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Introduction. In this paper we present a proof of a local existence theorem for
the equation of motion of viscous liquid in Hölder weight spaces

∂ρ

∂ t
+ρ∇ ·~v = 0; ρ

∂~v
∂ t

= ρ ·~f +∇(λ ·∇ ·~v)+2∇ ·µD−∇p,

ρcv
∂θ

∂ t
= ∇ ·κ∇θ +(∇ ·~v)2 +2µD : D+(ρ2Eρ −E)∇ ·~v.

(1)

Here ρ is the density, v = (v1,v2,v3) is the velocity vector, ~f is a vector of external

forces, cv = Eθ =
∂E(ρ,θ)

∂θ
is the specific heat of the liquid which is a positive

functions on ρ and θ , Eρ =
∂E(ρ,θ)

∂ρ
.

Pressure p, specific internal energy E, coefficients of viscosity λ , µ, and
coefficient of heat conduction κ are given functions on the variables ρ, θ

satisfying the conditions κ,µ > 0, 2µ + λ > 0. Let ∇ be an operator of differen-
tiation with respect to variables xi : ∇ = (∂/∂x1,∂/∂x2,∂/∂x3). For any function
a(x), vector~b(x), and matrix A(x) with elements ai j(x), i, j = 1,2,3, we have:

∇a =

(
∂a
∂x1

;
∂a
∂x2

,
∂a
∂x3

)
; ∇ ·b =

∂b1

∂x1
+

∂b2

∂x2
+

∂b3

∂x3
; (~b ·∇)a = b1

∂a
∂x1

+b2
∂a
∂x1

+

+b3
∂a
∂x1

; ∇ ·A(x) = g, gi =
∂A1i

∂x1
+

∂A2i

∂x2
+

∂A3i

∂x3
;

d f
dt

=
∂ f
∂ t

+(~v ·∇ f ).
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Finally, D(~v) is the deformation tensor, i.e. a matrix with elements

Di j =
1
2

(
∂vi

∂x j
+

∂v j

∂xi

)
, i, j = 1,2,3, D : D =

3

∑
i, j=1

Di jDi j.

All these functions depend on points (x1,x2,x3) of the domain Ω filled by liquid.
The initial boundary value problem for the system (1) is considered. We

suppose that the walls of the container of liquid are fixed and the usual adherence
condition for velocity vector is satisfied

~vlΓT = 0, θ |
ΓT

= θ1(x, t), (2)
where ΓT = ∂Ω× [0,T ]. We suppose that the following initial conditions hold:

ρ(x,0) = ρ0(x), ~v(x,0) =~v0(x), θ(x,0) = θ0(x). (3)
Now let recall the definition of Hölder weight space. By Cs(Ω) with any s > 0,
we denote the space of functions, which are [s] times continuously differentiable in
the domain Ω and have the finite norm |u|(s)

Ω
= ∑
|α|<s
|Dαu|

Ω
+ [u](s)

Ω
, where

|u|
Ω
= sup

x∈Ω

|u(x)|, [u](s)
Ω

= ∑
|α|=s
|Dαu|

Ω
and [u](s)

Ω
= ∑
|α|=[s]

sup
x,y∈Ω

|Dαu(x)−Dαu(y)|
|x− y|s−[s]

for integer and non-integer s respectively.
Let Cl,l/2

s,QT
with any non-integer l > 0 and s ∈ [0, l) be a set of functions given

in QT with the following finite norm

|u|(l)s,QT
= sup

t<T
t

l−s
2 [u](t)Qt

+ ∑
s<2α+|γ|<l

sup
t<T

t
2α+|γ|−s

2 |Dα
t Dγ

xu|
Ω
+[u](s)QT

+

+ ∑
2α+|γ|6s

sup
t<T
|Dα

t Dγ
xu(x, t)|

Ω
,

(4)

where [u](s)QT
= sup

t<T
[u](s)

Ω
+ ∑

s−2<2a+γ6s
sup
x,t,τ

|Da
t Dγ

xu(x, t)−Da
t Dγ

xu(y, t)|
|t− τ|

s−2a−|γ|
2

and Qt = Ω× (t/2, t). For s = l this space matches with the space Cl,l/2(QT ). For
s < 0 define the norm Cl,l/2

s (QT ) by the same formula (4) without the last two
summands. In [1] the following result was obtained:

T h e o r e m A [1].Let Ω ⊂ R3 be a bounded or unbounded domain. whose

boundary is from the class C2+α , α ∈ (0,1). Let the function f and
∂ f
∂xi

be from

Cα, α

2 (Qt0), ρ ∈ C1+α(Ω), ~v0,θ0 ∈ C2+α(Ω), θ1 ∈ C2+α,1+ α

2 (Γt0) and we have the
relations:

0 < θ
′ 6 θ0(x)6 θ

′′, θ
′ 6 θ1(x)6 θ

′′, 0 < ρ
′ 6 ρ0(x)6 ρ

′′, (5)
together with the following consistency conditions for any x ∈ S:

~v0(x) = 0, θ0(x) = θ1(x,0), x ∈ S = ∂Ω, (6)

ρ0(x) f (x,0)+∇(λ (ρ0,θ0)∇ ·~v0)+2∇µ(ρ0,θ0)D(~v0)−∇p(ρ0,θ0) = 0,

∇κ(ρ0,θ0)∇θ0 +λ (ρ0,θ0)(∇ ·~v0)
2 +2µ(ρ0,θ0)D(~v0) : D(~v0)+

+
(
ρ

2
0 Ep0(ρ0,θ0)−P(ρ0,θ0)∇ ·~v0

)
= ρ0Cv0(ρ0,θ0)

∂θ1

∂ t

∣∣∣∣
t=0

.

(7)
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We assume that λ (ρ,θ), µ(ρ,θ), P(ρ,θ), E(ρ,θ) are defined for
βρ
′ 6 ρ 6 β

−1
ρ
′′, βθ

′ 6 θ 6 β
−1

θ
′′, β ∈ (0 : 1) (8)

and belong to C2+α .
Then, the problem (1)–(3) have a unique solution (~v,ρ,θ) determined on Qt1

(t1 6 t0),~v ∈C2+α,1+ α

2 (Qt1), θ ∈C2+α,1+ α

2 (Qt1), ρ,
∂ρ

∂xi
,

∂ p
∂xi
∈Cα, α

2 (Qt1).

In the present paper we extend the mentioned result for larger class of spaces
C2+α,1+ α

2
1+α

(Qt), which elements may have derivatives and a singularity at t = 0. This
kind of generalization allows to prove solvability of the problem (1)–(3) with less
smoothness requirements θ0, v0 ∈C1+α(Ω) and fewer conditions than in the works
of Tani [1, 2].

Some Preliminary Assumptions. Let a vector ~u ∈ C2+α,1+ α

2
1+α

(QT ), where
QT = Ω× (0,T ). We consider the one-parameter family of transformations

x = ξ +

t∫
0

~u(ξ ,τ)dτ = X(ξ , t) (9)

of the domain Ω into the domain Ωt ⊂ R3 with the boundary St .
By U(t) we denote Jakob matrix of transformations (9) with entries

akl = δkl +

t∫
0

∂uk(ξ ,τ)

∂ξl
dτ. (10)

Assume A = (U∗)−1 and denote its entries by akl . To guarantee the condition
detU 6= 0 we require the smallness conditions just as in [3, 4] were done

|~u|(2+α)
1+α,QT1

(
T

1+α

2
1 +T

1
2

1

)
6 δ . (11)

Then if t 6 T1, T1 6 T, we have 1−3δ −6δ 2−6δ 3 6 detU(ξ , t)6 1+3δ +6δ 2 +

6δ 3, and when δ 6
1
8

we have
1
2
6 detU(ξ , t)6

3
2

.
We present the estimations of A, A− I.

L e m m a 1. For any a(ξ , t) ∈Cα, α

2
α−1(QT1), b(ξ , t) ∈C1+α, 1+α

2
α (QT1) we have∣∣∣∣∣∣

t∫
0

a(ξ ,τ)dτ

∣∣∣∣∣∣
(α, α

2 )

1−α,QT1

6 T
1+α

2
1 |a|(α)

1−α,QT1
+T

1
2

1 |a|
(α)
1−α,QT1

, (12)

∣∣∣∣∣∣
t∫

0

b(ξ ,τ)dτ

∣∣∣∣∣∣
(1+α, α

2 )

QT1

6 T1 |b|(1+α)
α,QT1

+T
1+α

2
1 |b|(1+α)

α,QT1
+T

1
2

1 |b|
α+1
α,QT1

. (13)

