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In the paper a class of nonlinear integral equations on the positive semi axis
with noncompact Hammerstein type operator is studied.

The existence of nontrivial, nonnegative, integrable and bounded on R
solution is proved. Some specific examples of these equations representing
independent interest are given.
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1. Introduction. Nonlinear integral equation of the form
o) = [ K(x=1)Glt,p(1))dr, xR =[0,+e), (1)
0

referred to the Hammerstein type equations have important applications in different
areas of modern science. Particularly, one can meet similar species equation in the
transfer theory, in the study of spectral lines, in the kinetic theory of gases, in econo-
metrics, in cosmology, in solid mechanics, etc. (see [1-5]).

Importance of the positive solutions constructing (in various functional spaces)
for such equations, in addition to purely theoretical interest, is that this class of equa-
tions is also used in above-mentioned areas of mathematical physics.

In [4-10], under different restrictions on the kernel K and the nonlinearity of G,
existence of constructive theorems of positive (nonnegative and non-trivial) solutions
are proved, as well as their asymptotic properties to +co are investigated.

In this paper, using the earlier results [6] and making different assumptions
about the function G, was obtained a possibility to construct a special cone-shaped
segment leaving invariant the corresponding nonlinear Hammerstein operator, that
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allows to prove the existence of non-trivial, nonnegative global solution of (1)) in the
space of integrable and essentially bounded functions on R". After having proved the
main Theorem, some examples of the function G, representing independent interest
to illustrate the result, are given.

2. Notation and Auxiliary Facts. For the kernel K following conditions were
assumed:

o0
K(7)>0, TER, /K(r)df: 1, K €Li(R)NLa(R), 2)
o0
V(K) = / K (7)d7 < 0, 3)

—o0

the absolute convergence of the last integral was assumed also.
Let E be one of the following Banach spaces:

LP(R+)3 1< p < oo, CM(R+)7 CO(R+)7
where Cy(R™) is the space of continuous and bounded functions on R* and Cy(R™)
is a space of continuous on R" functions vanishing at infinity.

Let denote by X the integral operator named by Wiener—Hopf generated with

kernel K:
oo

N = [Ka=nfwdr, feE. @
0

It is known, that the operator I — X permits Volterra factorization (see [11])
1-K=(I-V_)(I-Vy), 5)

where [ is the identity operator and V. are upper and lower Volterra operators of the
form

Vi) = [vele=nfd, (V- = [v-t-0f0)dr, fEE. ©
0 x

Kernels vy € Li(R") are nonnegative and are determined from the system of
nonlinear factorization equations of N. B. Engibaryan:

ve (x) = K(£x) + / v (x4 v (1)d, x€RY, 7)
0
and have the following properties:
Y = /v+(x)dx< I, = /v,(x)dx: 1. (8)
0 0

Let the (7,u) be a function defined on R x R and satisfying the following
conditions:
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a) there exists a number A > 0 such that for any fixed r € R" the function
o(t,u) is monotonically decreasing with respect to u on the set [A,0);

b) the function w(z,u) is satisfying the Caratheodory’s condition with respect
to the argument u on the set Q4 = R* X [A,0), i.e. for each fixed u € [A,) the
function @(z,u) is measurable in 7 and for almost all # € R™ the function (z,u) is
continuous when u € [A,+o0). This condition we will write further, in brief, in the
following form: @ € Car,(Q4);

¢) there exists a measurable function

0 € Ly(RT)NCo(RY), my () = /ta)o(t)dt < oo,
0

defined on R* such that @°(¢) | on [A,4eo) and
0<a(t,u) <o(t+u), (t,u) €Qy. )

Consider the following nonlinear equation of Hammerstein type
16 = [ Klx=0)(f(0) ~ (e, f1))dr, xR, (10
0

with respect to the unknown function f(x). Here is assumed that the kernel K and the
function @(z,u) are satisfying the conditions (2), (3)), and a) — c).

