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{ La(W) } is obtained.
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Introduction. Let ¥ = {yi(x)};_, be an orthonormal system of functions
defined on [a,b]. The Lebesgue constants of ¥ is defined as follows:

b

L,(¥,x):= /

a

If this functions are independent on x, then they are called Lebesgue constants

{L,(¥)}_, of system W. Recall the definition of Vilenkin systems. Consider an

arbitrary sequence of natural numbers P = {p1,p>,...,pk,...}, where p; > 2 for all

jeN

dt (here X means the complex conjugate of x).

0]
k=1

k
Letdenote mo =1, me=[]p; (pj>2).
j=1
It is easy to see that for each x € [0, 1) and for each n € N there exist integers

l
Xj, 0 € {O,l,... p.,-—l} (inthecasex:—, leN,0<I<m—1,wetakex; =0
my

for all j > k), so that n = Z o mj_1 and x = Z 2L (P-adic expansions).
j=1 j=1Mj
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Vilenkin or multiplicative system with respect to the sequence P is defined as
follows:

k :
Wo(x) = 1; Wy(x) =exp | 27i Otjx—J .
=1 Pij

Obviously the nth function can be represented by
k

Wa(x) = Hl(Wm,;I (x))%.
=
Note that systems corresponding to distinct sequences P = {py} are different,
in particular, if P = {2,2,...,2,...} the Vilenkin system coincides with the Walsh
one (see [[1]]). The theory of these systems was developed by N. Ya. Vilenkin in 1946
(see [23]]).
The Lebesgue constants of Vilenkin system have the form

Lw) = [ 1D, (0)dr, (1)

n—1
where D, (1) = Z Wi (t) is the nth Dirichlet kernel of Vilenkin system.
k=0

L,(T 4
It is known [4] that lim L = where T is the trygonometric system.
n—e Inn
Note that, in contrast to this, for the Vilenkin system it was proved [3] that

L,(W L,(W
0= 1iminfM < 1imsupM <
n—eo  log,n nse lOogyn

2

Recall that a bounded sequence {x,};_, is called almost convergent, if for some
m+n

a € R we have lim — Z xx = a uniformly by m. Denote
noen k=m+1

m-+n 1 m—+n
= lim inf — and = lim sup — .
q(xn) n—oomeN n k:§+1Xk p(xn) n*)wmerl\)l n k:§+1Xk

This limits exist for every bounded sequence, and obviously the almost conver-
gence of a sequence {x,}>_, is equivalent to the condition g(x,) = p(x,) (see [5,0]).

In this paper we prove the following

Theorem 1. Forany Vilenkin system the following equivalencies are true:

L,(W L,(W
1. q<”()> =0 (zliminf n )>;
log, n n—e log,n

p (L(VV)) ~ timsup W)

log, n noe lOogyn

From this Theorem as a direct consequence we obtain that the sequence
{Ln(W)
log, n
system is formulated in [6].

} is not almost convergent. Note that the analogues result for the Walsh
n=2
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Auxiliary Propositions. We will use the following properties of Vilenkin

system
L, W)=1,k=0,1,..., 3)
W/lmk—i-ﬁ (X) = W/lmk(x)Wﬁ (.X), if B <my (kalvﬁ € N) 4)
From () we get
mi—1
mk-‘rr Z W +ka Z W E (5)

=Dy, ( )+ka( )D,(t) for all l <r<mk
Proof of Main Result. Let us begin with a proof of first equation.

We put
L W 1 m+n m+n
ln:—gl—mff Zlk andl—supf Zlk.
log, n meNn, o meN M gyt

Let € > 0 be an arbitrary positive number and n € N. Obviously there exists k € N
depending on 7 such that

my >n and ;{(1i(1—|—Lr)> <E. (6)

n.3
From (TJ), (3) and (3) we obtain
Lyr <1+L, forall 1<r<n.

Combining this with @ and taking into consideration a relation my; > 2%, we get

1 myg+n 1 1 n

- Li<—|- 1+L,) | <e

l’l~Z ]—k<n'§(+”)>
Therefore, we have 0 < [, < € for any natural number n, and eventually since € is

arbitrary we get the first equation ¢(/,,) = 0.
Next we prove that rlgl; lAr > c. We put
¢ =limsupl,, c¢; =supl,. (7)
n—oo neN
Let r be any natural number and € > 0. We fix ko € N such that my,, > r, then we take
no € N (ng > mko), so that

€ log, my, € log, no €
Ly >c——=, ———=—2 < — and ———— - 8
"o 37 logy(no —my,) — 6¢) log, (no + my,) 3(c+1) ®
k
The P-adic expansion of ng has the form ng = Z o;mj. Denote
j=0
k
n6 = Z ojm;. 9)

J=ko
Let n € [ng,n(,+my,) . By the same argument as in (5) we get

D,(t) = Dn{,(t) +Wn6 (t)Dn—n{)(t)'
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Thus, from (1) and reverse triangle inequality, we obtain
L, > Ln{) — Ln,ng and L"6 > Ly, — Lnfnf)-
Hence (see also (7)),
Ln > Ln0 — 2Ln—n6 > Lno — 261 10g2 My -
From this and (8), (9) we have

,n2%<w))2ﬁbgszm>ca (10)
log, np \ log,n log, n
From (I0) we get
n0+r
Z Iy >c—
n ny+1

which implies [, > ¢ — &, and from arbitrariness of r and & we obtain that lim /, > c.
r—oo

It remains to show that 11ml <ec.

Again we take € > 0 to be an arbitrary number, then we choose natural numbers
ko and k(, > ko such that

I <c+Z forall k> k dlkzol<8 11
— fora and — —.
k<cts = Ko K & k<3
If m < ko or all r > k{,, we have
1 m—+r m+r
-y =1 Z lk+f Y k. (12)
Ly S Uy S— T k=kor1
From (I)) and (12)) we get
1 m+tr
Z Ik<c+e forall r> k.
k m—+1
If m > ko, then from (IT)) for all » € N we obtain
1 m-+r
Z lk<C—{—f
P =m 2
Hence, [, < ¢+ € for alerk(’) and eventually we get 1i_>m I <c. O
Received 08.02.2016
REFERENCES

1. Golubov B.1., Efimov A.V., Skvortsov V.A. Walsh Series and Transforms: Theory and
Applications. Dordrecht: Kluwer Academic Publishers, 1991.

2. Agaev G.N,, Vilenkin N.Ya., Dzhafarli G.M., Rubinshtein A.I. Multiplicative Sys-
tems of Functions and Harmonic Analysis on Zero-Dimensional Groups. Baku: ELM,
1981 (in Russian).

3. Vilenkin N.Ya. On a Class of Complete Orthonormal Systems. // Izv. Akad. Nauk SSSR,

1947, v. 11, p. 363-400 (in Russian).

Bari N.K. Trigonometric Series. M.: Fizmatlit, 1961 (in Russian).

Sucheston L. Banach Limits. / Amer. Math. Monthly, 1967, v. 74, p. 308-311.

Astashkin S.V., Semenov E.M. Lebesgue Constants of the Walsh System. // Doklady

Akademii Nauk, ser. Matematica, 2015, v.91, Ne 3, p. 344-346.

AR