L e m m a 2. For δ 6 1/8 the following inequalities hold:

|U− I|1+α, 1+α

2
α,QT1

6 2δ , (14)

|A|(1+α, 1+α

2 )
α,QT1

6C1, (15)

|A− I|(1+α, 1+α

2 )
α,QT1

6C2 |u− I|(1+α, 1+α

2 )
α,QT1

6 2C2δ1, (16)
where C1, C2 are independent of δ .
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L e m m a 3. Let the condition (11) be satisfied for vectors u and u′. Then for
t ∈ [0,T1] the following inequalities hold:

|U−U ′|(1+α, 1+α

2 )
α,Qt

6C
{

t
1+α

2 |~u−~u ′|(2+α)
1+α,Qt

+t
1
2 |~u−~u ′|(2+α)

1+α,Qt

}
≤C3 · t

1
2

∣∣∣~u−~u ′∣∣∣(2+α)

1+α,Qt
,

(17)

∣∣A−A′
∣∣(1+α, 1+α

2 )
α,Qt

6C4t
1
2
∣∣~u−~u ′∣∣2+α

1+α,Qt
, (18)∣∣∣∣ ∂A

∂ξi
− ∂A′

∂ξ ′i

∣∣∣∣(1+α, 1+α

2 )

α,Qt

6C5t
1
2
∣∣~u−~u ′∣∣2+α

1+α,Qt
. (19)

L e m m a 4. If~u,~u ′ ∈C2+α

1+α
(QT ), then the inequalities∣∣gi j(~u)

∣∣(α)

1−α,QT
6C6T |~u|(2+α)

1+α,QT
, (20)∣∣gi j(~u)−gi j(~u ′)

∣∣(α)

1−α,QT
6C7

∣∣~u−~u ′∣∣(2+α)

1+α,QT
(21)

hold for gi j =

t∫
0

ai j(~u)
∂ui

∂ξ j
dτ , where ai j are the elements of the matrix A.

P r o o f . From (15) and (18), (20) and (21) are obtained respectively.
L e m m a 5. If~u,~u ′ ∈C2+α

1+α
(QT ), then the inequalities∣∣li j(~u)

∣∣(α)

1−α,QT
6C8T |~u|(2+α)

1+α,QT
, (22)∣∣li j(~u)− li j(~u ′)

∣∣(α)

1−α,Qt
6C9T

∣∣~u−~u ′∣∣(2+α)

1+α,QT
(23)

hold for li j(u) = exp
(
−

t∫
0

ai j
∂ui

∂ξ j
dτ

)
, where ai j are the entries of the matrix A.

L e m m a 6. Let~u,~u ′ ∈C2+α

1+α
(QT ) and ri j = ρli j(~u), where ρ0(ξ )∈C1+α(Ω),

0 < ρ̄0 6 ρ0(ξ )6 ¯̄ρ0. Then the following inequalities hold:∣∣ri j(~u)
∣∣(α)

1−α,QT
6C10T |~u|(2+α)

1+α,QT
,

∣∣ri j(~u)
∣∣(α)

1−α,QT
6C11T · |~u|(2+α)

1+α,QT
, (24)∣∣ri j(~u)− ri j(~u ′)

∣∣(α)

1−α,QT
6C12T

∣∣~u−u′
∣∣(2+α)

1+α,QT
, (25)∣∣∣∣ 1

ri j(~u)
− 1

ri j(~u ′)

∣∣∣∣(α)

1−α,QT

6C13T
∣∣~u−u′

∣∣(2+α)

1+α,QT
. (26)

The proof of (24)–(26) is obtained from inequalities (21), (22).

Similar inequalities are true also for the function
∂ ri j

∂ξi
.

Existence of Local Solutions for Initial Boundary Value. Let us switch from
Euler coordinates to Lagrange coordinates in the system (1)

x = ξ +

t∫
0

~u(ξ ,τ)dτ ≡ X(ξ , t). (27)
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In these coordinates the system (1) can be rewritten as
∂ r
∂ t

+ r∇~u ·u = 0, (28)

r
∂~u
∂ t
−∇~u (λ∇~u ·~u)−2∇~u ·µD~u(~u)−∇~uP = 0, (29)

rcv ·
∂T
∂ t
−∇~u ·κ∇~uT − (λ∇~u ·~u)2−2µD~u(~u) : D~u(~u)−F(r,T )∇~u ·~u = 0. (30)

Here r(ξ , t), T (ξ , t) are the density and the temperature in Lagrange coordinates,

F(r,T ) = r2 ∂E
∂ r
− p(r,T ), D~u(~u) are matrices with the entries

3

∑
m=1

(
aim

∂u j

∂ξm
+a jm

∂ui

∂ξm

)
, i, j = 1,2,3,

∇u = A∇ =

{
3

∑
m=1

a1m
∂

∂ξm
,

3

∑
m=1

a2m
∂

∂ξm
,

3

∑
m=1

a3m
∂

∂ξm
,

}
,

ai j are the entries of the matrix A =
(
X ′−1

)T
, where X ′ is the Jacob transformation

of the matrix X , i.e. X ′ik =
∂xi

∂ξk
= δik +

t∫
0

∂ui

∂ξk
dτ , T is the sign of transposition.

