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Let the sequence {ak}∞
k=1, ak ↘ 0 with {ak}∞

k=1 /∈ l2, and Walsh system
{Wk(x)}∞

k=0 be given. Then for any ε > 0 there exists a measurable set
E ⊂ [0,1] with measure |E| > 1− ε and numbers δk = ±1,0 such that for
any p ∈ [1,2] and each function f (x) ∈ Lp(E) there exists a rearrangement

k→ σ(k) such that the series
∞

∑
k=1

δσ(k)aσ(k)Wσ(k)(x) converges to f (x) in the

norm of Lp(E).
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Introduction. A series
∞

∑
k=1

fk(x),{ fn(x)}∞
n=1 ∈ Lp[0,1), p ∈ [1,∞), (A)

is said to be quasi universal in Lp[0,1) with respect to rearrangements, if for any
ε > 0 there exists a measurable set E ⊂ [0,1] with measure |E|> 1− ε such that for
any p ≥ 1 and each function f (x) ∈ Lp(E) there exists a rearrangement k→ σ(k)

such that the series
∞

∑
k=1

fσ (k)(x) converges to f (x) in the norm of Lp(E).

The question of existence of various types of universal series in the sense of
almost everywhere or in measure convergence have been considered in [1–8]. The
first trigonometric series universal in the usual sense in the class of all measurable
functions for convergence almost everywhere has been constructed by Men’shov [1].
This result was extended by Talalyan [2] to arbitrary orthonormal complete systems.
Also was established, that if {ϕn(x)}∞

n=1, x ∈ [0,1], is an arbitrary complete orthonor-

mal system, then there exists a series
∞

∑
k=1

akϕk(x), which is universal with respect
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to the convergence in measure of the partial series in the class of all measurable
functions on [0,1] [3].

In [4, 5] the following theorems were proved:
T h e o r e m 1. For any complete orthonormal system {ϕn(x)}∞

n=1 there

exists a series
∞

∑
k=1

bkϕk(x) with
∞

∑
k=1
|bk|r < ∞ for any r > 2, which is quasi universal in

all spaces Lp[0,1] for p ∈ [1,2) simultaneously with respect to both rearrangements
and partial series.

T h e o r e m 2. Let the sequence {ak}∞
k=1, ak ↘ 0 with {ak}∞

k=1 /∈ l2, and
the Walsh system {Wk(x)}∞

k=0 be given. Then there exist numbers δk = ±1 such

that the series
∞

∑
k=1

δkakWk(x) is universal with respect to a.e. convergence of the partial

series in the class of all measurable a.e. finite functions on [0,1].
In this paper we prove the following theorem.
T h e o r e m 3. Let the sequence {ak}∞

k=1, ak↘ 0 with {ak}∞
k=1 /∈ l2, and the

Walsh system {Wk(x)}∞
k=0 be given. Then for any ε > 0 there exist a measurable set

E ⊂ [0,1] with measure |E|> 1−ε and numbers δk =±1 such that for any p ∈ [1,2]
and each function f (x) ∈ Lp(E) there exists a rearrangement k→ σ(k) such that the

series
∞

∑
k=1

δσ(k)aσ(k)Wσ(k)(x) converges to f (x) in the norm of Lp(E).

First we show that for any p ≥ 2 (p ≥ 1) and for any orthonormal (bounded
orthonormal) system {ϕn(x)} there is no series, that is universal either with respect
to rearrangements or signs in Lp[0,1] (for p > 2 we assume that ϕn(x) ∈ Lp[0,1],
n = 1,2, ...).

Indeed, if for some p0 ≥ 2 (p0 ≥ 1) and for some orthonormal (bounded
orthonormal) system {ϕn(x)} there exists a series (10), which is universal in Lp0

[0,1]
with respect to rearrangements, then according to Eq. (A) for (|a1|+ 1)ϕ1(x) there
exists a rearrangement k→ σ(k) such that

lim
m→∞

∥∥∥∥∥ m

∑
k=1

aσ(k)ϕσ(k)(x)− (|a1|+1)ϕ1(x)

∥∥∥∥∥
p0

= 0,

or since ϕ1(x) ∈ Lq0 [0,1]
(

1
q0

+
1
p0

= 1 for p0 > 1 and q0 = ∞ for p0 = 1
)
, for

the first case we have a1 = 1+ |a1|, while for the second case

1+ |a1|=

{
a1 for n1 = 1,
0 for n1 > 1.

