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Let A be a complex Banach algebra with unit 1 (we assume that ||1|| = 1 and
eyl < [lx[| - [[y[| for every x,y € A).

Suppose simultaneously, a locally convex topology 7 is given on the algebra A,
for which the identical map (A, || - ||) — (A, T) is continuous and multiplication is -
continuous with respect to each component (see [1-3[]). Let {Pa } el be the system
of algebraic seminorms, defining 7 and assume that topological algebra (A,7) is
complete, locally convex. Let J be a closed two-sided ideal in algebra (A, 7). Then
the factor algebra (A7) / J 1s complete and locally convex with respect to factor
topology T generated by the corresponding family of algebraic factor seminorms
{qy} - Note that the factor topology 7o is the strongest topology in the algebra

(A7 / J» Where the canonical homomorphism

my: (A7) — (A,r)/J
is continuous.
Recall (see [4,5]) that in the complex algebra A with unit, a linear operator
D : A — A, satisfying
D(xy) = x(Dy) + (Dx)y  (x,y € A),

is called A-differentiation.
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Denote by Der((A, 7)) the set of all continuous (A, 7)-differentiations.
Assume that D € Der((A,7)) and J is a closed, two-sided ideal. Then the
continuous (A7 / J -differentation, given by the formula

DJ? (d) = 7[](@61),
acts on the factor algebra (A 7) / J

Note that the set V(a) = {@(a) : @]l = @(1) = 1,¢ € A*} is called the alge-
braic numerical range of the elementa € A.

The following abstract version of the classical Picard theorem on entire func-
tions is true (see [5}6]).

Theorem. Let (A,7) be acomplex, complete, locally convex algebra with
unit, and J be a closed, two-sided ideal in the algebra (A, 7) and D €Der((A,7)). If
the element a € (A, 7) is such that Da ¢ J, then

U v((exp(w)),(a)) —C.

AeC
Proof. Forevery j €J wehave Da+ j ¢ J, since Da ¢ J. Hence, we have
that expA (Da+ j) & J.

Suppose that U; = |J UY, where Uﬁj) =V (expA(Da+ j)). Let us prove,
AeC
that U; = C. Let C\ U; contains at least two points. For ¢ € St((A, 7)) the image of

the entire function .
1§ (A) = 9 (expA(Da+ )

is in the set U;. Therefore, according to the classical Picard theorem for entire func-
tions, we have that (see [7]) f(f,j> (1) =const. Then fé,j> (A) =0 implying Da+ j = 0.
Consequently, Da = — j € J, which contradicts the Theorem conditions.

Thus, the set C\ U; can contain at most one point. Let us show that U; = C.

Let & € sp(Da+j) and & €C be any complex number. Then there
exists a point & € U/{ﬂ such that & is on the interval [, &;]. Since &) € Uﬁ =
=V (expA(Da-+ j)) and Uiﬂ is convex, then & € U, and therefore, & € U;. Thus,
we have U; = C for every j € J. Consequently, the equality

V ((exp(AD));(a)) = [ V(expA(Da+j))=(\U;

jeW,T) jet

is true in the factor algebra (A,7) / g forevery j €4, Uj =C. As aresult we have
that
V ((exp(AD)), (@) = C. O

In case when the topology 7 coincides with the norm topology, we will get:

Corollary 1. Let A be a complex Banach algebra with unit, and J is
a closed, two-sided ideal in A and D €Der(A). If the element a € A is such that
Da ¢ J, then

U V ((exp(AD)),(a)) = C.

j=C
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In case when J = {0} Corollary 1 implies:
Corollary 2. LetAbeacomplex Banach algebra with unit and D €Der(A).
If the element a €Ker(D), then

UV (exp(AD)) ()

jeC

C.

For inner differentiations we have:
Corollary 3. Let Abeacomplex Banach algebra with unit, J be a closed
two-sided ideal. If the elements a,b,c € A are such that ac # cb( mod J), then

J V ((expAd)éexp (—2Ab)) = C.
jeC
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