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In the present paper a numerical algorithm to construct quadratic Bezier
curves for data fitting by least squares method is developed. The problem is
solved by constructing so-called minimizing sequence of control points.
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1. Introduction. The least squares approximation is the most popular tool for
curve fitting of measured data. To be more exact, it is a process of constructing a
curve that minimizes the sum of squared residuals between the original data and the
values given by the curve (see, e.q., [1]).

Different functions can be used for curve fitting, such as logarithmic and ex-
ponential functions, algebraic polynomials, splines, etc. [2]. In the present paper
we consider the problem of least squares approximation by quadratic Bezier curves.
Note that Bezier curves have many applications in image processing, pattern control
and computer graphics [3].

2. Least Squares Fitting Problem. Consider a plane with Cartesian coordi-
nates (x,y). The distance between two points A(x,y;) and B(xz,y;) is defined in a
natural way, that is [A — B| = \/(xl —x2)% 4 (y1 —y2)?.

Given points Py(xo,y0), Pi(x1,y1) and P»(x2,y2), the quadratic Bezier curve is
the path traced by the function [3]

B(t)=(1—1)*Py+2t(1—1t)P, +1°P,, t€[0,1]. (2.1)

The points Py, P, P> are called control points of the Bezier curve: P, is the starting
point and P is the endpoint.
Let us be given a set of data points

qi(gi,nl’), = 1,2,...,N, (22)
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where N > 2. Suppose that for each point g; a value #; € [0, 1] is assigned. From now
on t; will be referred to as a knot. Thus, we have a set of knots T = (t1,t2,...,ty)
associated with data (2.2). The following notation will be used:

N
E(Py,P,P;T) =Y |B(t;) — qil*. (2.3)
i=1

The problem of data fitting by Bezier curve (2.1) in the least squares sense is for-
mulated as follows: find control points Fy, P;, P>, for which the sum (2.3) of square
deviations E (P, P;, Py; T) assumes its minimal value.

In the solution of the proposed problem, the shape of the curve is influenced by
the choice of the knots #;, i = 1,2,...,N, corresponding to data points (2.2). One can
use different algorithms to determine the knots, depending on the aim pursued [4, 5].
It should be noted that the algorithm of choosing this knots is one of the key points
in data fitting problem.

Here we consider the following version of data fitting by least squares method.
For each data point ¢;, 1 <i <N, we assign the knot tl-d , which minimizes the distance
from that point to the desired curve, i.e.

B(t!) — qi] = mif |B(t) — qil - (2.4)

Let T4 = (tf ,tg ,...,t]‘\’,). Our main problem is the following: find control points
Py, P, P>, such that the sum

E(Py,P,P;T?) =Y |B(t?) — qi|? (2.5)

=

1

1
assumes its minimal value.

Obviously, the knots tl.d , 1 <i <N, depend on the control points Py, P; and P.
The relationship is nonlinear and is given implicitly (see (2.4)), so we encounter with
sufficiently complex kind of nonlinear optimization. Therefore, below in the paper
we develop another approach and instead of the posed problem (2.5) solve a related
problem of constructing a minimizing sequence of control points.

3. Determining the Distance from a Point to a Quadratic Bezier Curve.
When constructing an algorithm of curve fitting within the formulated problem (2.5),
a computational procedure of determining the distance from a point to the considered
curve must be developed. It should be noted that this procedure is an important
component part of many algorithms in curve fitting problems.

Suppose a quadratic Bezier curve (2.1) and a point (&, n) are given. Define a
function

f(t)=B(t)—qf. (3.1)
Consider the following problem.
Problem 1. Find a knot * € [0, 1] such that

f(£") = min f(r). (3-2)

As a matter of fact, the knot * minimizes the distance between the point g and
the curve B(t), that is B(z*) is the point on the curve B(z) closest to g.
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By direct calculation, from (3.1) we find

f(t) = dyt* + 4d3t> + 2dot* + 4dit + dy, (3.3)
where
dy = (x0—2x1+x2)* + (yo—2y1 +2)?,
ds = (x0 —2x1 +x2) (x1 —x0) + (yo — 2y1 +y2) (1 — o),
dy = (x0 —2x1 +x2) (%0 — &) + (yo — 2y1 +y2) (o — 1)+ (3.4)
+2(x1 —x0)? +2(y1 —0)?, '
dy = (x1 —x0)(x0 — &) + (y1 —y0) (Yo — 1),

do = (x0—&)*+(vo—1)*.
To solve the Problem 1, we have to find zeros of the equation f’(z) = 0. As follows
from (3.3), f'(t) = P(t), where
P(t) = dyt® +3dst* + dat + d, . (3.5)
The roots of the polynomial P(¢) can be found by applying well developed numerical

algorithms (see, e.q., [6,7]). Thus, we get the following procedure to determine the
distance from a point to the quadratic Bezier curve.

