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In the present paper we deduce closed form expressions for the entries of the
Moore—Penrose inverse of a special type upper bidiagonal matrices. On the base
of the formulae obtained, a finite algorithm with optimal order of computational
complexity is constructed.
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Introduction. For a real m x n matrix A, the Moore—Penrose inverse A™ is the

unique n X m matrix that satisfies the following four properties:
AATA=A, ATAAT =AT, (ATA)T =ATA, (AAT)T =AA"

(see [1]], for example). If A is a square nonsingular matrix, then A* = A~!. Thus, the
Moore—Penrose inversion generalizes ordinary matrix inversion. The idea of matrix
generalized inverse was first introduced in 1920 by E. Moore [2]], and was later redis-
covered by R. Penrose [3]. The Moore—Penrose inverses have numerous applications
in least-squares problems, regressive analysis, linear programming and etc. For more
information on the generalized inverses see [[1]] and its extensive bibliography.

In this work we consider the problem of the Moore—Penrose inversion of square
upper bidiagonal matrices

i di b
dr by 0
A= : (1)
0 dp-1 by
L dn

A natural question arises: what caused an interest in pseudoinversion of such
matrices ? The reason is as follows. The most effective procedure of computing
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the Moore—Penrose inverse involves two main steps [4]. In the first step an original
matrix by means of Householder transformations is reduced to an upper bidiagonal
form. Thus, there arises the problem of pseudoinversion of bidiagonal matrices of
the form (1). In the second step an iterative procedure, which is known as Golub—
Reinsch algorithm is implemented [4]]. The procedure, by means of Givens rotations
generates a sequence of matrices which converge to a diagonal matrix. As a result,
at a certain step of the process we get an approximation of the singular value decom-
position of the original bidiagonal matrix, by means of which, using a well-known
formula (see [1,/4]], for example), the Moore—Penrose inverse of this matrix is found.

In this paper we develop an approach, which allows to deduce formulae for
the entries of the Moore—Penrose inverse of upper bidiagonal matrices. Obtained
closed form solution for the Moore—Penrose inversion may be considered as alterna-
tive to sufficiently labour-consuming Golub—Reinsch iterative procedure. Moreover,
explicit expressions for the entries of the Moore—Penrose inverse lead to a simple
algorithm of their computation.

From now on, we will assume that

bi,ba,....by1 #0. ()

Otherwise, if some of over-diagonal entries of the matrix A from (1) are equal to zero,
then the original problem is decomposed into several similar problems for bidiagonal
matrices of lower order. Next, we assume that the bidiagonal matrix (1) is singular,
i.e. did;...d, = 0. We begin by considering the special case, where

di,do,... . dy1 #0,d,=0. (3)

This particular case forms the problem solution basis in general case, that is, for an
arbitrary arrangement of one or more zeros on the main diagonal of the matrix (1).

The Idea of the Derivation of Pseudoinversion Formulae. An approach to
derive the formulae is based upon the well-known equality

AT = lim (ATA+el)~'AT, (4)
e—+40

where [ is an identity matrix, which holds true for any real m x n matrix [1]. Proposed
way to obtain the matrix A" for the matrix (1) consists of the following. Finding
first the inverse matrix (ATA + €I)~!, the entries of the matrix (ATA + eI)~'AT are
computed and the character of their dependence on the parameter € is revealed. Then,
according to the equality (4), passing to the limit when € — +0, we arrive to a closed
form expressions for the entries of the matrix A™. Mention that a similar approach
was also used in the papers [5},6].

