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1. Typed A-terms. The following definitions are taken from [1]. Let M be a
partially ordered set, which has a least element | and every element of M is
comparable with itself and with 1. Let Types be the following set:

o M c Types;

o if B ay,...,04 € Types (k > 0), then the set of all monotonic mappings
from o x ... x o to B (denoted by [0 X ... X oy — B]) belongs to Types.

Let « € Types and VI be a countable set of variables of type o, then
vl = UaeTypeng is the set of all variables. The set of all terms, denoted by
AT = UgerypesAl, where Al is the set of terms of type «, is defined the
following way:

e ifcc a, ac Types, then c € Ag;

e if x € VI o € Types, thenx € AL;

o if T € A[chxmxa’ﬁm, t; € Agi,i =1,...,n (n > 1), where a,...,t,,
B € Types, then t(ty,...,t,) € Ag. The term 7(zy,...,1,) is said to be obtained by
the operation of application;

o if 7€ Al,x; €V, where ai,...,0,, € Types and i # j = x; # xj,
i,j=1,....,n (n>1), then Ax;...x,[t] € AL - The term Axi...x,[7] is

/ \ ) [a_lx..‘xocn%ﬁ
said to be obtained by the operation of abstraction.

* E-mail: tigrankhondkaryan @ gmail.com



46 Proc. of the Yerevan State Univ., Phys. and Math. Sci., 2015, Ne2, p. 45

The notions of free and bound occurrences of variables in typed terms as well
as the notion of free variable are introduced in the conventional way. The set of all
free variables of a typed term 7 is denoted by FV(r). A term which doesn’t contain
free variables is called a closed term. Typed terms #; and #, are said to be congruent
(which is denoted by #; = t,), if one term can be obtained from the other by renaming
bound variables. In what follows, congruent terms are considered identical.

Let t € AL, o € Types and FV(t) C {y1,...,yu}, Yo = (%,...,»), where
yi € Vg, y? € Bi, Bi € Types, i=1,...,n, n > 0. The value of the term 7 for the
values of the variables yi,...,y, equal to yo, is denoted by Valy,(f) and defined
as follows:

e if f=cand c € a, then Valy(c) = c;

e ift =x,x € V], then Valy (x) =¥ , where FV (x) = {x} C {y1,...,y.} and
x=y,i=1,...,n,n>0;

o ift=1(t1,....,t) € AL, where T € A[Y;xlx...xakaa]vti € Agl_, a,; € Types,
i=1,...,k,k>1, then Val)ro(f(l‘l,. .. ,l‘k)) = Valy—o(’c)(Valy—o(tl), .. ,Valyo(tk));

o ift =Ax;...x[1t] € AL, where ot = [o) x ... x o — B], T € Ag,xi € VO{I.,
B.oi € Types, i =1,....k, k> 1, then Valy (Ax;...x[7]) € [ X ... X o — B]
and is defined as follows: let {yi,...,y,} \{x1,-.,xc} = {yi,,---,¥i,}, s >0, and
Vi = (y?l,...,yg), then for any xXp =< x(l),...,xg >, x?- caj, j=1,...,k
Valy, (Axy .. .xk[’r])(x?, ... ,xg) = Val g, 5,)(T), where xp, y; =< x(l), ... ,xg,y?l . ,yg >,

It follows from [1] that for any yp =< y(l),...,yg >, yg =< y{,...,y}Z >
such that yo C y; and y?,y! € B; (1 <i < n) we have:

1. Valy—o(t) c o,

2. Valy,(t) C Valy, (t).

A term obtained by the simultaneous substitution of the terms ¢y, ..., in the
term ¢ for all free occurrences of variables xi,...,x, respectively is denoted by
tlx; :=11,...,x, :=1,]. A substitution is said to be admissible, if all free variables

of the term being substituted remain free after the substitution. We will consider only
admissible substitutions.

