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In the paper we prove that for some type of general Haar systems
(particularly for classical Haar system) and for any € > O there exists a set
E C(0,1)%,|E| > 1 —¢, such that for every f € L'(0,1)? one can find a function
g € L'(0,1)?, which coincides with f on E and Fourier—Haar coefficients
{c(ix)(8)}ix=1 are monotonic over all rays.
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Introduction. In this paper we will consider the behavior of the Fourier—Haar
coefficients. Let us recall the definition of the general Haar system.

First we take to =0, t; = 1, Agl) =A; = (0,1), h1(x) = x(0,1)» Where xg is the
characteristic function of the set E.

Then choose any point 7, € (0,1) \ {fo,1 }, and letAgz) = (0,n), Aéz) = (tp, 1),
A =(0,1), A =(0,1), A, = (tp,1). Define i (x) in following manner:

1 : +
() = AT if xe A7,
SANC [ if xe Ay

2851 2

where |A| is the Lebesgue measure of the set A.

In the general case, let the points 1o, t1,...,t, be already chosen and let
Agn),Ag"),...,AS,") be the partition intervals, enumerated from the left to the right,
obtained from (0, 1) by removing points {#}}_,. Choose any point #,,; from
(0,1)\ {r0,11,...,t, }. Then there exists an interval A,(C") = (a,b) containing the point
tat1. Denote Ay i1 = (a,b), AL | = (a,ta11), A, | = (tns1,b) and

1 : +
SIS if xeA |,

_ 1 . -
hn+1(x) —_— —m 3 lf xEAn+1,
0 otherwise.
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Note that the value of Haar functions at the points of discontinuity is
not essential for the present paper. The only requirement to the points 7, is that the

set T = {tk}kfo to be dense in [0, 1], i.e.

lim max
n—+oo 1<k<n

A,E”)‘ ~0. (1)

The function system H = Hg = {h,}>_, is the normalized in L!(0, 1) general
Haar system corresponding to the partition J. For each T (dense in [0, 1]), the
corresponding Haar system J is a complete orthogonal system in L2[0, 1]. There are
many papers devoted to the general Haar system, see, e.g., [1,2].

The general Haar system is called an M type system, if for each m € N there

exists an n > m such that 7, € A,((n), k=1,2,....n and
‘AEZn)

> )Agzn)

>.. 2 |a5

. 2)

1131357
7_{0,1, 7777777 }

For

27474’878’8’8" "

we get the classical Haar system. Note that the classical Haar system is of M type.
Let 71,72 be dense sequences of points in [0,1]. Consider the system H(q, 7,) =
= {hy :n € N?}, where n = (nj,n), hn(x,y) = h} (x)h2,(y) with h} € Hg,,
h% € Hs,.

We will say that H(g, 7,) is an of M type general Haar system, if Hy, and
Hg, are M type general Haar systems. Note that the Fourier—Haar coefficients
cen(f Hy), en(f,H(g, 3,)) are determined by formulas

1 1
ce(f, Hy) = Hhk||L2/0 f(t)hy(t)dt,
1

C(ik) (f7 :H:(‘Tl,‘fz)) f('xay)htl (x)h%(y)dXdy

= T Jony

The spectrum of f(x,y) (denoted by spec(f)) is the support of cp(f), i.e. the
index set where cp(f) is non-zero:

spec(f) = {m = (n1,m2),ca(f) # 0}

By ||f]| we will denote the L'-norm of f. We will say that the sequence

{c(ix)(f)}73=1 is monotonic over all rays, if
|C(i1,k1)’ > |C(,~27k2)’ for all i} > i2, ki > kp for which Cliy ky) 75 0.

The main result of the present paper is the following:

Theorem.ForVM type Haar system H(, 7,), and Ve > 0, there exist
a set E C (0,1)2, |E| > 1 — & such that for every function f € L'(0,1)? there exists a
function g € L'(0,1)2, which coincides with f on E and the Fourier-Haar coefficients
{c(ix)(8)}7i=1 are monotonic over all rays.

Remark. This result is new for both M type general Haar system and the
classical Haar system. Interesting results in this direction were obtained by many
mathematicians [3-7].
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Auxiliary Lemmas. Let T, T, be two sequences of points dense in [0,1]. In
the rest of the paper we will assume that the M type general Haar system H(q, ,) is
fixed.

Let A(ll"") ,Ag AL (Agz’"),A(zz’"), ...,A,(f’")) be the corresponding parti-
tion intervals for Ty = {# } " (T2 = {}},_,) @-

Lemma 1. For any Ny € N, 0<e<1,8 >0, L#0 and each set
Ae {A,(C")} there exist a polynomial Q(x) = Y3 N, 9l (x) in the M type general Haar
system JHg and a subset E C A, satisfying the following conditions:
o> ]ak\, k=Ny, Ng+1,...,N;

[E[>(1—¢)Al; [lQll <2|L|

L xecE,
> Q(x):{o ;CZA-

4. mnon-zero coefficients {a }respec() are monotonically decreasing.

