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Introduction. In this paper we present a proof of a local existence theorem for
the equation of motion of viscous liquid in Holder weight spaces
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Here p is the density, v = (v1,v2,v3) is the velocity vector, f is a vector of external

JE(p. 6)

forces, ¢, = Eg = T is the specific heat of the liquid which is a positive

JE(p,6)
ap
Pressure p, specific internal energy E, coefficients of viscosity A, u, and
coefficient of heat conduction x are given functions on the variables p, 6
satisfying the conditions x,u > 0, 2u + A > 0. Let V be an operator of differen-
tiation with respect to variables x; : V = (d/dx;,d/dx;,d/dx3). For any function
a(x), vector B(x), and matrix A(x) with elements a;;(x), i,j = 1,2,3, we have:

functions on p and 6, E, =

da da

_(da. da da\ g, _9bt db Obs g, da ., da
Va_<8x1’8x2’8x3)’ v b_8x1 8)62+(9X3’ (b V)a_bl8x1+b28x1+
d dA|;  JAy  JdAsx d ) -
+hio— V-A() =g, gi= p) e v vy,

8x1 X1 &xz + aX3 T odt - ot
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Finally, D(V) is the deformation tensor, i.e. a matrix with elements
3
D,’j = % <§:j+ 32), i,j: 1,2,3, D:D= Z DijDij-
All these functions depend on points (x,x2,x3) of the domain Q filled by liquid.
The initial boundary value problem for the system (I)) is considered. We
suppose that the walls of the container of liquid are fixed and the usual adherence
condition for velocity vector is satisfied

ij=1

VZFT = 07 GIFT = 61 (X,l), (2)
where I'r = dQ x [0, T]. We suppose that the following initial conditions hold:
P(X, O) = pO(x)a \_’;(xa O) = VO(x)a G(Xa 0) = OO(X)' (3)

Now let recall the definition of Holder weight space. By C*() with any s > 0,
we denote the space of functions, which are [s] times continuously differentiable in
the domain Q and have the finite norm |u]g) = Z |D%u|q, + [u]g), where

lot|<s

[D%u(x) — D*u(y)|

[ulg = supju(x)]; Wy = Y ID%|g and [ = Y sup
xe

jol=s e =yl
for integer and non-integer s respectively.
Let CélQ/Tz with any non-integer / > 0 and s € [0,/) be a set of functions given
in Qr with the following finite norm
i I—s 200+]y|—s r
|u|E)QT = supt 2 [u](Qll) + Z supt~ 2 |D¥DYu|q + [u](Qyi +
1<T s<2a+|y|<t!<T )

+ ), sup|DFDLu(x,)lg,
2a+]y|<s I<T

sup 12 DR, 1) — D Diuly, )|

where [u)}y) =sup[u]y + Y S

t<T §—2<2a+y<s 6T |l — T| -z
and Q; = Q x (1/2,t). For s = I this space matches with the space C**/?(Qr). For
s < 0 define the norm CéJ/ 2(QT) by the same formula () without the last two
summands. In [1]] the following result was obtained:
Theorem A [1].Let Q C R? be a bounded or unbounded domain. whose

d
boundary is from the class C>*%, « € (0,1). Let the function f and a—f be from
Xi

C5(Qy), p € C'TH(Q), Ty, 6 € C*T(Q), 6 € C*F*'5(I,) and we have the
relations:

0<0 ' <0(x)<0”, 0'<0,(x)<0”, 0<p' <polx)<p”, 5)
together with the following consistency conditions for any x € S:
VO(X) =0, GO(X) =06 (X,O), xesS= aQa (6)
Po(x).f(x,0)+V (A(po, 60)V - Vo) +2V i(po, 60)D(Vo) — Vp(po, 60) =0,
VK (po, 60) V80 + A(po, 60)(V - ¥o)* + 21(po, 60)D () : D(Vo)+ (7)
a6,