Let FV(t;))UFV(t2) = {y1,..- 0}, Yi € VﬁT[, Bi € Types, i=1,...,n, n>0,
terms #1 and £, are called equivalent (denoted by #; ~ £,), if for any yp =< y(l), .. ,y2 >,
where y? € B;, i = 1,...,n, we have the following: Valy (t;) = Valy (t2). A term
t € AL is called a constant term with value a € @, if t ~ a.

Aterm € AT with a fixed occurrence of a subterm 7; € AL, where « € Types,
is denoted by t7,, and a term with this occurrence of 7| replaced by 7,, where 7, € A,
is denoted by 7,.

Let 71,7, be terms, #;, be a term with a fixed occurrence of the subterm 7,
then 11 ~ 7, = ty ~ g, [21.

A term of the form Ax;...x[7](t1,...,5), where x; € Vi i # j = x; # xj,
teA el a;€Types, i,j=1,....k, k>1,is called a B-redex, its convolution
is the term T[x; :=1t1,...,x; :=1y]. A term #; is said to be obtained from a term #( by

one-step fB-reduction (denoted by to —g 1 ), if to = tg), 11 = t7,,To is a B-redex and
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T) is its convolution. A term ¢ is said to be obtained from a term 7y by B-reduction
(denoted by #p ——p t ), if there exists a finite sequence of terms t1,...,t, (n > 1)
such that 1y =19, 1, =t and t; =g t;1, where i = 1,...,n— 1. A term that contains
no B-redexes is called a B-normal form. The set of all f-normal forms is denoted
by B — NFT.

The definition of §-redex is taken from [2], a §-redex has a form f(z1,...,%),
where [ € [Mk — M|, t; € A;,,, i=1,...,k, k> 1, its convolution is either
m € M and in this case f(t1,...,#%) ~ m, or a subterm #;, in this case f(t1,...,%) ~t;,
i=1,...,k. Aterm ¢ is said to be obtained from a term #y by one-step d-reduction
(denoted by tg —5 11), if 1o =tg,, 11 =1, Tp is a 6-redex and 7; is its convolution.
A term 7 is said to be obtained from a term #( by §-reduction (denoted by o ——>5 1),
if there exists a finite sequence of terms 7y,...,4, (n > 1) such that 1, = 1,1, = ¢
andt; =g tiv;, wherei=1,...,.n—1.

A term ¢ is said to be obtained from a term #; by one-step 38-reduction
(to —ps 11 ), if either 1o —pg 1, or 1o —5 1. A term ¢ is said to be obtained from
a term ¢y by Bo-reduction (fy ——>ps t ), if there exists a finite sequence of terms
..ty (n > 1) such that 1y =19, t, =t and t; —ps tiy1, Where i =1,...,n— 1.
A term containing no f3d-redexes is called a normal form. The set of all normal
forms is denoted by NFT.

Let t1,1; be terms, then f; ——psh=>n ~n[2]. A fixed set of term pairs
(7o, T1), where 1 is 0-redex and 7; is its convolution, is called a notion of d-reduction
and is denoted by 8. A notion of d-reduction is called natural, if:

1. & is a single-valued relation, i.e. if <,/ >€ 6 and < t1,13 >€ 6,
then t, = 13, where t1,1,,13 € A{,[;

2. For any constant term f(t;,...,t;) € Al, with m € M we have
f(tl,...,l‘k) — g5 M, where f € [Mk —)M], t,..., I € A[T/I'

A natural notion of O-reduction is called effective, natural notion of
d-reduction, if there exists an algorithm, which for any term f(¢,...,%), where
feM—M), €A, i=1,...k k> 1, gives its convolution, if f(t1,...,1)
is a d-redex and stops with a negative answer otherwise. We will consider an effec-
tive, natural notion of §-reduction such that every term has a single normal form, i.e.
ift >—ps5 71,1 >—gs and 71,7 € NFT = 7, =1,. The necessary and sufficient
conditions for that are considered in [2].

