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ON MINIMAL COSET COVERING OF SOLUTIONS
OF A BOOLEAN EQUATION

A. V. MINASYAN *
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For the equation x1x2...X, + X4+ 1Xp12 . - - X2n + X2n1X204+2 - . . X3, = 1 over
the finite field F> we estimate the minimal number of systems of linear equations
over the same field such that the union of their solutions exactly coincides with
the set of solutions of the equation. We prove in this article that the number in
the question is not greater than 9n'°¢23 4-4.

MSC2010: 97H60; 14N20, S1E21.

Keywords: linear algebra, covering with cosets, blocking set.

Introduction. Let F, be the finite field of 2 elements and F)' be an
n-dimensional linear space over F. A coset of a linear subspace L in F;' is a transla-
tion of L, i.e. aset @ +L={a+x|xeL} for some o € F} . It is known that any
k-dimensional coset in F;' can be represented as a set of solutions of a certain system
of linear equations over F; of rank n — k and vice versa.

Let A be a set of vectors in F}'. We say that a set of cosets {Li,Ly,...,L;} isa
covering for the set A, if and only if L; CAfor 1 <i<kandA = Uf-‘: 1 Li. The length
of the covering is the number of its cosets.

The purpose of this article is to estimate the minimal number of cosets in F23"
covering the set of all solutions of the equation

X1X2 o Xy X 1 Xn 42 - - - X2 + X2n 4 1X20 42 - - - X35 = L. (D
The problem of the shortest or minimal coset covering of subsets in finite fields was
introduced and investigated in [[1-3]]. It is clear that the coset in F23" that corresponds
to the system below is a subset of the set of solutions of the Eq. (1)
x=1, i=12,...,n,
Xp+1 = 07
Xon41 =0.

One can construct a covering with 31 such cosets and one coset containing
(1,1,...,1) vector. The following theorem shows that a covering with an essentially
smaller length exists.

* E-mail: ashot.minasya@ gmail.com



Minasyan A. V. On Minimal Coset Covering of Solutions of a Boolean Equation. 27

Theorem 1. Eq. (1) has a covering with a length < 9n'°%23 44,

Blocking Sets. We employ the notion of a blocking set (see [4,/5]). k-blocking
setin F3' is a subset in F,' that has at least one common vector with each k-dimensional
coset. Any 1-blocking set must contain at least 2" — 1 vectors, since any pair of
vectors forms a coset of dimension 1.

Letey,en,...,e, be a standard basis in F;'. Define B by

{0,e1,€2,...,e,}U{ei+e; | 1 <i< j<n}.

We are going to show that B is a (n — 2)-blocking set. Let L be a coset of
dimension n — 2. If it contains the O vector then, B intersects with L, otherwise L
coincides with the set of solutions of a linear system over F; of the form

ox;+0xy+ ...+ Opxy =1,

Bixi+ Boxa+ ...+ Buxn = 1,
where the equations are linearly independent (if the right part of one of the equations
is 0 we replace that equation with a sum of the initial two equations).

If oy = B; = 1 for some i, then ¢; € L. Otherwise i # j exist such that
0;=1,Bi=0,0;=0,B; = 1. In this case ¢; +¢; € L. Hence, B is a (n —2)-blocking

-1 2
nin—1) _ i +1 = O(n?) vectors.

set containing 1 +n+

Theorem 2. The number of vectors in a minimal (n — 2)-blocking set in
F;\{0} is not greater than 3n'°%23.

Proof. Weconstruct a (n—2)-blocking set for F;'\ {0} containing not more
than 3n!°¢23 vectors.

Let n be a power of 2. We construct the sets F'(n) recursively, so that F(n) is
a (n —2)-blocking set for F;'\ {0}, i.e. F(n) has a common vector with each coset of
dimension n — 2 that does not contain the 0 vector.

Define F(2) = {(0,1),(1,0),(1,1)}. Let F(n) be a (n— 2)-blocking set for
F\{0}. We construct F(2n) as follows.

Each vector (o,0n,...,0,) € F(n) generates exactly 3 different vectors
in F(2n): (a1, o, ..., Oy, &, 0p,...,0), (0, 0p,...,0Q, 0, 0,...,0) and
0,0, ...,0, ay, 0, ..., O).

Hence, |F(2n)| = 3|F (n)|, where |A| stands for the number of elements in A.
Now we verify that F(2n) is a (2n —2)-blocking set for F7"\{0}. Let L be a nonzero
coset of dimension 2n — 2 in F7"\{0}. As shown above L coincides with the set of
solutions of the following linear system over F, consisting of the following equations:

2)

0UX] + 00X + ... 4 O Xy + O 1 X1 + ... Opxoy = 1,
Bixi + Baxa + ...+ Buxn + Bar 1Xnr1 + A Bonxon = 1.