This contradiction completes the Proof.
Proof of Basic Lemmas. We shall use the following lemma of the paper [5].
L e m m a 1 . Let the sequence {ak}∞

k=1, ak ↘ 0 with {ak}∞
k=1 /∈ l2, the

numbers n0 > 1 (n0 ∈ N), γ 6= 0, ε > 0, δ > 0 and the interval of the form

∆ = ∆
(k)
m =

[
k−1
2m ,

k
2m

)
, k ∈ [1,2m], be given. Then, there exist a measurable set
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E ⊂ ∆ and polynomials H(x), Q(x) in Walsh system of the form

H(x) =
N

∑
k=N0

bkWk(x), Q(x) =
N

∑
k=N0

δkakWk(x),

satisfying the conditions:
a) δk =±1,0;

b) |E|= |∆|(1− ε);

c) H(x) = 0, x ∈ [0,1]\∆;

d) |Q(x)− γ|< δ , x ∈ E;

e) max
N0≤n<N

∣∣∣∣∣ n

∑
k=N0

bkWk(x)

∣∣∣∣∣<C
|γ|
ε

+δ , x∈ ∆ (C is an absolute constant);

f)
∫ 1

0
|Q(x)−H(x)|2dx < εδ

2|∆|;

g) max
N0≤n<Nν

∣∣∣∣∣ n

∑
k=N0

bkWk(x)

∣∣∣∣∣< δ ,x ∈ [0,1]\∆.

Using Lemma 1, we prove the following lemma, which is the basic tool in the
Proof of Theorem 3.

L e m m a 2 . Let the sequence {ak}∞
k=1, ak↘ 0 with {ak}∞

k=1 /∈ l2, be given.
Then, for any numbers N0 ∈ N, 0 < δ , ε < 1, p ∈ [1,2] and for each polynomial
f (x) in Walsh system with | f | > 0 one can find a measurable set E ⊂ [0,1] and a
polynomial in Walsh system of the form

Q(x) =
N

∑
k=N0

δkakWk(x) when δk =±1

satisfying the conditions:
1) |E|= 1− ε;

2)
(∫

E
|Q(x)− f (x)|2dx

)1/2

< ε;

3) max
N0≤n<N

(∫
E

∣∣∣∣∣ n

∑
k=N0

δkakWk(x)

∣∣∣∣∣
p

dx

)1/p

≤
(∫

E
| f (x)|pdx

)1/p

+ε ,∀p∈ [1,2].

Proof of Lemma 2. Let

f (x) =
µ0

∑
ν=1

γν χ∆ν
(x), [0,1) =

µ0⋃
ν=1

∆ν , (1)

where ∆ν , ν = 1,2, ...,µ0, are disjoint diadic intervals (χ∆ is characteristic
function of ∆). We choose a number β > 0 such that

max

{
β ,β

µ0

∑
ν=1
|∆ν |1/2

}
< min

{
δ

4
;C

min | f |
ε

;
(∫ 1

0
| f |pdx

)1/p
}
. (2)
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Consecutively applying Lemma 1, one can define sets Eν ⊂ ∆ν for 1≤ ν ≤ µ0
and polynomials

Hν(x) =
Nν−1

∑
k=Nν−1

bkWk(x), (3)

Qν(x) =
Nν−1

∑
k=Nν−1

δkakWk(x), δk =±1, (4)

where N0 = n0, satisfying the conditions:

|Eν |= |∆ν |(1− ε), (5)

Hν(x) = 0, x ∈ [0,1]\∆ν , (6)

|Hν(x)− γν |< β , x ∈ Eν , (7)

max
Nν−1≤n<Nν

∣∣∣∣∣ n

∑
k=Nν−1

bkWk(x)

∣∣∣∣∣<C
|γν |
ε

+β , x∈ ∆ν (C > 1), (8)