Lemma 1.1.Lettc AT andt ——ps T, Wwhere 7 € NFT, then there exists
a term fy such that 1 ——p t0 —>—5 7.

P roof. Directly follows from the uniqueness of the normal form. O

Lemma 1.2. Lette A", xeV,,a € Types and 1 ——ps 1o € NFT,
FV(ty) = 0, then for any T € Al, we have: [x := 1] ——5 .

Proof. Ax[t](t) ——pgs Ax[to](T) —p to, Ax[t](T) —p t[x := 7] and the
Lemma 1.2 follows from the uniqueness of the normal form. U

2. Untyped A-terms. We fix a countable set of variables V. The set of terms
is defined as follows:

e ifxeV, thenx € A;
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e if 11,1 € A then (1) € A. The term (#11;) is said to be obtained by the
operation of application;

o if x€Vthent € A, then (Axr) € A. The term (Axr) is said to be obtained by
the operation of abstraction.

The following shorthand notations are introduced: aterm (... (¢%2) ... ), Where
ti€ANji=1,....k, k> 1,is denoted by t1t;...1; and a term (Ax; (Axz(... (Axut)...),
where x; € V, t € A, is denoted by Axjxz...x,.t, j=1,...,n, n>0.

The notions of free and bound occurrences of variables in untyped terms as
well as the notion of free variable are introduced in the conventional way. The set of
all free variables of an untyped term ¢ is denoted by FV (¢). A term, which doesn’t
contain free variables, is called a closed term. Untyped terms #; and #, are said to be
congruent (¢; = t,), if one term can be obtained from the other by renaming bound
variables. Congruent terms are considered identical.

We denote by [x| :=ty,...,X, :=1,] a term obtained by simultaneous substi-
tution of terms #;,...,t, in the term ¢ for all free occurrences of variables xi,...,x,
respectively. A substitution is said to be admissible, if all free variables of substituted
term remain free after the substitution. Let consider only admissible substitutions.

A term ¢ with a fixed occurrence of a subterm 7; is denoted by #;,, and a term
with this occurrence of 7; replaced by a term 7, is denoted by 7, .

A term of the form (Ax.7)7 is called a B-redex, and the term ¢[x := 7] is called
its convolution. A term 7, is said to be obtained from a term 7y by one-step -reduction
(denoted by to —p 11 ), if to = 1,11 =tr,T0 1s 2 B-redex and T is its convolution.
A term ¢ is said to be obtained from a term #o by B-reduction (denoted by ty ——p ),
if there exists a finite sequence of terms #1,...,t, (n > 1) such thatt; =1y, t, =t and
ti —p tiv1, where i=1,...,n— 1. A term containing no B-redexes is called a normal
form. The set of all normal forms is denoted by NF. A term ¢ is said to have a normal
form, if there exists a term 7 such that T € NF and t —— BT

From the Church-Rosser theorem it follows, that if 1 ——5 71,1 ——p T,
T1,T» € NF, then 71 = 1.

A term is said to be a head normal form, if it has a form Ax;...xg.xt(...1,,
where k,n > 0, t1,...,t, € A. The set of all head normal forms is denoted by HNF.
A term ¢ is said to have a head normal form, if there exists a term 7 such that T € HNF
and t ——p 7. It is known, that NF C HNF, but HNF ¢ NF (see [3]).

Recall, that if a term has a head normal form, then the left reducing chain,
where always the leftmost redex is chosen, leads to a head normal form, and if the
term has a normal form, such reducing chain leads to the normal form (see [3]).

Lemma 2.1. Lett, be aterm with a fixed occurrence of a term b, which
doesn’t have a head normal form, and let ¢ be any term, then:

1.1 ——p T, where T € NF = ¢, ——g T

2. 1, has a head normal form = ¢, has a head normal form.