Define A = (OC],...,OC,,), Ay = (OC,,_H,...,OCzn), B, = (B],...,Bn) and
By = (Bu+1,---,P2n). Obviously, both A} and A, or both B; and B, cannot be
0 vectors. We consider the following 3 cases:
1) A; and B, are both nonzero vectors; 2) A, and B, are both nonzero vectors;
3a) Aj, B, are nonzero and A,, B are zero vectors;
3b) A, By are nonzero and A, B; are zero vectors.
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In the case 1) consider the system
ox)+...+0x, =1,

ﬁlxl—i—...—i—ﬁnxn =1.

Solutions of this system form a (n —2)-dimensional coset in F;'. Therefore,
one of the solutions, say (xY,...,x%) , belongs to F(n). Then (x?,...,x9) appended
with n zeros gives a solution for the System (2)), which belongs to F(2n). We deal
with the case 2) in a similar way.

In the case 3a) consider the system

X1+ ...+ 0ux, =1,
3)
{ﬁn+1x1 —i—...—l—anxn =1.
Solutions of this system form a (n — 2)-dimensional coset in F;'. Therefore,

one of the solutions, say (xV,...,x9) , belongs to F(n). Then (x?,...,x9x% ... x9)
gives a solution for the System , which belongs to F;'. We deal with the case 3b)
in a similar way.

Now we claim that F'(2n) is a (2n — 2)-blocking set for F2"\{0}.

We have that |[F(2)| = 3, |F(2n)| = 3|F (n)|; therefore for n = 2* it follows that
\F(n)] — 3k — 310g2n — n10g23

Now let us consider the general case when 7 is arbitrary.

It is easy to verify that the number of elements in a minimal (n — 2)-blocking
set for FJ'\{0} is a nondecreasing function depending on n (dropping the last
coordinate in all vectors and forming a (n — 2)-blocking set for F;'\{0} gives a
(n — 3)-blocking set for Fy~"\{0}). If 2 < n < 2%*! then the number of

elements in a minimal (n — 2)-blocking set for F;'\ {0} is not greater than the number

of elements in a minimal (2€*! — 2)-blocking set for F22k+1 \{0}, which is not greater
than 3**1. Since k < log, n, we have 31 < 3.3l002n — 3yloe3 O

Corollary. The number of vectors in a minimal (n — 2)-blocking set in
F}' is not greater than 3n'°¢23 4 1.

We can get (n — 2)-blocking set in F' by adding (0,0,...,0) vector to
(n—2)-blocking for FJ'\{0}.

Proof of Theorem 1. We start with some technical propositions that can be
easily verified.

For A C F}! and B C F," we define

AxB={(ay,...,an,B1,....Bu)|(ct1,..., ) €A, (Bi1,...,Bm) € B}.

Proposition 1. LetA and B be cosets in F;' and F," respectively. Then
A x Bis acosetin F;"" and dim(A x B) = dimA + dimB.

Proposition 2. Letcosets Ly,...,L; form a covering for the set of all
solutions of the equation x1x; ...x, = 0in F;', such that any pair of different solutions
belongs to at least one of cosets L;,i = 1,...,n. Then cosets L; X L,Ly X Lo,...,

Ly x Ly form a covering for the set of all solutions except x; = 1,i =1,...2n, in F22”
for the equation x1xy ... X, + Xp4+1Xp42 - - - X2n = 0.

Proposition 3. Letcosets Ly,...,L; form a covering for the set of all
solutions of the equation x1x;...x, = 0 in F}'. Then there exists a coset covering for
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the same set consisting of n — 1-dimensional cosets Hy, ..., Hy, such that L; C H; for
i=1,2,... .k

Proof. This immediately follows from the fact that a system of linear
equations defining the coset L; must contain at least one equation, which cannot be
satisfied with the vector (1,1,...,1).

This single equation defines the (n — 1)-dimensional coset H;.

Proposition 4. For any pair of vectors from F;'\{(1,1,...,1)} there
exists a (n — 1)-dimensional coset that contains both vectors and does not contain the
vector (1,1,...,1).

Starting from this point we will refer to (n — 1)-dimensional cosets as hyper-
planes.

Proposition 5. A hyperplane covering of length k for the set
F\{(1,1,...,1)} such that any pair of vectors in F;'\{(1,1,...,1)} belongs to at
least one of the covering hyperplanes exists, if and only if there exists an analogous
covering for F;'\{(0,0,...,0)}.