Procedure BezDist [Py, P;, P>, q = t*,D*]

1. Input Ry(x0,y0), Pi (x1,51), Pa(x2,¥2),q(§, 1)
2. Compute d4,d3,d>,d;,dy by formulae (3.4).
3. Find a set {t, } of real roots in [0, 1] of the polynomial P(z) (see (3.5)). P>(x2,2).
4. Choose the knot #* from the set {{z,},0,1} such that
f(@) = min{{f(2.)}, £(0), f(1)}.
END
4. Constructing a Minimizing Sequence of Control Points. Suppose we
have a sequence of triples (P(gk),Pl(k),Pz(k)), k=20,1,..., of control points, so, we
have a sequence of quadratic Bezier curves
BO) = (1 —1)2PM +21(1—)PY + 2P | k=0,1,... (4.1)
For each triple (Pék),Pl(k),PZ(k)) we obtain a set of knots T*) = ( l(k),ték),...,tﬁf ))
satisfying
&) (Y _ ol = mi &) (1) _ g P
BO) gl = min [BO() g, i=12...N. (42)
In accordance with (2.3), let
N
EW=gPP PP PN 70 =Y BV — g2, k=0,1,...  (43)
i=1
.. . . ®) k) k)
Definition 1. We say that the triples of control points (Fy ', P, P,"),
k=0,1,..., form a minimizing sequence, if
E®N <g*D k=1,2,... (4.4)

Since the sequences E ) is non-increasing and bounded from below, then there exists
E* > 0 such that klim EW = g*,
—>00
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To construct a minimizing sequence of triples of control points consider first
the following “weak’ problem.

Problem 2. For a given set of knots T = (t1,1,,...,ty) find control points
Py(x0,Y0), Pi(x1,y1), Po(x2,y2), for which the sum E(Py,P;,P>;T) defined in (2.3)
assumes its minimal value.

The problem is solved as follows. We have

N 2
E(PRy,P,P;T) = Z{[(1—ti)2Xo+2li(1—li)x1+ti2xz—§i] +

i=1
2
+ [(1 =) 20+ 26:(1 — t;)y1 + t7y2 — 1] }

At the point of minimum the partial derivatives
8E(P0,P1 ,Pz; T) 8E(P0,P1 ,Pz; T)

’ 5 l = 0, 1,2,
Jx; 3)’1‘
should be equal to zero, we arrive at the systems of linear equations
2 2
Z(Xinj:’)/i Zaijyj:&, i:0,1,2, (45)
Jj=0 Jj=0
where
al 4 - 3 A 2
Oloo:_):l(lfti) ) 0601:2_216'(1*%‘) ; Otozz'):lti(lffi) ;
1= = 1=
N N N (4.6)
051124;%2(1—%)27 alzzzglf?(l—fi), 062222124,
Qa0 = o1 00 = 02, 0 = 012
and
N 5 N N
= 'Zl(l —11)°&, n= 2}:1 (1-1)&, r= ,Zlfi S
= i= =
v ) N N (4.7)
502.21(1—%') Mis 51:2‘):1%(1—11')711', 522'):15,'7%
= = =

To prove the solvability of the systems (4.5), let A = [o; J]lz j—o be the matrix of
the systems. Note that A is positive semi-definite, consequently detA > 0.

Lemma.IfT = (t),n,...,ty) contains at least three distinct knots, then the
matrix A is positive definite.