So, ai j are rational functions on X ′ik. Let us integrate Eq. (28) and consider the
whole problem as a problem of determining ~u, T, which satisfy the initial boundary
conditions

~u|DT
= 0, T |DT

= 0; ~u(ξ ,0) =~v0(ξ ), T (ξ ,0) = θ0(ξ ), (31)

and the systems (29) and (30) with

r(ξ , t) = ρ0(ξ )exp

− t∫
0

∇~u ·~u(ξ ,τ)c(τ)

 . (32)

Let~u ′, T ′ be functions given in DT = Ω× (0,T ), which satisfy (31) (it is easy to see

that such functions exist). Let X̂ = ξ +

t∫
0

~u ′(ξ ,τ)dτ , A′ =
(
X̂ ′−1

)T ,

r = ρ0 exp
(
−

t∫
0

∇~u ·~udτ

)
. Consider an auxiliary initial boundary value problem

∂~u
∂ t
− 1

r′
∇~u ′(∇~u ′ ·~u)−

2
r′

∇~u ′ ·µ ′D~u ′(~u)+
p′T ′
r′

∇~u ′ ·T =
−p′T ′

r′
·∇~u ′r′

∂T
∂ t
− 1

r′c′v
∇~u · k∇~u ′T−

λ

r′c′v
(∇u′ ·~u)(∇~u ′ ·~u)−

2µ ′

r′c′v
D(~u ′):D~u ′(~u)

− 1
r′c′v

F ′∇~u ′ ·~u = 0.

(33)

~u
∣∣∣
∂DT

= 0, T
∣∣∣
∂DT

= 0 and ~u(ξ ,0) =~v0(x), T (ξ ,0) = θ0(ξ ), (34)

where λ ′ = λ (r′,T ′), p′ = p(r′,T ′) and so on, and D~u ′(~u) is a matrix with entries
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n

∑
m=1

(
a′im

∂u j

∂ξm
+a′jm

∂ui

∂ξm

)
, ∇~u ′ = A′∇.

As it was shown in the work [1], the system (33) is of parabolic type. If we in-
troduce vectors U = {~u,T}, U ′ = {~u ′,T ′}, U1 = {0,θ1}, U0 = {~v0,θ0},

H(U ′) =
{
−pr′

r′
∇~ur′,0

}
, then we can rewrite (33), (34) in the form

L(U ′)U = H(U ′), U |
Γt
=U0

1 , U |t=0 =U0, (35)

where L(U ′) is the matrix of differential operators of the left part of (33). Assuming
U ′ =U in the initial non-linear problem (35), we obtain

L(U)U = H(U), U |
Γt
=U0

1 , U |t=0 =U0. (36)

T h e o r e m . Let Ω ⊂ R3 be a bounded or unbounded domain with boun-
dary from the class C2+α , α ∈ (0,1). Let the functions ρ0,θ0,~v0 ∈ C1+α(Ω),
θ1 ∈ C2+α

1+α
(Γt) satisfy the relations (5), (6). Assume the function λ (ρ,θ), µ(ρ,θ),

p(ρ,θ), E(ρ,θ) are given in the domain determined by the conditions (5) and have
bounded partial derivatives of the first and the second orders. Then the problem (1)–
(3) has the unique solution (v,ρ,θ) determined on Qt , t 6 t0, ~v,θ ∈ C2+α,1+ α

2
1+α

(Qt ′)

and ρ,
∂ρ

∂xi
,
∂ρ

∂ t
∈Cα, α

2
α−1(Qt ′), and consistency conditions (6) are satisfied.