[\ I

Al;

Proof. The proof can be done in the same way as the Lemma 2.2 of paper [8],
keeping in mind the definition of M type general Haar system (2). g

Lemma 2. For any Ny € N, 0 >0,0<e<1,L#0 and each set
A=A x Ay C (0, 1)2, Al € {A,El’n)}, A € {A,(Cz’")} there exist a polynomial

0x,y) =Y bis bt (x)hi(y)

i,k=No

in the M type general Haar system 3(g, 7,) and a subset E C A such that:

1. 6>’b(i’k);i,k:No,N0+1,...,N;
2. [El>(1—¢g)|Al; [[Qll <4|LJA[;
L, if (x,y) € E,
3. ey = { T
0, if (x,y) € A;
N

is monotonic over all rays.

i,k=Ny

4. the sequence {b(i,k)}

Proof. By applying Lemma 1 for L, A! and 1, A we will find some sets E',
E? and polynomials Q' (x) = ¥~y alh! 2(y) = L, arhi (y) satistyi
and polynomials Q" (x) = YLy, a; h; (x), O°(y) =N, 9l (v) satisfying

8 > la}|, 1> |al|; i,k=Np, No+1,...,N, (3)
) )
E! >(1—f) All; [E? >(1—f> A2;
£ 5)| | 5)|
10" <2|L[|A]; [|Q7] < 2|A%; (4)

L, if xe E! 1, if y € E?
1 ’ ) 2 ) )
0 = 0 = 5

) {0, if x¢ Al o) {o, if y¢ A2, ®)
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non-zero coefficients { ai]} are monotonically decreasing.

2
i€spec(Q')’ {“k}keﬂggﬁﬂ)

We define
Q(x,y) = 0'(\)Q*(v), E =E' x E*. (©6)
Then it is easy to see that Q and E will satisfy to the conditions of
Lemma 2. 0

Lemma 3. Let the numbers Ny > 1, € >0, 0, >0, M type general Haar
system H g, 7,) and the polynomial f(x,y) = YR | L.xa, be given, where {A.}* |
are disjoint sets of the form A, = A! x A2, Then there exist a set G C (0,1)? and a
polynomial Q(x,y) = Y.y, a(ihi (x)hz(y) in the system H g, ), such that:

1. 5>|a(i7k)’;i,k:N(), No+1,...,N;
2. |G > (1—¢)s [|Ql <4]|fl];
3. 0(x,y) = f(x,y) forall (x,y) € G;

N

4. the sequence {a(ivk)} is monotonic over all rays.

i,k=Ny
Proof. By successively applying Lemma 2, we can find some sets E, C A, and
polynomials

r

N,—1
Or(xy) = Y bl hi E0),

i,k=N,_|
satisfying
o > |bfi7k)|; Lk=N,_1,...,Ny; 841 = [kg"lingé0|b6"k)|’ (7)
vy (“k)
Er| > (1=e)Ads (IO < 4IL:|A, (8)
L., if (x,y) € E,,
Oy) = { b 1T (1) €85 o)
07 lf (xvy) ¢Ar?
N,
the sequence {bzi k)} N is monotonic over all rays (for fixed r). We define the
’ i,k=Ny_1

set G and the polynomial Q(x,y) in the following manner:

R R N
G=JE, Qxy)=Y 0= Y aiyhi()hi(y).
=1 r=1 ik=No

It is easy to see that set G and the polynomial Q(x,y) satisfy to the conditions of
Lemma 3. 0

Proof of the Theorem. Let {f,},., be the sequence of all polynomials with
rational coefficients in M type general Haar system H (g, ).

Successively applying Lemma 3, we will obtain sets G, C (0,1)? and

polynomials
N—1

Qr(x7y) = Z (’l}(’i,k)l/li1 (X)h]%(y), No =1,
i,k=N,_1
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satisfying
8> |aly|s ik =Ne1,s Ny, 81 = l-,k,f;‘.i,f;eo ’a&k)’ S =1, (10)
€
Gl > (1-5)s Il <4I£ 1l (1)
0:(x,y) = fr(x,y) forall (x,y) € G, (12)
the sequence
VA
{0 o 13)
is monotonic over all rays.
We denote .
E=()G. (14)
r=1

From (11) we have that |[E| > 1 —&.
Let f(x,y) be an arbitrary element of L'(0,1)2. It is easy to see that one can
choose a subsequence { f;, },~_, of the sequence {f,},_, such that

lim
N—ro0

=0, £ ]| <2720, n>2. (15)

N

Z f m — f

n=1

Define the function g(x,y) as follows;

glxy) =Y 0, (xy).
n=1

From (11)—(15) we get that g € L'(0,1)2,

g(X,y) - f(x,y) for (X,y) €E

and

1
IR
where (i,k) € [N,—1,N,)?.

Then (10) and (13) imply that {C(i,k) (g) }Tk:] is monotonic over all rays. [

ciun(8) [ 8 QR axdy = afy,

Received 23.04.2013
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