(F sconstr(comp(F,,,comp(hd,comp(tl,comp(hd,tl)))),comp(eq,constr(comp

(F gerasscomp(hd,comp(hd.tl))),const(-))))),comp(apndl,constr(comp(F oxcepirasicomp(hd,comp(hd,tl))),
const((nil)))),cond(comp(F ,s,constr(comp(eq.constr(comp(hd,comp(hd,comp(tl,comp(hd.tl)))),const(-))),
comp(Fi,comp(tl,comp(hd,comp(tl,comp(hd,tl))))))),comp(apndl,constr(comp(F oxcepi.asscomp(hd,
comp(hd,tl))), comp(apndl,constr(comp(apndl,constr(comp(Fgeyr ascomp(hd,comp(hd,tl))),const(nil))),
const(nil))))),comp(apndl,constr(comp(F oxcepias-comp(hd,comp(hd,t))),comp(apndl,constr(comp(apndl,
contr(comp(F ge asncomp(hd,comp(hd, tl))),comp(hd,comp(tl,comp(hd, t))))),const(nil)))))))))),cond(comp
(eq,constr(hd,const(R))),cond(comp(F ,s,constr(comp(F,,,comp(hd,comp(hd,tl))),comp(eq,constr(comp
(hd,comp(hd,comp(tl,comp(hd tl)))),const(-))))),comp(apndl,constr(const(nil),comp(apndl,constr(comp(tl,
comp(hd,comp(tl,comp(hd.tl)))),const(nil))))),cond(comp(F,,,comp(hd,comp(tl,comp(hd.tl)))),
comp(apndl,constr(comp(F pnarconstr(comp(hd,comp(hd,tl)),const(-))),const((nil)))),comp(apndl,
constr(comp(F jpnar.constr(comp(hd,comp(hd,tl)),comp(hd ,comp(hd,comp(tl,comp(hd,t1)))))),
comp(apndl,constr(comp(tl,comp(hd,comp(hd,comp(tl,comp(hd,tl)))),const(nil)))))))),comp(apndl,
constr(comp(hd,comp(hd.tl)),comp(apndl,constr(comp(apndl,constr(hd,comp(tl,comp(hd,comp(tl,

comp(hd,tl)))))),const(nil))))))
F'r=cond(comp(F ,g,constr(comp(eq, constr(ha’,consl‘r(qj1 ))),comp(eq,constr(comp(hd,comp(hd,comp(t,

comp(hd,tl)))),const(d; | N))).comp(F’ T,consz‘r(const(q,1 ),comp(F, nm,Tape,constr(const(dkl ),hd)))),

cond(comp(F ,,q,constr(comp(eq,constr(hd,constr(q jm))),comp(eq,constr(comp(hd,comp(hd,comp(tl .

comp(hd.i)))).consi(d; Y)))).comp(Frconsir(consi(q, ).comp(Fyesmupesconsir(consi(dy, )hd)),
comp(hd,comp(tl, comp(hd,tl)))...)

\F intakeriss=cond(comp(F ,hd),const(nil),cond(comp(eq,constr(comp(hd,hd),const(]))),

comp(F .oc-constr(comp(apndl,constr(comp(hd,tl),const(nil))),comp(tl,hd))),comp(F yptareLis-CONStr

(comp(tl,hd),comp(apndl, constr(comp(hd,hd), comp(hd,tl)))))))
FraperoLis=cond(comp(F ,hd) ,comp(hd,comp(hd, tl)),cond(comp(eq,constr(comp(hd,hd),cons(]))),

comp (F tapeT oListsCONS g (Comp (t /) ,hd)wmp (F ttMakeListsCONS g (Comp (hd’ ID, cons t(n i l) ))))scomp (F tapeToLists
constr(comp(tl,hd),comp(apndl,constr(comp(hd,hd),comp(hd,tl)))))))

F gecode=cond(comp(eq,constr(hd,const([))),comp(Fuperoris-constr(id,const(nil))) id)

The program P consists of 19 equations. For this program we constract a sequence
of programs Py, Pi,...,P1g such that Py is the program P, P)g consists of one equation, the
program Py, is obtained from P; by the following steps (i = 0,...,17):

1) remove the second equation of P;;

2)in the rest of equations of P; replace all free occurrences of the variable of the left
side of the second equation with the least solution of that equation.