Thus, the first problem that arise is the inversion of the matrix A”A + &I. For
our bidiagonal matrix (1), under the assumption d, = 0 (see (3)), we have

di+e bid
bidy bi+di+e by, 0

ATA+el = .. (5)
0 byady b:,+d> +€ by_idy

bnfldnfl b5,1 +€
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To invert this matrix, let us take advantage of an algorithm developed in [[7].
Consider a nonsingular symmetric tridiagonal matrix

11 C12
€1 n 3 0
C= ) (6)
0 Cn—1n—-2 Cn—1n—-1 Cn—1n
| Cnn—1 Cnn |

where ¢;;_| =ci_1; #0,i=2,3,...,n. Referring to [7], the matrix C~! = [Xi il nxn
can be obtained by the following computational procedure.
Algorithm 3d/inv (C=C~')
1. Compute the quantities f; (i =2,3,...,n), gi(i=2,3,...,n—1)
and h; (i=1,2,...,n—1):

Cij Cii+1 Cij
fi = y 8&i = y hi = . (7)
Cii—1 Cii—1 Cii+1

2. Compute recursively the quantities:
Mo =1, tp—1=—fn,
Mi = —fit1Mit1 — &it1Miv2, i=n—2,n—3,...,1.
3. Compute recursively the quantities:
V]:I, sz—h],
1 , 9)
Vi=—hi_ |Vi.i——Vio,i=3,4,...,n.
8i-1
4. Compute the quantity ¢ = (cqjiy +ciat) . (10)
Note: if C is nonsingular matrix then ¢y 4+ ciat2 # 0 [7).
5. The entries of the lower triangular part of the matrix C~! are computed by:

Xijj=Mvjt,i=j,j+1,...,n; j=12,...,n. (11)
6. The entries of the upper triangular part of the matrix C —1are computed by:

xij=Mjvit,i=12,...,7—1; j=2,3,...,n. (12)
End.

Consider as the matrix C our tridiagonal matrix ATA + €I. Comparing the
records of matrices (5) and (6), we have

ci=b? +d}+e,i=12,....n (13)
(for the purpose of unification the record of the formulae, we set by = 0) and
Cij+1 = bidi, i= 1,2,. NS 1; Ciji—1 = b,'_ldi_1 s i= 2,3,. N, (14)

The Entries of the Inverse Matrix (A7A + e)~!. Let us carry out a more
detailed study of the quantities successively computed in the algorithm 3d/inv. More
precisely, we are interested in revealing the nature of dependence of these quantities
on the parameter €.
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Consider first the quantities f;, g;, h;, which were introduced in (7). Using the
expressions (13) and (14), we get

o o b2 +d2 1
i =f,+oe,i=2,3,...,n, where f=-— " o= ; 15
f fl —|—(X€,l ] ,l’l,W ere fz bi—ldi—l ,(X bi—ldi—l ( )
b;d; )
i = =23,...,n—1; 16
gl bl_ldl_l’l ) b 7n ( )
o . o bl +d} 1
hi =hi +Bi€,i=1,2,...,n— 1, where hi:%,ﬂ:%- (17)

Next, go to the quantities u; and v; recursively defined in (8) and (9)
respectively.
Lemma 1. The quantities |I; may be represented as

Wi =H; +ye+0(e*), i=1.2,...,n, (18)
where the quantities lj ; and ; satisfy the following recurrence relations:

ll’:n: lao'un*i:_fn’ 5 (19)
Hi=— firilit1 —8iv1 Hiy2, i=n—2,n—3,...,1,
and
Yo = 07 Yn—1 = — 0Oy,

o (20)
Yi=— fir1 Vel —&it1Yie2 — Ot Hipr, i=n—2,n—3,..., 1.

Proof. Since U, =1, then in (18) for i = n we set .lin: 1, 7, = 0. Further,
Un—1 = —f, (see (8)). According to the expressions (15), we have f, =f, + €.
Therefore, in the representation (18) fori =n— 1 we set ,&,,_1 =—fu Y1 = — Q.

Required representations for the indices in the range 1 <i < n—2 can be
readily derived by induction from the relations (8), using expressions (15). Indeed,
having

M = —fiy1liv1 — &it1Mit2 =
= —(fir1 +018) (Hiv1 +Yir18+O(€%)) — giv1 (Hiva +Yi2e +O(€%)) =

)
= (= fimrtivt —giv1 Hisa) + (= fipy Vi1 — &it1 Y2 — Qi1 Hiv1)e+O(€2),
we get (18), as well as the recurrence relations (19) and (20). O
At the same time, the quantities U; computed by the recursion (19) may be
represented in closed form.
Let us introduce the following notation:

s=1,2,....n—1. (21)

r pr— 7S
s — ds’
Additionally, we set ro =r, = 1.