Proof. 1Itis easy to see, that Point 1 of Lemma 2.1 follows from the
following statement: if 7, ——pg 7, where 7 € NF and the left reducing chain’s length
is k > 0, then 7. ——p 7 and the left reducing chain’s length is also k. Let’s prove
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the statement. Obviously, the leftmost redex doesn’t belong to the term b. Let the
first leftmost redex have the form (Ax.t;)f,. We prove by induction on the reducing
chain’s length k. If k = 1 it is clear, that x ¢ FV (1) and the occurrence of b belongs
to the subterm #,, which proves the statement for the induction base. Let k > 1, let us
suppose that the statement holds for k — 1 and prove it for k. There are 3 cases:

a) the occurrence of b belongs to the subterm #,. Let #; have n > 0 free
occurrences of the variable x, each occurrence of x in #; corresponds to an occur-
rence of b in the term obtained by redex convoluting. Sequentially replacing these n
occurrences of b to ¢, we note that the terms obtained after each replacement reduce
to T and by the induction hypothesis the reducing chain’s length is k — 1. Also note,
that the term obtained after these replacements can be also obtained after convoluting
the leftmost redex in . = 1. ——p T;

b) the occurrence of b belongs to the subterm #;. Note that the term obtained
by redex convoluting has an occurrence of the term b[x := t,], which doesn’t have
a head normal form as well (see [3]), reduces to 7T and the reducing chain’s length
is k — 1. By the induction hypothesis the term with this occurrence of b[x := 1]
replaced by c[x := ;] reduces to 7 and the reducing chain’s length is k — 1. Also note,
that the term obtained after this replacement can be also obtained after convoluting
the leftmost redex in . = 1. ——p T;

¢) the occurrence of b does not belong to the subterms #; and #,. The state-
ment follows from the induction hypothesis. The proof of Point 2 is similar to the
proof of Point 1. 0

Lemma 2.2. Lett € Aandx €V, then we have the following: ¢ ——g lo,
where to € NF and FV (ty) = @ = for any term 7 with t[x := 7] —— 1.

Proof. (Axt)T ——ps (Axto)T —p to,(Ax.t)T —p t[x := 7] and
Lemma 2.2 follows from the uniqueness of the normal form. 0

3. Translation. Let M be a recursive, countable, partially ordered set, which
has a least element L and every element of M is comparable with itself and with L.
Function f : M* — M (k > 0) is called strong computable, if there exists an algorithm,
which for any my,...,m; € M stops with the value f(my,...,my). Every m € M
is mapped to an untyped term in the following way:

e me M\{L}=m € NF, FV(m') =0 and for any m;,my € M\ {L},
my #my = my' #my';

e m=1=m=Q=(Axxx)(Ax.xx).

We say that an untyped term ® A-defines (see [4]) the function f : MKk — M
(k > 0), if for any my,...,m; € M we have the following:

f(ml,.. .,mk) =my 7é 1= q)mll. . .mk' ——B I’)’Io/,
f(my,...,m;) = L= ®dmy’...m; does not have a head normal form.

We consider typed terms using a set of functions C; such that all functions in
C; are strong computable and for each f € C; there exists an untyped term, which
A-defines the function f. We assume that for the set C there exists an effective,
natural notion of d-reduction such that every typed term has a single normal form.
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We present an algorithm of translation of any typed term ¢ to an
untyped term ¢’

set=meM=t=m;
t€Cy = FV({') =0and ¢’ A-defines t;

et=xcVli=xeVandVx;,x e VI, x; Zx = x/' £x;

e 1 =1(t,....1), n> 1=t =11"...1,/;

e t=Ax;..x[t,, n> 1= =Ax...x,/. 7.

Lemma 3.1.Lett,t€ A" andr ——p 7, thent’ ——p 7'.