Applying Theorem 2.1 of [5], we get fp= fp/, for any j =0,...,18. In each program P;,
i=0,...,17, the right side of the second equation has at most one free variable, which is the
same as the variable of the left side. So, that equation can be solved independently from the
other equations of P..

Theorem 3.1 is proved by the construction of the sequence Py, P,...,Ps. The fixpoint
f(m), if me B,
1, otherwise,

semantics of the program P is the following: f,(m) :{ where m € M.
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Theorem 3.2. The set of built-in constants C;UC, is minimal for Backus FP
system, which uses more than three atoms.

Theorem 3.3.For Backus FP system, which uses only three atoms, we have:

a) the set of built-in constants C;UC,\{const} is complete and minimal;

b) for any constant ¢ € C;UC,\{const} the set of built-in constants C;UC,\{ ¢} is not
complete.

The proofs of Theorems 3.2 and 3.3 will be deduced using the following lemmas.

Lemma 3.1.The function id is not representable in Backus FP system, which
uses the set of constants M U C,UC)\ {id}.

We will show that any function f, which is representable in Backus FP system,
which uses the set of constants M U C,UC)\ {id}, is a constant function on the set Afoms,
i.e. for any m € Atoms, f (m) = ¢, ce M. So, the function id is not representable in that
system, bacause it is not a constant function on the set Atoms.

If fe{hd, tl, apndl, eq}, then fim) =L for any m € Atoms. So, the function f is
constant on the set Atoms.

Let the functions g, %, p be constant on the set Atoms, g(m)=c, h(m)=c', p(m)=c",
where c¢,c’,c"e M for all me Atoms. Let us show that the functions comp(g,h), constr(g,h),
const(mg) and cond(p,g,h) are also constant functions on the set Atoms, where mye M.

For any meAtoms, comp(g,h)(m) = g(h(m)) = g(c") = my, mye M, because h(m)=c’,
c'e M, for any meAtoms.

For any m € Atoms, constr(g,h)(m) = (g(m) h(m)) = (c ¢")e M, since g(m) = ¢, h(m) =,
c,c'e M, for any me Atoms.

For any m € Atoms, const(mg)(m)=mye M.

For any meAtoms, we have that p(m) =c", c"e€ M. If p(m)=T, then cond(p, g, h)(m) =
= g(m) = ¢, ce M, since the function g is constant on the set Atoms. If p(m) =F, then
cond(p, g, h)(m) = h(m)= c’, ¢’ €M, because the function /4 is a constant function on the set
Atoms. If p(m) #T, p(m) #F, then cond(p, g, h)(m) =L.

Let P, be a program in Backus FP system, which uses the set of constants

MU(C1uC\{id}). Let us show that the function (‘I’,’.f1 (ﬁ))[ is a constant function on the set
Atoms forany k>0and 1<i<n, n>1.Inthecase k=0 forany 1<i<n, n>1,and meM,
(W5 (Q)),(m) = (Q),(m) =L . So, the function (¥, (Q)), is constant on the set Azoms.

Let us assume that the function (‘I’f.f] (S_l))l. is constant on the set Afoms for any k> 0.

We will show that for any 1<i<n, n > 1 the function (W;*'(Q)), is also a constant function
on the set Atoms. The function (W;"(Q)), is obtained from the functions

(‘P;;] (£_2))l yeens (‘Plﬁ] (§_2))" and the constants Cj, so, is a constant function on the set Afoms.
Now let us show that the function fp, is constant on the set Atoms. We will proceed

by contradiction. Let us assume that fp, is not constant on the set Azoms, so, there exist my,

mye Atoms, such that fp (m)# fp (m;). This means that there exist jj, j» = 0 such that

So ()= (W5 (Q)), m), fo,(ma)= (W7 (Q), (m,). Let j = max(jy, j»). Then (W7 (Q)),(m) #
* (‘{’},1' (£_2))1 (m,), so, the function (‘Pzé (£_2))l is not constant on the set Atoms, which is a

contradiction.

The Lemma 3.1 is proved.

The proofs of the following Lemmas are similar to the proof of the Lemma 3.1. The
main idea is to show that any function, which is representable in Backus FP system, which
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uses a given set of built-in constants, has some properties, but there exists a computable
function, which does not have any of those properties, so, it is not reproducable in Backus
FP system, that uses a given set of built-in constants.