+ (Pngo(PO; 60) — P(po, 6O)V"_’io) = poCy,(po, 60) o
t=0
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We assume that A(p,0), u(p, 9) P(p,0), E(p,0) are defined for
Bp'<p<B'p", BO'<O<PO". Be(0:1) ®)
and belong to C2%,
Then, the problem (I)—(@)) have a unique solution (¥, p,0) determined on O,

a dp d
(11 < 1), Ve C2+a 43 (Qll)’ 0 € C2+a’1+7(Q11) p; ap 8p SO (Qll)
In the present paper we extend the mentioned result for larger class of spaces
Cfig’]+7 (Qr), which elements may have derivatives and a singularity at = 0. This

kind of generalization allows to prove solvability of the problem (I)-(3) with less
smoothness requirements 6y, vo € C!7%(Q) and fewer conditions than in the works
of Tani [1,2]]. .
Some Preliminary Assumptions. Let a vector i € Cfig’]+7(Qr), where
Or =Q x (0,T). We consider the one-parameter family of transformations
t

x= &+ [ (g Ddr=X(E) ©

0
of the domain Q into the domain Q, C R? with the boundary S;.
By U (t) we denote Jakob matrix of transformations (9)) with entries

¢
al = 5k1—|-/auk(71)df. (10)
0

Assume A = (U*)~! and denote its entries by ay. To guarantee the condition
detU # 0 we require the smallness conditions just as in [3,4]] were done

lii |12ja“QT1 (lea +T5> <8 (11)
Thenif r < T1, Ty < T, we have 1 —38 — 682 —65° < detU(&,1) < 1438 +68% +
653, and when § < ; we have % <detU(&,1) <
We present the estimations of A, A — 1.

o.
’2

Lemma 1. Foranya(&,t) € 1(QT1) b(&,t )GC:;O‘ (Qr,) we have

t (%)
e (@) 2
JaEndar] <l Tl (12
0 1-a.0r,
(1+a.9)
(1+a) Be (1+a) 3 +1
/b(g,r)dr STl 1l T bl ()
Or,
Lemma 2. Ford < 1 / 8 the following inequalities hold:
U ’1—«—06 Lia <26, (14)
Al )<c1, (15)
140,152 +a, 22
a-10g ) <ofu-1{ =) <208, (16)

where C, C; are independent of §.
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Lemma 3. Let the condition be satisfied for vectors u and «’. Then for
€ [0, T;] the following inequalities hold:

- U’](Ha Lt )<C{t1+7alﬁ _,,|12+oc -H‘ = _,,’12+oc)}

+o,0 +o, 0
| (2+a) a7)
<Cs-t:|li—i ,
I+0,0;
,(1+a 5 ) L, 24«
[A=Ago, 7 <Ca fi—il'| g (18)
oA oar|(re) 2ia
- — 55 <Cst2li—i' . (19)
8&' aél @0, ‘ I4a,0;
Lemma 4. Ifii,i' € CT%(Qr), then the inequalities
(i 2+
\g,] i \§ )aQ CoT i |1+a"‘QT, (20)
o A—1i (2+a

t

Ju;
hold for g;; = / a;j(il) 54 7E, L dt, where a;; ; are the elements of the matrix A.
j

Proo f From (I3) and (I8), (20) and (1) are obtained respectively.
Lemma 5. Ifii,ii' € C*T%(Qr), then the inequalities

I+a
. (2
\Z,J( )‘(1 )aQ C8T|u|1++(xaQT (22)
. . S L2+
‘l,-j(u) l; (u’)|§ )(XQ CgT‘u—u/‘§+;f)QT (23)

t
ous
hold for /;;(u) = exp (— /aijagl dT) , Where a;; are the entries of the matrix A.
J
0

Lemma 6. Letii,ii' € C;I%(Qr) and ri; = pl;;(ii), where py(§) € C'T%(Q),

0 < po < po(€) < po. Then the following inequalities hold:

—n (O 2+ _, o 2+
@)\ o, S CoT @l )]\ o, SCuT -l i, 4)
R - (2
}rl-j(u) —rl-j(u')‘l_ .0 <CiT ‘u u ‘1++aaQT (25)
1 1 (@) (2+a)
C13T u—u (26)
T g, <TIder

The proof of (24)—(26) is obtained from inequalities (21, (22).

r;
Similar inequalities are true also for the function itk

9
Existence of Local Solutions for Initial Boundary Value. Let us switch from
Euler coordinates to Lagrange coordinates in the system (T

x=§+/ﬁ(.§,r)d15x@§,;). 27)
0
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In these coordinates the system (1)) can be rewritten as

or
5 FrVaru=0, (28)
rgl: —V,; (A,V,;ﬁ) —2V,;-[.1Dﬁ(ﬁ) —V,;P = 0, (29)

aT
rey: ===V kVal = (AVz: it)? —2uDy(ii) : Dy(it) — F(r,T)Vy-i=0.  (30)
Here r(&,1), T(&,t) are the density and the temperature in Lagrange coordinates,

JE
F(rn,T)= rza— — p(r,T), Dz(ii) are matrices with the entries
r

3 du; du;

j i ..

Aim=z-tajm=z ), 1 :172737

mz]( l‘l&ém ]m8§m> .]
3 d 0

=AV = a a a 0

” {mzl lmaém m=1 2m8§m m=1 3ma§m }

a;;j are the entries of the matrix A = (X = 1) where X' is the Jacob transformation

ox;

of the matrix X, i.e. X}, = 85 = Ojk —i—/ 9, Ldt, T is the sign of transposition.

So, a;; are rational functions on Xl’ . Let us integrate Eq. (28)) and consider the
whole problem as a problem of determining #, T, which satisfy the initial boundary

conditions
ﬁ‘DT :O’ T‘DT :O; L_t‘(g,()):l_/’()(é)7 T(§70):90(§)7 (31)
and the systems (29) and (30) with
HED) = polE)exp | — [ Vi€ 1)e(x) | (32
0

Let i#’, T' be functions given in Dy = Q x (0,T), Which satisfy (31)) (it is easy to see

that such functions exist). Let X = &+ / i'(E,t)dt, A = (X'71)7,

t
r = Poexp ( — / Vi-id d‘c). Consider an auxiliary initial boundary value problem
0
d 1 2 - -
87’: . v (V / u) */Vﬁ/ ‘LL Dﬁ/(ﬁ) + pT Vﬁ/ T = ]jT Vﬁ/}’/
r r
oT 1 A . oo2u .
gl— T,vvﬁ'kvﬁ’T—Tc,v(Vu"u)(Vﬁ’ 'u)_r’ic’v (@@'):Dyr (i) (33)
———F'Vy-ii=0
r'el,
i, =0 T|, =0md @(E0) =Tw. TE0=60(E). 64

where A' = A (¥, T'), p’ = p(+¥',T') and so on, and Dy (ii) is a matrix with entries
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d du; du;
P U g QUYL — AV
m;l <atma§m+a1ma§m>v i

As it was shown in the work [1]], the system is of parabolic type. If we in-
troduce vectors U = {u,T}, U = {i',T'}, U = {0,601}, Up = {Vo,60},

HU') = { —pr 4 0} then we can rewrite (33), (34) in the form
r

LU =HU"), Ul,=U, Ul_="Uo, (35)
where £(U’) is the matrix of differential operators of the left part of (33)). Assuming
U’ = U in the initial non-linear problem (33), we obtain

LU)U=H(U), U’r,:Ula Ul,_y=Up. (36)

Theorem. Let Q C R? be a bounded or unbounded domain with boun-
dary from the class C**% « € (0,1). Let the functions po, 8,7y € C'T*(Q),
0, € C1T4(T,) satisty the relations (3), (€). Assume the function A(p,6), u(p,0),
p(p,0), E(p,0) are given in the domain determined by the conditions (5) and have

bounded partial derivatives of the first and the second orders. Then the problem (I])—
2+a,14+ %

(3) has the unique solutlon (v,p,0) determined on Qy, t <1y, V,0 € C, " *(Qr)
Jdp d
and p, 8p , a—p € C (Qtr), and consistency conditions (6] are satisfied.