P r o o f . As we have already seen, the problem (1)–(3) can be written in
the form of (36). Now we will reduce the problem (36) to an equation of the form
V = BV in the Banach space V ⊂C2+α

1+α
(Qt) of the vectors vanishing on the boundary

Γt , when t = 0.
Consider the problem

L(U0)U1 = H(U0), U1|Γt
=U0

1 , U1|t=0 =U0, (37)

where U1 is 4-component vector, U0 ∈ C1+α(Ω), U0
1 ∈ C2+α,1+ α

2
1+α

(Γt),
U1(ξ ,0) = U0(ξ ). From the results of the work [5] we know that the problem (37)
has a unique solution in the class of functions C2+α,1+ α

2
1+α

(Qt), for which the following
evaluation is true

|U1|2+α

1+α,Qt
6C

{∣∣U0
1
∣∣2+α

1+α,Γt
+ |U0|(1+α)

Ω

}
. (38)

After subtracting (37) from (36) and putting V =U−U1, we will obtain

L(U1)V = [L(U1)−L(U1 +V )](U1 +V )+ [H(U1 +V )−H(U1)]+

+[L(U0)−L(U1)]U1 +[H(U1)−H(U0)], V
∣∣
Γt
= 0, V

∣∣
t=0 = 0.

This problem is equivalent to the equation
V = R(τ){L(U1)−L(U1 +V )}(U1 +V )+ [H(U1 +V )−H(U1)]+

+[L(U0)−L(U1)]U1 +[H(U1)−H(U0)] = BτV = B1v,
(39)

where R(τ) is an operator, which juxtaposes the vector F ∈Cα
α−1(QT ) with the solu-

tion v ∈
◦
C

2+α,1+ α

2
1+t,QΓ

of the mixed problem of parabolic system differential equations:

L(U1)V =F, V
∣∣
Γt
= 0,V

∣∣
t=0 = 0, where C2+α

1+α,Qt
= {v : v∈C2+α

1+α,Qt
, v|

Γt
= 0}. (40)
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The existence of bounded operator R(τ) in Hölder weight spaces is shown in
the work [5]. Since R(τ) is bounded, if τ satisfies the condition

|U |2+α

1+α,Qt
(τ + τ

1−α

2 )6 δ (41)
with a small δ > 0, we obtain

|V |2+α

1+α,Qτ
6C‖R(τ)‖

{
|[L(U1)−L(U1 +V )] (U1 +V )|α1−α,Qτ

+

|H(U1 +V )−H(U1)|αα−1,Qτ
+ |[L(U0)−L(U1)]|αα−1,Qτ

|H(U1)−H(U0)|αα−1,Qτ

}
.

Thus, if U1, U1 +V , U1 +W satisfy the condition (41),then V (ξ ,0) = W (ξ ,0) = 0
and by Lemmas 1–5, we obtain the inequalities

|BτV |2+α

1+α,Qτ
6 ‖R(τ)‖τγ

{
c1 |V |2+α

1−α,Qτ
+ c2 |U0−U1|2+α

1+α,Qτ

}
, (42)

|BτV −BτW |2+α

1+α,Qτ
6 ‖R(τ)‖c3τ

γ |V −W |2+α

1+α,Qτ
, (43)

where γ > 0 and the constants c1, c2, c3 do not depend on τ , V , W . Chose the numbers
t1 > 0 and η > 0 such that

|U0|2+α

1+α,Qt

(
t1 + t

1−α

2
2

)
6 δ , |U1|2+α

1+α,Qt

(
t1 + t

1−α

2
2

)
6

δ

2
, ‖R(t1)‖c3tγ

1 ,

‖R(t1)‖c1tγ

1 6
1
2
, 2c2‖R(t1)‖ |U1−U0|2+α

1+α,Qt
· tγ

1 6 η 6 δ/2
(

t1 + t
1−α

2
2

)
denote by Kη the set of vectors satisfying conditions |V |2+α

1+α,Qt1
≤ η , from

◦
C

2+α,1+ α

2
1+α,Qt′

.

Since the operator Bt1 maps set Kη into itself, the Eq. (40) is solvable in Kη , and for

any V,W ∈ Kη we have |Bt1V −Bt1W |
2+α,1+ α

2
1+α,Qt1

6 c4 |V −W |2+α,1+ α

2
1+α,Qt−1

, c4 < 1.
So, the solution of the problem (33)–(34) is obtained in the class of vectors

from
C2+α

1+α
(Qt1) , T ∈

[
β θ̄0,β

−1 ¯̄
θ0

]
, r ∈

[
βρ̄0,β

−1 ¯̄ρ0
]
.

The question on solvability of above mentioned problem on an arbitrary
interval (0, t1) is still open.

Received 18.06.2016
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