Proof. Consider a vector z = [z9z] 23]T. Taking into account (4.6), we find

N
(Az,2) = Z [(Zz -2z +Zo)t,-2 +2(z1 —20)t; +Zo]2-
i=1

Thus, (Az,z) > 0 for any z. Further, it can be readily proved that when z # 0, then
(Az,z) > 0. Indeed, consider a polynomial

0(t) = (2 —2z +Zo)t2 +2(z1 —20)t +20.
Since z # 0, then the coefficients of the polynomial Q(z) can not be equal to zero

N
simultaneously. So, we have (Az,z) = ¥ Q*(t;).
i=1
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If (Az,z) =0, then Q(¢;) =0,i=1,2,...,N. But a polynomial of second order
can not have more than two distinct roots. O

Thus, the matrix A is positive definite, yielding detA > 0. On the base of above
considerations we can write the computational procedure to solve Problem 2.

Procedure BezGivenKnots [{g;}Y |, T = Py, P;, P,]

1. Input {g;(&,n)},. T = (t1,t2,... . tn).

2. Compute the coefficients and right-hand sides of the systems (4.5) by formulae (4.6)
and (4.7).

3. Solve the systems (4.5); get the control points Py(xo,¥0), Pi (x1,¥1), Pa(x2,¥2).

4. Output Py, Py, P>.

END

To construct the basic algorithm, besides of the Problem 2, as we will see
below, we need to solve a related problem, when the endpoints Py and P» are fixed [8].
Problem 2A. For a given endpoints Py(xo,y0), P»(x2,y2) and a set of knots

T = (t1,t,...,ty) find a control point P; (x,y;), minimizing the sum
E(R:T)= Y B(0) —al® (438)
This problem can be readily solveh:;s follows. We have
E(P;T) = % { [(1—1;)%x0+2:(1 — t;)x1 + 17x — é,»]z +
i=

2
+ [(1=1:)?y0 +26(1 —t))y1 +17y2 — 1] }

Calculating the partial derivatives of E(Py;T) with respect to x; and yj, setting them
to be equal to zero, we get equations

oxo+2yx; 4+ Pxa — 8, =0, oyo+2yyi + Byr — 6, = 0, where

N N N
a=Y(l-1)7°, B=Y(l-1), y=Yi(l—1)?,
i=1 i=1 i=1

(4.9)
N N
0y = _lei(l—ti)@', 6y = _thi(l—ti)ni-
1= 1=
If v+ 0, we obtain the following formulae for the unknowns x; and y;:
O — — 0, — —
oo 0oLxg l3x2’ = oo ﬁyzl (4.10)
2y 2y

Note, that if y=0, then ;=0 or t;,=1foralli=1,2,...,N. In this case
o =f =6 =08, =0 as well (see (4.9)). The latter means that the point P (x1,y;)
can be taken arbitrary. With the glance to the subsequent constructions we suggest to
choose in this case the point P as follows:

P IIXV: (4.11)
1= 2.9 .
NS
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Summarizing, we arrive at the following computational procedure.

Procedure BezFixEndsGivenKnots [Py, P>, {¢;}} |, T = P]

1. Tnput Py(x0,0), Pa(x2,32), {qi(&isn) Yy, T = (11,12, ., 1).

2. Compute ¢, B, 7, 6, 8, by formulae (4.9).

3. If v # 0 compute x; and y; by formulae (4.10); otherwise compute P; by formula
(4.11).

4. Output P (xl V1 )

END

Now we are able to solve our basic problem.

Problem 3. Construct a minimizing sequence of triples of control points
(Pék) ,Pl(k),Pz(k)), k=0,1,..., and corresponding sequence of quadratic Bezier curves
BY (1), k=0,1,...

Let us describe the steps of the computational process.

Step 0. Choose an initial triple of control points: Péo) (x(()o), y(()o)), PI(O) (x(lo) , ygo))
and PZ(O) (xéo) , ygo)). By this we get the initial curve
BO®) = (1-1)2PY 1 2:(1 - 0)P + 2PV, teo,1]. (4.12)

Then for every value of i, where 1 <i < N, we determine the corresponding knot
(0)
t

- €0, 1] with respect to the curve B (t) by using the procedure
BezDist [P, P” PV g, =+ D\,

As aresult we get a starting set of knots 7(?) = (tfo),téo)

sum of squares of deviations

N 0 N 0
~ Y B0y —q? =Y D" (4.13)
i=1 i=1

Step k (for k > 1). As a result of the previous step, we have control points
P,g,kil) (x%(*l),ygfl)), m=0,1,2, the corresponding Bezier curve

BE D) = (1=0)P 2 (1—n)PE V4225 refo,1],  (4.14)

and the set of knots 7*~1) = (tf D tékil), tl(\,k 1)).