C is an absolute constant,∫ 1

0
|Qν(x)−Hν(x)|2dx < εβ

2|∆ν |, (9)

max
Nν−1≤n<Nν

∣∣∣∣∣ n

∑
k=Nν−1

bkWk(x)

∣∣∣∣∣< β , x ∈ [0,1]\∆ν . (10)

We put

E =
µ0⋃

ν=1

Eν , (11)

Q(x) =
µ0

∑
ν=1

Qν(x) =
µ0

∑
ν=1

Nν−1

∑
k=Nν−1

δkakWk(x) =
N

∑
k=N0

δkakWk(x), (12)

H(x) =
µ0

∑
ν=1

Hν (x) =
µ0

∑
ν=1

Nν−1

∑
k=Nν−1

akWk(x) =
N

∑
k=N0

akWk(x). (13)

From (5) and (11) it follows that |E|= 1− ε. Using equations (3), (4), (12), (13) and
(9), we have(∫ 1

0
|Q(x)−H(x)|2dx

)1/2

≤
µ0

∑
ν=1

(∫ 1

0
|Qν(x)−Hν(x)|2dx

)1/2

≤

≤ β

µ0

∑
ν=1

(ε|∆ν |)1/2 < min

{
δ

4
;
(∫ 1

0
| f |pdx

)1/p
}
. (14)

Then, according to (1), (2) and (6), (7), (9), we get
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E
|H(x)− f (x)|2dx

)1/2

≤
µ0

∑
ν=1

(∫
Eν

|Hν(x)− γν |2dx
)1/2

≤

≤
µ0

∑
ν=1

(∫
Eν

|Hν(x)−Qν(x)|2dx
)1/2

+
µ0

∑
ν=1

(∫
Eν

|Qν(x)− γν |2dx
)1/2

< (15)

< β

µ0

∑
ν=1

(ε|∆ν |)1/2 +β

µ0

∑
ν=1
|∆ν |1/2 <

δ

2
.

From this and from relations (12)–(14) we conclude that(∫
E
|Q(x)− f (x)|2dx

)1/2

≤
(∫ 1

0
|Q(x)−H(x)|2dx

)1/2

+

+

(∫
E
|H(x)− f (x)|2dx

)1/2

< δ ,

which proves the condition 3) of the Lemma.
If n ∈ [N0,N], then for some 1 ≤ ν ≤ µ0 and n ∈ [Nν−1,Nν) from (14)

we get
n

∑
k=N0

δkakWk(x) =
ν−1

∑
j=1

N j−1

∑
k=Nj−1

δkakWk(x)+
n

∑
k=Nν−1

δkakWk(x), (16)

From this and (4), (6), (8), (13), (14), for any p ∈ [1,2] we obtain(∫
E

∣∣∣∣∣ n

∑
k=N0

δkakWk(x)

∣∣∣∣∣
p

dx

)1/p

≤

≤
ν−1

∑
J=1

(∫
E

∣∣Q j(x)−H j(x)
∣∣p dx

)1/p

+
ν−1

∑
j=1

(∫
E

∣∣H j(x)
∣∣p dx

)1/p

+

+

(∫
E
|

n

∑
k=Nν−1

(δkak−ak)Wk(x)|pdx

)1/p

+

(∫
E
|

n

∑
k=Nν−1

akWk(x)|pdx

)1/p

≤

≤ β

ν−1

∑
J=1

(ε|∆ν |)1/2 +2

(
µ0

∑
ν=1

(|γν +β |)p|∆ν |

)1/p

+

(
C
|γν |
ε

+β

)
(|∆ν |)1/p ≤

≤ 2
(∫

E
| f (x)|pdx

)1/p

+ ε. �

Proof of Theorem 3. Let {
fk(x)

}∞

k=1
(17)

be the system of all algebraic polynomials with rational coefficients and the sequence
{ak}∞

k=1, ak↘ 0 with {ak}∞
k=1 /∈ l2, and ε ∈ (0,1) be given.
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Applying Lemma 2 when f = fn from (17), we determine a sequence of
measurable sets {En} and a sequence of polynomials

