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Banach spaces /..(®), ho(®) and ' (n) of functions, pluriharmonic in the
unit ball in C", depending on weight function & and weighting measure 1) are
introduced. The question we consider is: for given @ we find a finite positive
Borel measure 7 on [0, 1) such that 1! (1)* ~ he.(®) and ho(P)* ~ h' ().
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Introduction. A positive, continuous, decreasing function & on [0, 1) is called
a weight function, if
lim®(r) =0.

r—1

A positive finite Borel measure 1 on [0, 1) is called a weighting measure, if it
is not supported in any subinterval [0,p),0 < p < 1.

In the present work we consider the duality problem in the case of plurihar-
monic functions in the unit ball of C*, n > 2.

The following notation is used: B = {z € C";|z| < 1} is the open unit ball
in C"; § ={z€ C"|z| = 1} is the unit sphere in C"; h(B) is the vector space of
complex-valued functions, pluriharmonic in B, with the usual pointwise addition and
scalar multiplication; ¢ stands for the Lebesgue measure of the area element on S,
normalized by the condition ¢ (S) = 1.

Let @(r) be a weight function and 1 be a weighting measure. We extend & to
the whole B by @(z) = ®(|z|).

For u € h(B) we define

o = sup{[u(2)|(2):z € B} = sup{M(u, )& (r)ir < 1},
1 1
July = [ [ &) dn(rdo(@) = | miur)dn(r).
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where Moo (u,r) = sup{|u(z)|: || = r}, Mi(u,r) = /Slu(rii)ldﬁ(é)-
We define following spaces of pluriharmonic functions:

heo(®) = {u € h(B);

ulle < oo,
ho(®) = {u € h(B);lim,_,; Meo(u,r)P(r) =0},

R (1) = {u € h(B): |Jully < oo}

These are all normed linear spaces. Obviously, /o(P) C he(P), so we can use the
norm ||u||g on ho(P).

For the pluriharmonic functions the following problem is solved: for given
weight function @ we find a finite positive Borel measure 11 on [0,1) such that
h'(N)* ~ he(®) and ho(P)* ~ h'(n). For analytic and harmonic functions in the
unit disk on the complex plane, Shields and Williams [1, 2] posed and solved the
mentioned problem for the first time. Recently in [5], the problem was solved for the
harmonic functions in the unit ball of R".

Preliminaries. In the following two propositions we establish some basic facts
about these spaces.

Proposition 1. Lethdenote any of the spaces /.(®),ho(P) or h'(n).
Then:

(i) if b is a bounded subset of 4, then the functions in b are uniformly bounded
on each compact subset of B;

(i1) if u, is the Cauchy sequence in A, then it converges uniformly on each
compact subset of B;

(iii) point evaluation at any point of B is a bounded linear functional on #;

(iv) h is a Banach space;

(v) ho() is a closed subspace of he.(P).

Proof. In [3] (Proposition 2) in terms of our notation the following in-
equality was obtained for u € h'(7):

2n 1 -1
\u(zﬂs(l_i‘)w(/( \dn(r)\> luly,  zeB.

1+]2])/2
This gives us (i) and (iii) for u € h'(n). For h..(®) and ho(P) these statements are
obvious. It is easy to see also that (ii) follows from (i).
Now we prove (iv). It is only necessary to establish the completeness, and this
is easy for h.,(®) and ho(P). Let u; € ho(P). The function P(z) is away from zero
on a compact subset K, hence,

uj(2) = (2)| < CoR)u;(z) —ur(2)| = Clluj —wello,  z€K.

Since the sequence u; is fundamental in h..(P), u; converges uniformly to some
function u on the compact subsets of B, which is pluriharmonic in B. Obviously u;
converges to u also in A (D).

Now let the sequence u; be fundamental in 2! (1), and let K be a compact sub-
set of B. It follows from (ii) that there is a constant C = C(K) such that
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max ek |u(z)| < Cllully for all u € h'(n). Therefore, |u;(z) — ux(z)| < Cllu; — ul|y
for any z € K and j, k. Since u; is fundamental in h'(n), the sequence u ;j converges
uniformly to some pluriharmonic in B function # on compact the subsets of B. Again,
since the sequence u; is fundamental, we have

[ [ 181 an(o (@) = sl < s~ wll + lally <

1

By Fatou’s lemma, [luly = // \u(rE) | dn(r)de(E) <C, ie. uch'(n).
(v) follows from (iv). 50 [l

For u € h(B) define up(z) =u(pz) ,0<p < 1.

Proposition 2.

(i) For u € h'(n) or u € ho(P) up — u in norm as p — 1.

(ii) For u € heo(®), ||up|lo < ||u||o and up — u pointwise in B.

(iii) The pluriharmonic polynomials are dense in 2!(n) and in ho(P).