Then from the results of [6] follows, that has the one-parameter family of
positive solutions { f,(x) }7 ., With the following properties:

o fy € Lo(RT), YEA;

e lim f,(x)= S VyeA;

X—3oo 11—y’
o if N, < A and >, then f% (x) —sz(x) > 2(’)/1 — ’}/2), X e R+;
o the following two-sided estimation for each of these solutions is true:
Sy(x) <28y(x) — O(x) < fy(x) <28y(x), xERT, YEA, (11)

where Q(x) is the unique positive solution of the following inhomogeneous
Wiener-Hopf equation:
0(x) = 20°(x + A) + / K(x—1)Q(t)dt, xR, (12)
0
having the properties

Q(x) € Li(RT)NL.(RT), lim Q(x)=0, (13)

X—r+Foo

and Sy(x) = yS(x), where S(x) is the unique solution of the following initial value
problem for an homogeneous Wiener—Hopf equation:

S(x) = /K(x—t)S(t)dt, xERT, (14
0
1

5(0) =1,
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has the following properties:

1
. + . _
S(x) 1 with respectto x on R, xl_l)rJrrlmS(x) T (15)
Range of parameters A is given by the following formula
A = [max(K, ), +), (16)

where kK = sup Q(x) and Y > A is a fixed number, for which inequality is fulfilled at
XERT
first @°() < Y (due to the properties of the functions ®° such a number exists).

3. The Main Results.
Theorem.Let G(t,u) be areal function which is defined on R* x R and is

satisfying the following conditions, there exists a number
> 2max (K, %) (17)
A

such that:
1) for any fixed t € R™ the function G(¢,u) is increasing with respect to u on
[g(r),n —A], where

/Kt— o(t,n)dt, t €RY, (18)

and w satisfies the conditions a)—c),
2) G € Car,(1y), where [T, =R" x [0, —A];
3) two-sided estimation is true:
ut+o(t,n) <Gt,u) <u+o(t,n—u) (19)
fort € RY, ueg(t),n—Al.

Then Eq. (I), under conditions of Eq. (2), (3), has a nonnegative, non-trivial
solution in the space of integrable and essentially bounded functions on R*. More-
over, this solution is vanishing at infinity.

P roof. The results that are given in part 2 of present paper imply, that since
the number 7 satisfies (I7), the Eq. has a positive essential bounded solution

con(l=r)
fr(x), v —%

Sy (x) < fr (x) <My 28y (x) — Q(x) < fir (x) <28y (x), x€RT.  (20)
For the correctness, we prove that
gx) <n—A, x€R". @1

Really, taking into account the properties of the functions fy(x), we have

€ Aand XETOO fy(x) =n, moreover,

/K -1 tndt</K —1)o(t, f(t))dt =

— [KG=0)fr 0dt— fr () <0 [KGx=)di -4 <-4
0 0
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as
2max(K, )

-7
fr@)=Sp(x) 27 =2 =2A4,

o(t,u) | with respect to u on [A,+oeo), where the kernel is satisfying ).
Below we verify that 1 — f,- € Li(R"). So, from 0) follows that

00— fyr <=2+ 0w =27 (- —SK)) + 0. @

Z maX(Ka }’0) 2 Y Z A7

=7y

1
Since Q € L1(R") N Lo(R™), in [5] was proved that T
s

—S§ € Li(R"), than from

we obtain the required inclusion.
Along with Eq. (1), we consider the following auxiliary equation of
Wiener-Hopf:

+/K —1)¢(t)dt, x €RT, (23)

with respect to the unknown function ¢ (x), where g(x) is given by (I8).
Let consider the following iteration:

O (%) +/1< Céu()dt, 0o(x) =0, n=0,1,2..., xER".  (24)

Using induction method, it is easy to check that
@, (x) T with respect to n. (25)
We will prove that
Ou(x) <N —fy(x), n=0,1,2..., xeR". (26)
In the case when n = 0 inequality follows from (20). Suppose that it is true for

some n € N and prove it for n+ 1. Using (I8) and the properties of the function
o(t,u), from (24) we have:

O (x /K 1) (tndt+/K — 1) (= fy (0)dr =

/ =1 tndt+n/l( 0)dT— fr (x) — /K(x—t)a)(t,f,,*(t))dtg
0 Zoo 0

<N —fr() —/K(x—t)(w(tifw(t)) —o(,n)dt <n = fy(1).
0

Therefore, the sequence of functions {¢n(x)}::() has a pointwise limit, while
n— oo : lim ¢,(x) = ¢(x), where the function ¢(x), according to the Lebesgue
n—soo

theorem, satisfies the inequality (23). From and it follows also, that
g(x) < 9(x) <m—fr(x), xR 27)
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Let come back to the solution of the initial Eq. (T)). Let consider the following special
iteration for the main nonlinear Eq. (I):

01 () = [ K(x=0)G(t.0,(0)dr. o(x) = 9(0), x€R™. (28)
0

Applying induction method on n, we prove that
@, (x) T whit respect to n, @,(x) <n—fp(x), n=0,1,2...,x ER". (29)
In the case, when n = 0 inequality (29) follows from (27).
Now let verify
@1(x) > @o(x), xeR".