Qn(x) =
mn−1

∑
k=mn−1

δkakWk(x), δk =±1,0, m0 = 2 , mn > mn−1, (18)

|En|> 1−2−2n, n≥ 1, (19)(∫
En

|Qn(x)− fn(x)|2dx
)1/2

< 2−4n, (20)

max
mn−1≤s≤mn

[∫
En

∣∣∣∣∣ s

∑
k=mn−1

δkakWk(x)

∣∣∣∣∣
p

dx

]1/p

≤

≤
(∫

En

| fn(x)|p dx
)1/p

+2−2n, p ∈ [1,2]. (21)

We put
∞

∑
k=1

δkakWk(x) =
∞

∑
n=1

(
mn−1

∑
k=mn−1

δkakWk(x)

)
, (22)

E =
∞⋂

ν=n0

Eν , (23)

where n0 is the integer part of log1/2 ε . From (19) and (23) we get |E|> 1− ε .
Let f (x) ∈ Lp(E), p ∈ [1,2]. Consider a function fn1(x) (n1 > n0) from (2)

satisfying

|| f (x)− fn1(x)||Lp(E) =

(∫
E
| f (x)− fn1(x)|p dx

)1/p

< 2−4(1+1).

From this and (20)

‖ f (x)− [Qn1(x)+a1W1(x)]‖Lp1 (E) < 2−2n1 +2−8 +a1.

Assume that the members {{
δ j =±1,k j

}mns−1

j=mns−1
,qs

}ν

s=1

and functions {
δkakWk(x)

}mns−1

k=mns−1
, aqsWqs(x), s = 1,2, . . . ,ν ,

of the series (22) or (23) are chosen to satisfy

qν = min

{
ν⋃

s=1

{
k
}mns−1

k=mns−1

}
∪{q1, . . . ,qν−1}.∥∥∥∥∥ f (x)−

ν

∑
j=1

[
Qn j(x)+aq jWq j(x)

]∥∥∥∥∥
Lp(E)

≤ 2−2nν +2−4(ν+1)+asν
, (24)
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max
mnν−1≤m≤mnν

∥∥∥∥∥ m

∑
k=mnν−1

δ jakWk(x)

∥∥∥∥∥
Lp(E)

< 2−ν +aqν
, ∀p ∈ [1,2] . (25)

We choose a natural number nν+1 > nν and a function fnν+1(x) from (2) satisfying∥∥∥∥∥ fnν+1(x)− f (x)+
ν

∑
j=1

[
Qn j(x)+aq jWq j(x)

]∥∥∥∥∥
Lp(E)

< 2−4(ν+1).

From this and from (25) we obtain∥∥ fnν+1(x)
∥∥

Lp(E) ≤ 2−2(ν+1)+aqν
.

Therefore, by (18), (21) and (23) we have

max
mnν+1−1≤N≤mnν+1

∥∥∥∥∥∥
N

∑
k=mnν+1−1

δkakWk(x)

∥∥∥∥∥∥
Lp(E)

< 2−(ν+1)+aqν
, (26)

∥∥∥∥∥Qnν+1(x)− f (x)+
ν

∑
j=1

[
Qn j(x)+aq jWq j(x)

]∥∥∥∥∥
Lp(E)

< 2−4(ν+1)+2−4nν+1 . (27)

After the selection of functions (see (18) and (23)) we choose

qν+1 = min

{
ν+1⋃
s=1

{
k
}mns−1

k=mns−1

}
∪{q1, . . . ,qν}.

By (27) we obtain∥∥∥∥∥ f (x)−
ν+1

∑
j=1

[
Qn j(x)+aqν+1Wqν+1(x)

]∥∥∥∥∥
Lpν+1 (E)

≤ 2−2(ν+1)+aqν+1 . (28)

Thus, by induction from (22) we get some rearranged series

∞

∑
k=1

δσ(k)aσ(k)Wσ(k)(x) =
∞

∑
s=1

(
mns−1

∑
k=mns−1

δkakWk(x)+aqsWqs(x)

)
, (29)

whose terms satisfy (25) and (26) for all ν > 1. This together with (26)–(28) implies,
that the series (29) converges to f (x) in any norm Lp(E), p ≥ 1, i.e. the series (22)
is quasi universal in Lp

[0,1]with respect to the rearrangements. �
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