(iv) Each u € he. (@) is pointwise limit of some sequence of polynomials bounded
in norm.

Proof. (i) This is obvious for hy(®). For u € h'(n) and &€ > 0 choose
6 < 1, so that

/;M] (u,r)dn(r) < &.

Since M (up,r) < M;(u,r), we have

1
/ Mi(up,r)dn(r) <e, 0<p<l1.
6

Choose p so that [u—u,| < € on |z < 8. Then
litp —ully = [ [ utore)~u(r&)] do(@)an(r) <
)
< [ [1utore) ~ure)do@an)+ [ [ (utoré)] + &) do@rant

< 8/|z|<5 dn(r)do(&)+2e.

Part (ii) is obviously obtained from the maximum principle and continuity.

It is well known that any function pluriharmonic in a neighborhood of B can
be approximated uniformly on B by pluriharmonic polynomials. Using this fact we
deduce (iii) and (iv). O

Duality, Projections, Reproducing Kernels. Given a weight function @, we
wish to find a weighting measure 7, such that the following duality relations hold:

R ()" ~ha( @), ho(@)* ~h'(M).
That is, if u € he(®), and we define [,(v) = (u,v) forv € h' (), then [, € h'(n)* and
1l < full -

Conversely, given [ € h'(n)*, then there is a unique u € ho.(®) such that [ =1,
and ||u||e < C||!||. Similar remarks apply to the other duality relation.
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Let & be any weight function and 17 any weighting measure. We introduce the
measure d|t = Pdn and the measure ,u/ defined by

/f Y (r /f ydu(r),  feclo,ll.
Proposition 3. Let

z,,_/ Py (r / rdu(r), n=0,1,2,...

(1)
-y iy fe(n.|pl) (w27 + y t,te(n|pl) (2w,
|p|=0 Ip|=1
where (z,w) szwk, z,we C",
(n—1+|p|)!
c(n|pl) = —=7—1
P =G

and p is an-index: p = (p1,p2,...,pn), pP'=ITicipt!, Pl =Yi_1 Pk
Define

1 _
)= [ [ upeemnnde@).  ueh(@)verm. @

Then the function k,, is pluriharmonic in {z; |z| < [w|'}, and is the reproducing
kernel associated with bilinear form (2), i.e. u(w) = (u,k,) for all u € he.(P) and
v(w) = (ky,v) forall v € ' (7).

Proof.Since the measure ,u/ does not vanish in any neighborhood of 1, then

t > /rdu >p/du , k=0,1,2,...,
p

implying that t,; =0(p*),k—ooforeach0<p < 1.

Then, using inequality |(z,w)| < |z||w| and Stirling’s formula, we obtain that
the series in the right hand side of (1) converges absolutely and uniformly on each
compact subset, in the space C" x C". So for each fixed z, k,, is pluriharmonic in
{z,|z] < |w|~'} and consequently k,, € ho(P)NA'(n).

Consider
B! 5z
(w, &) &P do(& ( ﬁé‘*)épdc@):
oo AR
_ el lp|! (n—=1)tpt 1
Do [£r8rao(e) = BE I <t S

Now let P (&) = Yipl=kd »&? be a homogeneous polynomial of degree k and consider

J &) B do(@) = ¥ ay [(n8)E do(s) =

Ip|=k
= L =

1
Ipl=k

Pk(w)7
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hence
[ 2 Byava) = [ nr&)R(rE)dv(rg) =
B B
! P (w)
= [ () [ ) BE)do @) = O
So
tx P(w)
[ R ave) =" ©
On the other hand,
wIKEP — @ BB | EP _
JRIR: dc(é)—/s<l32k K )5 do(§) =
\p\ 1Pl =y [ epgp _\pl (n=Dp! oy |
Jiererao) =T C ST eNF)
and if P(&) = Z‘p|:kap§_1’ , then we get
z _ P(w)
(g mri&)doE) - b
and
/S<Z,w>kPk(Z) do(z) = t];f;’(kw)) 4)

Now consider

Z Y iz +Z Y b" —ZPk +§‘,1Pk(2)

k=0 |m|=k k=1 |m|=k

From (3) and (4) it follows that

1 [ q
) = /S /O <kZOPk(z>+kZIPk(Z)> x

<Z t‘pllc n,|p|){w,z) \P + Z t‘pﬂc |p|)<z,w>"> du(r)do(E) = u(w)

|p|=0 lp|=1

for all the polynomials u.