(o}
Lemma 2. The quantities 1; may be written as

° n—1
= (—=1)""T]rs, i=12,....n (22)
s=i
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Proof. Firstly, the value ,lin: 1 conforms to the record (22). Then, in
accordance with (15),

° ° bnfl
nunflz_fn:_ =—rp-1-
dnfl

Further reasonings are carried out by induction. Taking into account the expressions
(15) and (16), we have

° b} +d7 1+1dt+1
u, = _i n i—1 . n i—2 7
b d sljJIrl YI:[Q
, n—l b+ d? biird: Rimd
= (=1 rA< : Bl = i1 l+]> =(=D""11rn,
which completes the proof of the Lemma. O

The next assertion is a simple consequence of the equality (22).
Corollary 1. The following relation holds

ﬁi:_riﬁi+17 l:1,27,n_1 (23)

A representation similar to (18) takes place also for the quantities v;. It can be
obtained using the relations (9) and the expressions (17).
Lemma 3. The quantities v; may be represented as

Vi=Vi+8e+0(e?), i=12,...n, (24)
where the quantities \31- and ¢; satisfy the following recurrence relations:

‘31: 1a ‘32:*]’11,
c1 (25)

\O/i:_;liflvifl - Vi-2, i:3,4,...,l’l,
8i-1
and
51 = 07 62 = _Bl ’
[e] ] . 26
5,-:—hl>1 51'71_ 6i72_ﬁi71 Vi1, 123747"'>n' ( )
8i-1
The quantities Gi may be represented in closed form as well.
Lemma 4. The quantities v ; may be written by
o |
Vi= (_1>I+IH7a i:1527"'7n' (27)
s=17s

The proof of the Lemma is similar to the one of Lemma 2, using relations (25)
and expressions (16), (17). As a simple consequence of the equality (27) we obtain
the following statement.

Corollary 2. The following relation holds

o 1 o
Vipl=—— Vi, i=12,....n—1. (28)
r:

1
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Our next task is to get the expression for the quantity ¢ from (10), depending
on the parameter €. Since ¢ = d12 + €, c12 = b1d; (compare (5) and (6)), then taking
into account the representations (18) for the quantities y;, we get

t =((d} +e)(ﬁ1 +1e+0(&?)) +b1d1(ﬁ2 +pe+0(e2)) ! =
= (d? (M1 +r1 H2) + (K1 +di (nidi + 1b1))e+0(€2)) L.

By virtue of the relation (23), I?ll +r ﬁzz 0. Therefore,
t = (1 +di(ndi +1b)e+0(e%) . (29)

Finally, having the representations for the quantities L;, v; and ¢, we can obtain
the entries of the inverse matrix (ATA +&l)~! = [x;j],xn and reveal their dependence
on the parameter €. It may be done by the equalities (11) and (12), given in the
algorithm 3d/inv. We leave it to the next section.

Formulae for the Entries of the Matrix A™. Let

ATA+el) AT =Y (&) = [yij(€)luxn, AT =[aijluxn- (30)
Since AT = lim Y (¢), then
e—+0
aij:gl_ig_lo)’ij(g), i,j=1,2,...,n. (31)

The entries of the last column of the matrix A” are equal to zero (remind that
d, = 0). Hence, y;,(€¢) =0,i=1,2,...,n, and by this very fact

apm=0, i=1.2,....n. (32)
From (30) it is seen that the entries of the matrix Y (€), forindices i =1,2,...,n

and j=1,2,...,n—1, are calculated by the rule
yij(s):xijdj+xij+1bj. (33)