Proof. This becomes obvious, if one notes that FJ\{(1,1,...,1)}
transforms into F;'\{(0,0,...,0)}, the vector (1,1,...,1) into (0,0,...,0) and a
hyperplane not containing (1,1,...,1) into a hyperplane not containing (0,0,...,0)
when the vector (1,1,...,1) is added to all vectors in F}'.

Lemma. The existence of a minimal hyperplane covering for
F\{(0,0,...,0)} such that any pair of vectors in F;'\{(0,0,...,0)} belongs to at
least one of the covering hyperplanes is equivalent to the existence of a minimal
(n—2)-blocking set for F;'\{(0,0,...,0)}.

Proof. Let Hy,...,Hy be a covering by hyperplanes for F;'\{(0,0,...,0)}
such that any pair of vectors in F;'\{(0,0,...,0)} belongs to at least one of the
hyperplanes. Let H; be defined by an equation otix; +...+ oix, = 1,i=1,2,... k.
Define H = {(a!,...,a})[i=1,2,...,k}. We prove that H is a (n — 2)-blocking set
for F\{(0,0,...,0)}. Indeed, let a (n —2)-dimensional coset in F;'\{(0,0,...,0)}
is defined by a system

4

B]xl—i—...—i—ﬁnxn: 1,
nxi+...+Y%x,=1.

For a pair of vectors (B,...,B,) and (¥1,...,7 ) there exists a hyperplane that covers
both vectors, i.e. for someiwe have &1 +...+ 0., =1 and iy +...+ oy =1,
i.e. the vector (a,...,a) is the requested common vector for the coset and H.

Let us now H = {(a!,...,0f)|i = 1,2,...,k} be a (n—2)-blocking set for
F\{(0,0,...,0)}. Denote by H; the hyperplane in F;'\{(0,0,...,0)} defined by
an equation Oc{xl +...+Oc,’;x,, =1,i=1,...,k. We prove that Hy,...,H; form a
covering for FJ\{(0,0,...,0)} such that any pair of vectors in F;'\{(0,0,...,0)}
belongs to at least one of the hyperplanes. Indeed, let (fi,...,B,) and (%1,...,%)
be different vectors from F;'\{(0,0,...,0)}. Consider a (n —2)-dimensional coset
in F7\{(0,0,...,0)} defined by the System (). There exists a common vector
for H and this coset, that means for some i we have o + ...+ ., = 1 and



30 Proc. of the Yerevan State Univ., Phys. and Marth. Sci., 2015, Ne 1, p. 26

iy +...+a.y = 1. This implies that both vectors (Bi,...,B,) and (¥i,...,%)
are covered by H;. O

Finally, we complete the proof of Theorem 1. We split the set of all solutions
of the Eq. (1) into four disjoint subsets:

A:{(OC],...,OC%)‘OQ...OC": l,OC,H_]...OCznZO,Otzn+]...OC3n:0},
B=A{(oy,...,a3,)|00...0, =0,011...00, = 1,041 ...03, =0},
C:{(OC],...,O@,”)’O(]...OC,,:O,Otn+1...062n:07062n+1...Ot3n: 1},

D={(1,....,1)}.
Assume we have a coset covering for the set of solutions of the equation
X1X2 oo Xp + Xpt1Xp42.. . X2, =0 (5)

of the length g(n). We can construct a coset covering for the Eq. (1) as follows. First
we form a covering for the set A expanding all 2n-dimensional vectors in cosets of
the covering for the Eq. (5)) to 3n-dimensional by placing the n-dimensional vector
(1,1,...,1) at the beginning of each 2n-dimensional vector in cosets of the cover-
ing for the Eq. (3). Similarly we can cover B and C placing the vector (1,1,...,1)
as appropriate in the middle and at the end of 2n-dimensional vectors. Finally, D is
covered by a O-dimensional coset that consists of the 3n-dimensional vector
(1,1,...,1). Hence, we obtain a covering of the length equal to 3g(n)+1 .

Using Lemma, we conclude that a (n — 2)-blocking set for F;'\{(0,0,...,0)}
with not more than 3n'°223 elements from Theorem 2 can be converted into a covering
by hyperplanes for FJ'\{(0,0,...,0)} of the same length, such that any pair of vectors
in £7\{(0,0,...,0)} belongs to at least one of the hyperplanes from the covering.
Then, using Proposition 5, we can obtain a covering of the same length by hyper-
planes of the set F;'\{(1,1,...,1)} such that any pair of vectors in F;'\{(1,1,...,1)}
belongs to at least one of the hyperplanes of the covering. Finally, using
Proposition 3, we obtain a coset covering for the Eq. (5) of a length not greater than
3n1°223 1. Hence, g(n) < 3n'°%23 41 and the covering for the Eq. (1) constructed
above has a length not greater than 3g(n) + 1 < 9n'°%23 44, O
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