Proof. There exist typed terms fo, ..., % (k> 0) such thatt =19 —g 11 —p
... =p ty = 7. The proof is by induction on the reducing chain’s length k > 0.
Lemma 3.1 is obvious for the basis of the induction, i.e. if Kk = 0. Let k > 0 and we
suppose that Lemma 3.1 holds for k — 1. It is obvious that there exists a -redex
Tp such that 7y is a subterm of the term ¢, Ty = Ax...x,[a|(b1,...,b,),n > 1, the
term T) = a[x| := by,...,x, := by is the convolution of 7y and 1} =t,,. Let FV (b;) N
{x1,...,x4} = 0,i =1,...,n, we can achieve this by renaming bound variables
otherwise. It is easy to see, that %' = (Ax\"...x,/.d’)bi’...b," and 7' ——p T/,
where 7\ =d'[x) := b\, x)' :=b)',...,x,’ :=b,]. Itis also easy to see, that the term
To' has an occurrence in the term #’, so replacing this occurrence with 7;’, we get
the term #," and therefore ' —— g #,’. Since #; reduces to 7 and the reducing chain’s
length is k — 1, by induction hypothesis ;" —— g 7’ and, therefore, ¥’ ——p 7/. O

Lemma 3.2.Lettc Al te B—NF,FV(t)=0,FV(t)=0,7 € NF, then

lLtw—smeM\{L}andt=m' o1 ——p1;

2.t —-—g L <t doesn’t have a head normal form.

Proof. Ast € B—NF and FV(t) = 0, there exists a reducing chain such
that every time a §-redex is chosen of the form f(my,...,m,), m;e M, i=1,...,n.
Let us consider such chain. Let t =ty =gt —g ... 25 x =m, t; € Al
i=1,...,k, k> 0. The proof is by induction on the reducing chain’s length k£ > 0.
Lemma 3.2(=>) is obvious for the basis of the induction, i.e. if k =0. Let k > 0,
let us suppose, that Lemma 3.2(=) holds for k — 1. It is obvious that there exists
a 0-redex Ty such that 7 is a subterm of the term ¢, the term 7; is the convolution
of 7o and #; =1t. It is easy to see, that 71 = mop € M. It is also easy to see, that
the term 7y’ has an occurrence in the term ¢, and if we replace this occurrence with
mq', then we get the term #,". If mg # L, then f'my’...m," ——pg mo'. I mg= L,
then f'my’"...m," does not have a head normal form and from Lemma 2.1 it follows,
that if we replace the occurrence of my’ = Q in t;" with f/m,’...m,’, then either the
resulting term will reduce to the same normal form as #;” or both of the terms will not
have a head normal form. The term #; reduces to m or L and the reducing chain’s
length is k — 1, therefore, Lemma 3.2(=-) follows from the induction hypothesis.
Assuming the opposite it is easy to see that Lemma 3.2(<=) directly follows from
Lemma 3.2(=). O

Theorem 3.1.Lettc Al FV(t)=0, T € NF and FV(7) =0, then

Lt w—gsmmeM\{L}andt=m' &1t ——p T

2.t—>—ps L& ¢’ doesn’t have a head normal form.
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Proof. Theorem 3.1(=) directly follows from Lemmas 1.1, 3.1 and 3.2.
Assuming the opposite it is easy to see that Theorem 3.1(<=) follows from
Theorem 3.1(=). O

Theorem 3.2.

1. Lets € Al;,T € NF and FV(7) =0 , then t ——gsm, m € M\ {L} and
T=m &t ——p T

2. There exists a term t € Al; such that ¢ ——ps L, but #' has a head
normal form.

Proof.

Point 1. (=) Let us replace all free occurrences of variables in the term ¢ with
the terms that correspond to the least elements of the according types, obtained by
the operation of abstraction and the term L. According to Lemma 1.2, the resulting
term reduces to m, and, according to Theorem 3.1, the corresponding untyped term
reduces to m'. Then, according to Lemma 2.1, the term ¢’ also reduces to m’.