The formulae (11) and (12) by which we calculate lower and upper triangular parts of
the matrix (ATA + €I)~! respectively, are somewhat different. Therefore, for a fixed
index j in the range 1 < j < n—1 we consider separately two cases: i =1,2,...,j
andi=j+1,j+2,...,n.
o Casei=1,2,...,j.
Taking advantage of the expression (12) for the entries x;;, from (33) we have
vij(€) = tvi(i;d; + Wji1b;). (34)

Then, using the representations (18) for the quantities u;, we can write that
Hidj+pjeib; = (Hj+ye+0(€%))dj+ (K1 +Yj1€+O(€%))b; =
= (.ujdj+ My bj)+(}/jdj+')/j+1bj)8—|—0(82).

As follows from the relation (23), ﬁj dj+ ﬁjH b= dj(lij +rj LOLJH) =0.
Hence,
_ 2
widj+ j1bj = (Yjd; + Vji+1bj)€ + O(e7). (35)
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Substituting the expression (35) as well as the representations (24) and (29) of the
quantities v; and ¢ respectively, into the right hand side of the equality (34) yields

Vi (v;d; + Yj11b;) + O(e)

K1 +di(ndi + 12b1) +O(€)
From here, by taking limit in the equality as € — +0 (see (31)), we find that

yij(€) =

Vi (¥4 +Y+1b))
Ky +di(nidi + 1b1)
If we introduce the notation

qudej"f”yj—i-lbjy j=12,...,n—1, (37)

the entries a;; from (36) may be written as follows:

1,2, (36)

a,‘j:

\31' uj
“1 +d1u1
Using expressions (15), (16) and (20), one may show that the quantities u;,

defined in (37), satisfy the following relations:

i=1,2,...,). (38)

aij:

1 djjuj+ I3 j .

couj=— L 23,1 (39)
bn,1 ’ bj
Moreover, it appears that the quantities «; may be written as

1) n—j , n—k 1 n—1
ujz( b) ( f)( I1 rs), j=12,....n—1.  (40)
j

k=1 “s=j+1 77 Ne=nki1

Up—1=—

It can be proved by substituting the expression (40) into the relations (39).
Finally, let us replace the expression (40) for the quantities u; as well as the

expressions (22) and (27) for Ijl- and \3,- respectively into (38). As a result, we obtain
the following closed form expression for the entries of the upper triangular part of
the matrix A™:

k= =j+ s—=n—k+1 B .
aij = — "k — , i=1,2,...,). (41)
[1rs bj Y < Z) ( [1 rs)
s=1 = s=1 s=n—k+1

e Casei=j+1,j+2,...,n.
Using the expressions (11) for the entries x;;, from (33) we have

vij(€) = tii(vidj+ Vji1b;j). (42)
In accordance with representations (24), we write

Vidj+Viib; = (V;+8;£+0())d;+ (Vip1 +8;41€+0(e2))b; =
= (dejﬂ-\c}jurlbj)—|-(5jdj+6j+1bj)8+0(82).
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As follows from the relation (28), \3]- dj+ \3j+1 b= dj(\(jj +r; \3j+1) =0.
Hence,
dej—i-Vj_Hbj = (5jdj+6j+1bj)£+0(£2). (43)

If we substitute expression (43) as well as the representations (18) and (29) of the
quantities U; and ¢ respectively into the right hand side of the equality (42), we get

Hi (8,d;+ 8141b)) + O(e)

Ky +di(vidi +12b1) + O(¢)
By taking limit in the last equality as € — 40, we obtaine

yij(€) =

1. S:d:+Siiih:
a,-j:f’(”Jr 1b) . i=j+1,....n. (44)
Ky +di(ndi + bi)
Similarly to the previous case, we introduce the notation
szaidj+6i+1bj’ j=12,...,n—1. (45)

Then the entries a;; from (44) may be rewritten by

aij:o“iiwj, i=j+1,j42,...,n. (46)

Ky +dyu
Having expressions (16), (17) and (26), we find that defined in (45) quantities
w; satisfy the following relations:

