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Let R, be the Euclidean space with points x = (x1,Xx2,...,X,),7 = (r1,72, ..., n)

. .. 1 141

a vector with positive components, — = 72— ,and A = (A41,42,...,4,), where
r n ri
T

Aj= E,j =1,2,...,n. By p(x) we denote the function, positive for x # 0, defined
Ty
implicitly by the equality
n
Zx,-zp_% =1.
i=1

Let I, be a pseudodifferential operator (¥DO) with the symbol p” (&),
I'o=F 'Y (p" (E)F@(E)), where F and F~' are direct and inverse Fourier
transforms. If ry = = ... = r, =0, then I, = [ is the identity operator. When
0 < —r* < n, the operator I, is called anisotropic (Riesz) potential.

It is natural ( see [1]) to denote the completion of C’(R") in the norm

IF I =1F" (" (OFp)) Il,, 1<p<es,

by the symbol wj, (see also [2,/3]) and call it a space with quasihomogeneous norm
or space of anisotropic potentials. If r* < n/p, then Wy, is the space of functions rep-
resentable by anisotropic potentials. When r* > n/p the space W}, is no longer a func-
tion space; its elements are classes, in which the functions that differ by

corresponding polynomials are identified [|1,4].
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» T'is defined as

Whenry =ry=...=r, =0, we set W, = L,(R,). The space w
the dual of W},
Suppose that the function K (&) is A-homogeneous of degree s, —c0 < s < oo,
i.e. for every r > 0 and arbitrary & # 0, K(t*&) = K(tM &y, ...t E,) = *K(E). Asis
shown in [[1]], continuous for £ # 0, A-homogeneous K (&) function is the symbol of
a bounded operator
K:w, — Wy,
where k = 1 —s/r" and kr = (Kry,...,Kry).
LetW = (¥p),j=0,1,...M—1,k=0,1,..,N —1, be the matrix of ¥DO
W j with the symbol W (&) continuous for § 0 and A-homogeneous of degree
o — ﬁki
\ij(tllélv“vtln n) = taj_ﬁkquk(é)v for 1 >0, —e0 < aj»ﬁk < oo,
u= (MO)MI) --‘auN71)7 f = (fO)fl)"'vfol)'
Now we consider the solvability of the system of equations
Yu=f in Ww5.

Theorem. The ¥YDO
N—l % M_l yl
- H Wélfﬁk/r )r N H ngfaj/r )r
k=0 i=0

is bounded and left-invertible (right-invertible) if and only if rank(¥y(§)) =N
(respectively M) for all & #£ 0.

Proof. The case M = N = 1 of the Theorem was proved in [3].

Denot by Q(&) the matrix (Qx(§)) with elements

Qi(€) =pPw (&), j=0,1,..M —1;k=0,1,...,.N—1,

and by I1(§)(L(§)) the diagonal M x M (N x N) matrix with p™~%(&)
(respectively pP=""(£)) elements on the main diagonal. The matrices Q(&),1;(£), k(&)
are the symbols of bounded operators Q. 1,1, satisfaying

N—-1 M-1
Q=01%h: [[L(R) — []L2(Rn).
k=0 j=0

But the operators /; and I, are isomorphisms between the appropriate spaces
with quasihomogeneous norms, so, W is left invertible (right invertible) if and only if
O has left (right) inverse and rank ¥ (& )= rank Q(&) for all & # 0.

Suppose rank Q(&) = N for each £ # 0 (and so N = M).

Set K(&) = (Q*(&)Q(&))1Q*(&), where Q*(&) is the conjugate transposition
of Q(&). Then the elements of K(&) are continuous for £ # 0, A-homogeneous of
degree 0 and K(£)Q(&) = 1. So, K(&) is the symbol of a bounded left inverse of Q.

Conversely, if rankQ(n) <N for some 71 # 0, ie. there exists a unit
vector ¢ = (co, ...,cy—1) such that Q(n)c = 0. Take ¢ € C7(R") with ¢ (&) > 0 for
all £, 9 (£) = 0 for |£] > 1 and [lg],= 1.
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For €>0, it is set g¢ = (ge0,---»8ek—1)s gek(E) = )ck, where

k=0,...,N—1. Then

N-1 > N=1 , N N
ge,HLz =Y leaxllz =Y Ckgin/ ‘(P( )' dé =1.
k=0 k=0 =0 R €

Let f: be the inverse Fourier transform of g.. Then, by Placherel’s theorem,

2(p<§;71

N—1
vaHLZ
k=0
But
M1 M—1 2
Ofe, [ Lo ZZ/ e ZQ]k (é n)ck dé <
j=0 j=0 ‘€78‘<8
M—l 2
sup ZQJk — 0 as &—0,
Jj=01&—nl<e |k

since Q (&) are continuous in 1 and Q(1n)c = 0. This disrupts the criterion of the
existence of a left inverse operator, so, Q is not left invertible.

Since Q* the adjoint of Q is a ¥DO with the symbol Q*(&) it has left inverse
if and only if rank Q(§) = M.

To complete the proof of Theorem it remains to use duality. g
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