Proo f- As we have already seen, the problem (I)-(3) can be written in
the form of (36). Now we will reduce the problem (36) to an equation of the form
V = BV in the Banach space V C Cﬁ’g (Qy) of the vectors vanishing on the boundary
FZ‘? When = 0

Consider the problem

L(Uo)Ur =H(Up), Uilr,=U{, Ull,—o="Uo, (37)

: 2+a1+¢
where U; is 4-component vector, Uy € C!T*(Q), U € Cliz’Jrz(F,),

U,(£,0) = Up(&). From the results of the work [5] we know that the problem (37)

has a unique solution in the class of functions Clia 13 (Qy), for which the following
evaluation is true
2+ 2+ (14-a)
ile g <C{IUPl ar, + 1Uolg ™} (38)

After subtracting from (36) and putting V = U — U;, we will obtain
LUV =[L(U) - LU +WV|(Ui+V)+[H(U +V)—H(U) ]+
+[L(U0) = L(U)U1 +[H(U) =H(Vo)], V|, =0, V|_,=0.

This problem is equivalent to the equation
V=R(0){L(Uy) - LU +V)} U +V)+[H(U +V)—H(U;)|+

+[L£(Up) — L(U))]U, + [H(Uy) —H(Up)] = B;V = By,

where R( ) is an operator, which juxtaposes the vector F € C§_ | (Qr) with the solu-

1
tionveC Jta Q+ % of the mixed problem of parabolic system dlfferentlal equations:

(39)

LUV =F, V|, =0,V|_,=0, where C}{¢ , = {v:veCl{q , vlr, =0}. (40)
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The existence of bounded operator R(7) in Holder weight spaces is shown in
the work [5]]. Since R(7) is bounded, if T satisfies the condition

URE, (t+727) <8 1)
with a small & > 0, we obtain
2
Ve o, < CIR@) {I1£(U) = LU+ VI (U 4 V)]0, +

(U +V) = HUDL g, +|[£(U0) = LUN]I&_y o, IHU) ~ HU)|E- 1 9, } -
Thus, if Uy, Uy +V, Uy + W satisfy the condition (I)),then V(&,0) = W(£,0) =0
and by Lemmas[TH5| we obtain the inequalities

BV e < IR@[{a VG o +ealth-Uie . @)
BV —BWES o, < IIR(%)[lese [V —W[TTE (“43)

where ¥ > 0 and the constants ¢y, ¢3, c3 do not depend on 7, V, W. Chose the numbers
t; > 0 and 11 > O such that

1-a 1-a 5
Uoli 160, <f1+fzz ><5, Uil o <t1+t ’ ) <3 IR(11)]|cat],

1 1—a
IR lerr] < 3. 2l R 03—Vl g -] < < 8/2(141,7)

e . 0 24,1+
denote by Kj, the set of vectors satisfying conditions |V]ﬁgﬂQ <n,from C lig Qf

Since the operator B;, maps set Ky, into itself, the Eq. is solvable in Ky, and for

240,11+ 2 240, 1+
any V,W € K, we have |B,V _Bf|W|1+oc,Q,I PalV-Wi4o . <l
So, the solution of the problem (33)—(34) is obtained in the class of vectors

from B
Cii(0,), Te€ [ﬁeo,ﬁ_]eo}, r € [Bpo. B~ Po] -
The question on solvability of above mentioned problem on an arbitrary
interval (0,7;) is still open.
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