1 biawi+V;
Wl:_j]’ W]:_ ’ (;] J’ J:2,3,...,I’l—1. (47)
It turns out, however, that the quantities w; may be written by
(-1 & Al
WJ:TZ<H )(Hrs), j=1,2,...n—1. (48)
J k=1 S=

It may readily make sure by substituting the expression (48) into the relations (47).
Now replace the expression (48) for the quantity w; and the expression (22) of

,lci ; into the equality (46). Resulting formula for the entries of lower triangular part of
the matrix A" is of the following type:

o () 5, (1) (11)

£ (DT

s=17s s=n—k+1

aij = , i=j+1,...,n. (49)

Thus, in (32), (41) and (49) we have got the entries of the matrix A", expressed
through the entries of the original bidiagonal matrix A. Summarizing the
considerations of the section, we arrive at the following main statement.

Theorem. LetAbe abidiagonal matrix of the form (1), whose entries meet
the conditions (2) and (3). Then the entries of the Moore—Penrose inverse matrix
A" = [a;j]nxn are as follows:
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a) for the indices j =1,2,...,n—1:
. .n_j n—k n—1
oY (T )
- k=1 \s=j+1 """/ Ns=n—k+1 . .
i n n—k 1 s 1—1,2,...,], (50)
les.bjz<n7lx)< 1 rs>
sS=

k=1 ‘s=1

a,j

o e 5 (1) (Tin)

S=1 k=1

n nfkl ;71 ’
G (I 1 )
k=1 ‘s=1 " s=n—k+1
where ry = bs/ds, s =1,2,....n—1 andro=r, = 1;
b) fortheindex j=n: a;, =0, i=1,2,...,n. (52)

Below is an example to illustrate the Theorem.
Example. Consider the n x n matrix

ajj = i=j+1,j42,...,n, (51)

1 1
A= -
1 1
0
According to the Eqgs. (50) and (51), the entries of the first  — 1 columns of the
matrix A" are as follows. For the indices j =1,2,...,n—1:

alj:(_l)l+J(1_]/n)7 i:1725"'7j7
aij= (=), i=j+1,j+2,...n. O
In the next section we discuss the issues connected with the practical compu-
tation of the matrix A™.
An Algorithm to Compute the Matrix A™. Obtained in the previous sections

intermediate formulae and relations allow us to propose the following fairly simple
algorithm for computing the entries of the matrix A™.

Algorithm 2d/pinv/special (A = A™)
1. Compute the quantities r; (see (21)):

rs=bs/ds, s=12,....n—1.
2. Compute the quantities fl,- (see (19), (23)):
Uy=1; Hi=—rifyyy, i=n—1,n—2,....1.
3. Compute the quantities \31- (see (25), (28)):
vi=1l; Vig=—Vi/r, i=12,....n—1.
4. Compute the quantities u; (see (39)):
U1 = —1 /byt = —(djorujer+ Hju1) by, j=n—2,n—3,...,1.
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5. Compute the quantities w; (see (47)):
w] = —1/d1; wj = —(bjflw_/;l‘f‘ Vj)/dj, j=2,3,...,n—1.

6. Seta;, =0, i=1,2,...,n (see (32)).
7. Compute the entries of upper triangular part of the matrix A™ (see (38)):

ai; =Viug/ (M +diw), i=1,2,...,7; j=1,2,....n—1.

8. Compute the entries of lower triangular part of the matrix A™ (see (46)):

aij =t wi /(B +dyu), i=j+1,j+2,..n5j=1,2,...n—1.

End.

Direct calculations show that the numerical implementation of the algorithm
2d/pinv/special requires O(n?) arithmetical operations. By this very fact, the
algorithm may be considered as an optimal one.

Concluding Remarks. In this paper we have deduced closed form expres-
sions, as well as the numerical algorithm, to compute the entries of the Moore—
Penrose inverse of bidiagonal matrices (1), under assumptions (2) and (3). On the
base of obtained resultes in a subsequent paper we will consider bidiagonal matrices
of the form (1) with any arrangement of one or more zeros on the main diagonal.
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