Running the procedure BezGivenKnots [{g;} |, 7*~1) = P( ) P(

k
=1’ ’P2( )]’ we
find the next triple of control points P,q(1 )(x,gf ), ygf )), m = 0,1,2. Note that it can

happen that the procedure BezGivenKnots will fail at some step (this will occur when
k—1)

yee ,t,S,O)) and corresponding

k)

the determinant of systems (4.5) is equal to zero). In this case we set Pék) = Pé
Pz(k) = Pz(kfl) and then run the procedure

BezFixEndsGivenKnots [P, é , 2 ,{ql N,TED o P](k)].
So, we obtain Bezier curve

BO@) = (1=0)2PP 4211 —)PO +2P% 1 eo,1]. (4.15)
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Further, for every i, 1 <i < N, we determine the corresponding knot ti(k) € [0, 1] with
respect to the curve B (¢) using the procedure

BezDist [P\, P PM) g, = 1) DM,

TCICRC

Thus, we get a new set of knots Tk = t,”,t, ,...,ty ) and the sum of squares of

deviations
N N
=Y BY) — P =Y DY, (4.16)
i=1 i=1

Summarizing, we obtain the following computational process.

Procedure BezMinSeq [{g;}Y | = P P(k),Pz(k),B(") (t),EW)]

1. Input {g:(&,m:)}Y.,.
2. Preprocessing:

2.1. set an initial triple of control points P(§0> , PI(O) , Pz(o);

2.2. get the curve B )(1) (see (4.12));

2.3. for the values i =1,2,...,N do:
run BezDist [P(go),Pl(O),Pz(O),qi = tl.(o) ,Dl@];
get T(0) = (tl(o),té()),...,tjs,()));

2.4. compute E(© by formula (4.13).

3. For the values k =1,2,... do:

3.1. run BezGivenKnots [{g;} |, 7¢*~1) = P( ) P(k),Pz(k)];
if the procedure has been failed, set P(g ) — P(gk 1), Pz(k> = Pz(kfl)
and run BezFixEndsGivenKnots [P, ék),Pz(k>, {gi}¥,, T*) = Pl(k>};
3.2. get the curve B ( ) (see (4.15));
3.3. for the valuesi=1,2,...,N do:
run BezDist [Pék),Pl(k),Pz(k) ,qi = tfk) 7ka)];
get T = (t§k>,t§k), e 7t,(\fc));
3.4. compute E (k) by formula (4.16);
3.5. output AV, PX, PV B0 (1), EW.
END

Note that as a criterion of stopping of the computational process defined by
the procedure BezMinSeq, we can take the condition E¢~Y — E(®K) < ¢ with some
prescribed € > 0.

Finally, let us prove that the procedure BezMinSeq actually leads to a mini-
mizing sequence.

Theorem. The sequence EX) computed by the procedure BezMinSeq, is
non-increasing:

E®N <E®D k=12, (4.17)



Nouri A. Suleiman Least Squares Data Fitting with Quadratic Bezier Curves. 49

Proof. As follows from the principle of computing the knots t(k), i=1,2,...,N,

i

N
E® = (P pY PRy = v B0 0y — g2 <
N = (4.18)
< L 1BO@ ) — a2 = ER AP B )
i=1

(see (4.2) and (4.3)). Since the control points Pék),Pl(k)7P2(k) are the solution of the
Problem 2 (or the Problem 2A) with given knots T*1) (see Step k of the iterative
process), then
EBY, M PP 70Dy < gAY pEY P Ry — EEED 0 (4.19)
Thus, from (4.18) and (4.19) we obtain the inequality (4.17). O
Concluding Remarks. In this paper we have developed an approach to solve a
problem regarding least squares data fitting by quadratic Bezier curves. The solution
of the problem has been obtained by constructing a minimizing sequence of control
points. Numerical experiments confirm the practical effectiveness of the proposed
method. We hope that the idea discussed in the paper can be useful also in data fitting
problems with high order Bezier curves.
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