Thus, applying Propositions 1,(iii) and 2 we get that the equality (k,,,u) =
= (u,k,,) holds for any polinomial and therefor for any v € h'(n). Finally, for a fixed
w the linear functional /(1) = (u,k,,) is w* continuous on /... So I(u) = u(w) when u
is a polynomial. According to Proposition 2,(iv), each u € h. is the (norm) bounded
pointwise limit of a sequence of pluriharmonic polynomials. And this completes the
proof. U
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Proposition 4. The subspaces of h,(®) and h'(n) spanned by
{k,s,w € B} are dense.

Proof. Consider h'(n), the proof for hy(®) is similar. By the Hahn-
Banach theorem, it suffices to show that if / € 4" (n)* and [(k,,) = O for all w € B, then
1is zero functional. Let /(p) denote the value of [ at (r& )?. Since the sequences {z”}
and {z"}¢ are bounded in the norm of /' (1), the sequence {/(p)}*,, is bounded too.
Since k(z) is pluriharmonic for |z| < [w|~!, the series for k,, converges uniformly in
B and hence in the norm of 4! (7). Thus

! A
= ¥ tlctnlph) ¥ 2w i)+ ¥ oyl cnlp) ¥ S i-p)
lp|=0 |p|=k lpl=1 |p|=k
From the estimate of tl;)‘l given in the proof of Proposition 3, this series converges
uniformly in w on the compact subsets of B. Hence [(k,,) is a pluriharmonic function
of win B. Since I(k,,) = 0, we have I (p) =0. Thus, [ annihilates all pluriharmonic
polynomials, and so [ annihilates /' (1) by Proposition 2,(iii). O
For a weighting measure 7 let L' (dndo) and L..(dndo) denote respectively
the Banach spaces of complex-valued integrable and essentially bounded measurable
functions associated with the measure dndc on B. Denote the norms of these spaces
by || - || and || - || respectively. Let Co(B) be the Banach space of complex-valued
continuous functions on B that vanish on S, with the supremum norm. It is well
known that the dual of Cy(B) is M(B), the space of finite complex Borel measures on
B with the total variation norm. We identify L' (dndc) with the absolutely continu-
ous measures with respect to dndo.
Theorem. Let® beaweightfunction, 11 be a weighting measure and k,,
be the corresponding reproducing kernel. Consider the integral linear operators

:/S/Olkw(rf)f(ré)dn(r)do(g), e L.(dndo),
W):/Bkw(f)d’(z)dv(z), vEM(B).

The following conditions are equivalent:

) [kyllg <C/B(w), weB.

(ii) T is a bounded operator from L. (d1n d o) into he(P).

(iii) S is a bounded operator from M(B) into h'(n).

(Av) ()" ~ heo( D).

(V) ho(®)" ~h!(1).

Proof. The implication (i) = (ii) is immediate from the definition of 7.
Indeed,

Tl < [ [ GO ACElmdo) <

1 _
<l [ [ ) an(r)ao(E) = 1F e [Klly < s 1]

C
D(w)
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It follows from Fubini’s Theorem, that (i) implies (iii)

Iln= [ [Isv&)lan(yo(e) <

< [ [ [m@le@avi@amndee < [ JSe@avio-cy

(because [y |k, (2)|dn(r)do (&) < C/P(2)).

Now we show that (iii)=>(v). Let v € h'(n), denote 1,(u) = (u,v) for each
u € ho(®). According to the Holder’s inequality, |/,(u)| < [ju||e|/v]ly. Hence
Ll < ||v]lq and I, € ho(P)*. We also have uniqueness: if /,(u) = 0, Yu € hy,
then v = 0 and it follows from the relation v(w) = [, (k,,). It remains to prove that for
each | € ho(P)* there exists a unique v € h'(n) such that [ = [, (where
I,(u) = (u,v)) and ||v|l, < C||I||. Let ho(P) be a subspace of Co(B). Identifying
u € ho(®) with ud € Cyp(B), it follows from the Hahn—Banach Theorem that there
exists v € M(B) such that ||I|| = ||v| and I(u) = [u(2)®P(z)dV(z),u € ho(P). Thus
1(k,) = [ k(D) dv(z) = Sv(w)

Let v =Sv. By (iii) v € h'(n) and ||v|| < ||S||||v]| = ||S||||Z]|. Also, by Proposi-
tion 3, I, (k,,) = (ky,v) = v(w) = Sv(w) = I(k,,). Thus [ and [, agree on the subspace
of hy(P) spanned by k,,,w € B, and hence, by Proposition 4, [ = I,

The proof that (ii) implies (iv) can be similarly deduced from, using the duality
of L'(dn do) and L..(dn do) instead of Co(B) and M(B).

Assuming (iv), the Hahn—Banach Theorem gives

[kwlln < Clilk, w)|| = Csup{|{u,ky)|,u € he(P); <l1}=
C
= Csup{|u(w)|;u € hoo(P); |Jul|le < 1} < W
Similarly (v) implies (i). O
Received 07.02.2016
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