Taking into consideration (27)), (19), the monotonicity G(¢,u) with respect to u on
[g(t),n —A], from (28) we have

(=)

01x) > [ K(x=n)(go(0) + o(t.m)dr = [K(r=06(0)dr +5(x) = 6(x) = ()
0 0

Assume that

Ou(x) > @ 1(x) and @,(x) <M — fyr(x), x€ERT,

for some n € N. Then, again using (19), and the monotonicity G(z,u) with
respect to u, from (28) we obtain

oo oo

0r1(x) < [ K(x=1)G(en = ()dr < [ Kle=1)(n— fir (1) + 0(e. fr () <
0 0

<= [ Ke=1)(fy ()= 00, fr ()d =1 = f ()
0

and

oo

0re1(x) > [ K(x=1)G(t, 011 (1)dt = 9,().
0

Thus, the sequence of functions {(pn (x)}::o has a pointwise limit:
lim ¢,(x) = @(x). From condition 2), by the B. Levi’s theorem (see [12]), we
n—soo

conclude that ¢(x) satisfies Eq. (1], and due to the following inequalities chain
is true:

0<9(x) <@(x) <M —fr(x), xeR". (30)
Since N — fr € Li(RT) N L(R"), LHE fr(x) =n, then from Eq. it follows
that ¢ € L1 (RT) N Lo(R") and 1_1)111 o(x) =0, o(x) £0. O
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4. Examples of G(¢,u) Functions. To illustrate the result, we give examples
of function G(¢t,u):
) G(tu)=/(ut+ o) (utol,n—u):

2u+o@n))(utot,n —u)
2u+o(t,n)+o(t,n—u)

D Gtu) =

o1, 1m)u
k) G(t,u)= — ot o(t,n —
) Gl =t TS 00,0+ ol ),
where o(7) is a measurable function defined on R* and satisfies the inequality
t)ot,n—g(t)) — ot
Oga(t)gg( )( (7” g( )) (777))’ ZER+- (31)
20(t,1)

For examples i) and j) conditions of the Theorem are easily verifiable. Dwell on the
example k). Note, that G(z,u) 1 with respect to u on [g(¢),n —A], if @(¢,u) | with

1 with respect to u. On the other hand,

respect to u on [A, +e0), because of ———
u+ot)
for example k) function G € Car,(I1j), because of ® € Car,(R" x [0,n —A]).
Inequality G(r,u) < u+ ®(t, —u) is obvious, since a(r) > 0. We will prove
that G(r,u) > u+ o(t,n) for u > g(¢t), t € R". The last inequality is equivalent to
inequality
o1, n)u
u+af(t)
Since p(t,u) 1 with respect to u on [g(¢),n1 —A], then by we have

+o(t,n—u)>2w(,n), u>g(),t€R".

p(t,u)=

o(t,n)g(t)
p(tu) > FOFTION o(t,n—g(t)) >

@*(t,n)g(t)
+otn—zglt)=
ot s + sl —gm) OO
®*(1,n) +o(t,n)o(t,n —g(t) + @*(,n —g(1) _
o(t,M) + 0,1 —g(t))
@*(1,n) + (1,1 —8(1))
o(t,1) + o(t,1 - g(t))
®’(1,1) +o(t,n —g)o(t,n) _
o(t,1) + 0,1 - (1))
Note that in contrast to the examples i) and j), in the example k) the function
G(t,u) has the property of criticality
G(t,0)=0, t €R™,

=o(t,n)+

o(t,n)+ 20(t,m).

i.e. equation

o@n)e)
/K 0o+ s Fon—9l) —o(m]d, xeR", (32
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has the trivial solution ¢(x) = 0. From the Theorem it follows that Eq. (32)) except
the trivial solution has also nonnegative non-trivial solution

¢:¢€Li(R)NLo(RT), lim ¢(x) =0,0(x) < @(x) <1 — fy(x), xR
At the end we also give an example of the function w(z,u) :
o(t,u) = ue %0 (t+u),
where o > 0 is an arbitrary constant. Here we note that @(¢,u) | with respect to u

1
on [%, +o<>) and obviously satisfies the conditions a) — c).
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