Lemma 3.2. The function Ad is not representable in Backus FP system, which
uses the set of constants M U(C,UC,\ {hd}).

Let us define the change of underlined m by m' in a term ¢ (denoted by t{m = m'}),
where te A, m, m'eM:

1. if t=c¢, ceaq, a eTypes, then

1.1. if t = m and m is underlined, then m';
1.2. ift=(sy...8,), s,€M, n >0, then t{m = m'}=(s;{m =>m'}...s,{m = m'});

2. if t=x,xeV, then ¢

3. if t=1(ty,...00) XEA g, TEA [o)x. xayp) i €Ny AfETYpes, i=1,....k, k=1, then
wt,....t){im = m'}=t{m = m'}(({m = m'},.. 4 {m = m'});

We will say that term ¢’ is obtained from term #(¢, #' € A,, o€ Types) by changing m,
by m'y,..., m, by m', (denoted by t{m\=>m'y,....m,=m',} = t'), where m;;m’;.e M, i #j =
mi#=my, i, j = 1,...,n, n > 1, if there exist terms ,...,t,€4, such that ¢t = 1, ¢ = ¢, and
t.{im=m'}=t;1,i=0,...,n-1,n> 1.

Let meS be a nonempty list. Let us underline one or more subobjects of m (not
coinciding with m) such that there is no underlined subobject, which is subobject of
underlined subobject. By myeS we will denote the object, which is obtained from m by
replacing all underlined subobjects with m, , where m’¢eS. m'y,...,m",,... €S (n>1)is a

countable set of non-coinciding objects. By M,, we will denote the following set of objects:
M, ={mj| mo{m_gzﬁ' y=m;, i > 1},

Let us fix a set M,,,O(moeS). We will say that the function f is almost everywhere
constant on the set M,, " if there exist finite number of elements m; ,.. .,m,-neM,,,O, n>0, such
that: flm)=c, ce M forany m € M,, \{m,,...,m;}.

We will say that the function f almost everywhereon the set M, , returns a list
containing the underlined object, if there exist finite number of elements M., M;, € M'"o’
n >0, such that: f{m) is a list containing the underlined object, for any meMmO\{m,«l,. cos b

Here any function / which is representable in Backus FP system, which uses the set
of constants M U (C;UG,\ {hd}), has one of the following properties: 1) for any M,,,O(moeS)
the function f is almost everywhere constant on the set M,,,O; 2) for any M,,,O(moeS) the
function f almost everywhere on the set M,, , returns a list containing the underlined object.
Let us show that the function Ad does not have any of these properties. Let
M, ={(m)|m; eM, i#j=m; #m, i jz0}. Then foranyi>0, hd((m;))=m, .

The Lemma 3.2 is proved.

Lemma 3.3. The function # is not representable in Backus FP system, which
uses the set of constants M U (C,uC)\ {#}).

One can prove that any function f, which is representable in Backus FP system that
uses the set of constants M U (C UG\ {tl}), has one of the following properties: 1) for any
M,, O(moeS) the function f is almost everywhere constant on the set M, » 2) for any
M,, (myeS) the function f almost everywhere on the set M,, returns a list containing the
underlined object and there is no sublist whith first element underlined. Let us show that the
function #/ does not have any of these properties.

Let Mm0={(Tﬂ)|mieM, i#j=>m #mg, i,j=0}.
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For any i>0 t/(T'm,))=(m,).

The Lemma 3.3 is proved.

Lemma 3.4. The function apndl is not representable in Backus FP system, which
uses the set of constants M U (C1UC)\ {apndl}).

Let meM . By H(m) we will denote the length of the longest linear sublist of m
(if meAtoms or m=1, then H(m)=0).

Here it be proven that for any function £, which is representable in Backus FP
system that uses the set of constants M U(C,wC,\{apndl}), there exists a number d; > 3,
such that if H(m)< d, meM, then H(f(m)) < d; and if H(m) > dj then H(f(m)) < H(m).
It’s obvious the function apndl does not have this property, since for any d > 0, if
m=(T(Z...T)), then we have H(m)=d, but H(apndl(m))=d +1.

d

The Lemma 3.4 is proved.

Lemma 3.5. The function eq is not representable in Backus FP system, which
uses the set of constants M U (C;UC)\{eg}).