(<) According to Lemma 1.1, there exists to € § — NFT, such that ¢ ——>p lo.
It follows from Lemma 3.1 that ¢’ —— g £;. Let FV(t9) = {x1,X2,...,X.},X; € VOZ_,
a; € Types,n > 0 and Q; be a term that represents the least element of ¢;, obtained
by the operation of abstraction and the term L,i =1,...,n. It is easy to see, that
(tofx1 == Q... 20 := Qp]) = 15[x1” == Q1,...,x," == Q,']. According to Lemma
2.2, t()/[)q, = .Ql/, e ,xn’ = Qn/] ——p T. Let to[x1 =Qq,...,x, 1= Qn] ——gs M,
it follows from Theorem 3.1 that m # | and m’ = 7. Suppose that Q(l), ..., Q0 are the

least elements of the types aj,..., 0. Since Q; ~ Q?(l <i<n) and
to[x1 := Q1,..., %, 1= Q] ——pgs m, it can be shown, that Val<9r|> ..... oo (o) = m.
For any aj,ay,...,a,, where a; € o, i = 1,...,n, we have the following:

(Q(]), ., Q% C{ay,...,a,) and Val_,, . 4~ (to) = m. Consequently, #y is a constant
term with m value. Since t) € B — NF, either g € M, i.e to =m, orto = f(t1,..., %),
k>0, feC,t € A,T,, (0 <i<k), and according to the feature of a natural notion of
d-reduction we have f(t1,...,t) ——5 m.

To prove Point 2 of the Theorem, we give an example. Let M = NU{L}.
If n € N, then n’ = (n), where (0) = Ax.x and (n+ 1) = Ax.xF (n),F = Axy.y. Let
Ci1 = {f}, where for any m € M f(m) = L. Let ' = Ax.(Zero x)QQ, where
Zero = Ax.x(Axyz.z)TFT,T = Axy.x. Letv € VT, then tis clear, that f(v) —»—ps L,
but the term f'v' has a head normal form. O

Theorem 3.3.

1. For any terms t{,t, € AT, such that f{ —— gs 12, and there exists a
reducing chain from the term #; to the term #,, which is always choosing a d-redex,
the convolution of which is some m € M\ { L}, we have the following: #;" ——p 1o'.

2. There exist terms #;,t> € A such that 1; —»— s 12 but ;" does not reduce
to tzl.

Proof. Let prove Point 1 by induction on the length £k > 0 of the
reducing chain from #; to f,. Point 1 is obvious for the basis of the induction.
Suppose k > 0 and the statement holds for k — 1. Let 7; be the first convoluted redex,
T be its convolution and #; =t.,. If 7 is a B-redex, then it follows from Lemma 3.1



52 Proc. of the Yerevan State Univ., Phys. and Math. Sci., 2015, Ne2, p. 45

that 1,/ = t;i ——p t;z, and Point 1 follows from the induction hypothesis. If 77 is a
d-redex, then 7, € M\ { L} and it follows from Theorem 3.2, thatt,' =1, , = —p 1;

(738l
and Point 1 also follows from the induction hypothesis. Point 2 of Theorem 3.3

directly follows from the Point 2 of Theorem 3.2. U

Received 28.04.2015
REFERENCES

1. Nigiyan S.A. Functional Languages. // Programming and Computer Software, 1991,
Ne 5, p. 77-86.

2. Budaghyan L.E. Formalizing the Notion of §-Reduction in Monotonic Models of Typed
A-Calculus. // Algebra, Geometry & Their Applications. Yer.: YSU Press, 2002, v. 1,
p- 48-57 (in Russian).

3. Barendregt H. The Lambda Calculus. Its Syntax and Semantics. North-Holland Pub.
Comp., 1981.

4. Nigiyan S.A. On Non-classical Theory of Computability. // Proceedings of the YSU.
Physical and Mathematical Sciences, 2015, Ne 1, p. 52-60.