Here one can show that any function f; which is representable in Backus FP system
that uses the set of constants MU(C;UC)\{eq}), has one of the following properties: for any
m,m'eM, satisfying m{T=nil}= m'; 1) fim){IT=nil}= f(m'); 2) fim)=L or f(m")=L;
3) fim)= fim"). Let us show that the function eqg does not have any of these properties.
Let m=(T T), m'=(nil T). In this case eq(m) =T, eq(m') =F.

The Lemma 3.5 is proved.

Lemma 3.6. The set C;uC\{comp} is not complete.

In this case one can show that for any function f, which is representable in Backus
FP system that uses the set of constants M U (C,uC,\{comp}), there exists a number
d;> 0, such that if me M is a linear list with a length n > d;, then f{m) cannot be a linear list
with a length greater than 7.

Let us consider the following function: f

comp

Tmy..m),if m=(m,...m,),n>0,
(m)= .
1, otherwise.

It’s obvious that the function f,,,, does not have this property, because for any d > 0
if m € M is a linear list with a length n > d, then f.,,,,(m) is a linear list with a length n +1.
So, the set C;UC,\{comp} is not complete.

The Lemma 3.6 is proved.

Lemma 3.7. The set C;uC,\{constr} is not complete.

Let m € M. By D(m) we will denote the depth of m:

1. if m € Atoms or m =L, then D(m) = 0;

2. ifm=(m,...m,), m;eS, i=1,....,n, n>0,then D(m)=max(D(m,),..., D(m,))+1.

Here it can be proved that for any function f, which is representable in Backus FP
system that uses the set of constants M U (C;WC,\{constr}), there exists a number dy> 0,
such that if D(m)<d, m € M, then D(fim))<d,, and if D(m)>d,, then D(f{m)) < D(m).
(m), if m#1,

Let us consider the following function: f, . (m)= .
’ 1, otherwise.

It’s obvious that the function f,,, does not have the mentioned property, because
forany d >0, if m=((...(T)...), we will have D(m)=d, but D(f;,.s(m))=d+1. So, the set
—
d
C1UC)\{constr} is not complete.
The Lemma 3.7 is proved.
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Lemma 3.8. The set C;w(C)\{cond} is not complete.

It can be proved that any function f, which is representable in Backus FP system
that uses the set of constants M U (C,uC\{cond}), has one of the following properties:
for any m,m'e M such that m{T=nil, T=F, F=T}=m'":

1) fim){T=nil, T=SF, E=Ty=fim'); 2) fimy=L ot fim') =L; 3) fim)=im").
nil,if m=T,

Let us consider the following function: f, ,(m)=1T, if m = nil,

1, otherwise.

It’s obvious that the function f,,,, does not have any of these properties, because
Seona (D) = nil, fiona (nil) = T. So, the set C;uC>\{cond}) is not complete.

The Lemma 3.8 is proved.

It is obvious that the Lemmas 3.1-3.8 remain true for Backus FP system which uses
three or more atoms.

Lemma 3.9. The set C;uC)\{const} is not complete for Backus FP system,
which uses more than three atoms, but it is complete for Backus FP system, which uses
exactlly three atoms.

Let us show that the functions const(T), const(F) and const(nil) are representable in
Backus FP system, which wuses only three atoms and the set of constants
MU(C1OC\{const}). It is evident,

const(T)=comp(eq, constr(id, id)),

const(F)=comp(eq, constr(id,constr(id, id))),

const(nily=comp(tl, comp(tl, constr(id, id))).

All other constant functions can be obtained by these functions and the constants
apndl, comp, constr.

Now let us consider Backus FP system ,which uses more than three atoms and the
set of constants M U (C;UC)\{const}), i.e. {a, T, F, nil}c Atoms. By M, we will denote the
set of all objects is obtained from M by removing the atom a and all lists containing the
atom a.

Here one can show that for any function f, which is representable in Backus FP
system that uses more than three atoms and the set of constants M U (C,uC)\{const}), if
me M, , then flm)e M,

. ) ) {a, if m=l,

Let us consider the following function: f,  (m)= )

1, otherwise.

It’s obvious that the function f,,; does not have this property, because for any m € M,
Sfeonskm)& M ,. So, the set C; U C)\{const} is not complete.

The Lemma 3.9 is proved.
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