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In the article the questions of solvability and construction of the solution of
nonlocal mixed value problem for a homogeneous mixed type differential equa-
tion are considered. The spectral method based on the separation of variables
is used. A criterion for a single-valued solvability of the considered problem
is installed. Under this criterion the single-valued solvability of the problem is
proved. The existence of problem solutions in the case of uniqueness failure is
studied, also.
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Problem Statement. The partial differential equations of third and fourth
order are important in the physical applications [1-5]]. Boussinesq type differential
equations have many applications in mathematical physics [6].

Various direct and inverse problems for partial differential equations of third
and fourth order are studied in a large number of works (see, for examples, [[7-13]]).

When the boundary of the physical process is not available for measurement,
as an additional information for the unique solvability of the problem, it can be used
the nonlocal conditions in the integral form [[14].

The problems, where the type of differential equation is changed in the con-
sidering domain, have important applications [[15517]. The mixed type differential
equations have been studied by many authors, in particular in [[18-25].

In the present paper a single-valued solvability of nonlocal problem for a mixed
type differential equation with an integral condition is established. So, in a rectangu-
lar domain Q = {(r,x)| —a <t < f; 0 <x < 1}, where o and 3 are given positive
real numbers, consider the following mixed type equation

SUE{ Ut_Utxx_Uxx:Oy t>07

(1)
Ut —Uptax —Uxx = 07 t <0.
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The first equation of (1)) is from the class of Boussinesq type equation [6], as
the second one is from class of pseudoparabolic type equations.

Problem. Find a function U(z,x) in the domain €, satisfying the following
conditions:

U(t,x) € C(Q)NCH (QU{x=0}U{x=1})NC3(Q_)NC T (Q:U{r=B}), )

3U(t,x) =0, (1,x) e Q_UQ U{r = B}, (3)

U(t,0)=U(t,1), Uy(t,0) =U(t,1), —ax <t <P, 4)
0

/U(z,x)tdt: w(x), 0<x<1, )

where y(x) is a given sufficiently smooth function, y(0) = y(1), ¥/'(0) = y/(1),
Q_ ={(t,x)|—a<t<0,0<x<1},Q; ={(r,0)[0<r < B,0<x < 1}.

Particular Solutions. The nontrivial partial solutions of the Eq.(I)) in the
domain Q we find in form U (z,x) = T'(¢) - X (x). In accordance to Eq.

T'(t)-X(x)—T'(t) - X"(x) =T(¢)- X" (x),t >0,
T"t) - X(x)—T"(t)-X"(x)=T()-X"(x),t <0.
- - X 2

Dividing by 7'() - X (x) and then setting X0 = —Uu-, we get:
X
T'(1) B X"(x) T'(r) T" (1) B X"(x) T'(1)
T() X(x) T@) T(e) X)) T@)

where (12 is the separation permanent, 0 < L.

Hence, taking into account the boundary conditions (), we derive
X"(x)+u’X(x)=0,0<x<1, X(0)=x(0), X'(0)=X'(1), (6)
T'(t)+A°T(t)=0,0<t < B, T"(t)+A*T(t)=0, —a <t <0, (7)

where A2 = u?/(14 u?).
The spectral problem (6) has the solution

=—p?ast>0, =—p?asr <0,

Xo(x) =1, Xu(x) = {cos ppx; sinflyx}, g, =210, n=1,2,... (8)
The general solution of differential Eqs. has the form with a,,b,,c, arbitrary

constants: )
)
cpe "t t >0,
T,(t) = " (€))
a,CcosAut+b,sind,t, t <O0.
The solutions U, (#,x) = T,(t) - X,(x) must satisfy the conditions (2, so,
constants a,, b, and ¢, will be chosen to satisfy the following conditions:
T7,(040)=T,(0-0), T, (0+0) = T,(0—0). (10)
From (9), taking into account the conditions (I0), we obtain a, = ¢, and
b, = —A,c,. Then the functions @]} take the form
32
nt, t>0
To(t) = Rl (11)
CnCOSAut — AycpsinAyt, t < 0.
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Let present solution of the problem (2)—-() in the domain Q according to the
Fourier method and taking into account (8) in the following form:

Yo (t)
2

U(t,x) = + [19n(t) -cosunx—l—un(t)sin,u,,x},
n=1
where the Fourier coefficients

1

() :2/U(t,x) sin fxdx, n=1,2,... (12)
0
1

O(t) = 2/U(t,x)cos,unxdx, n=0,1,2,... (13)
0

Determination of the Fourier Coefficients. We show that functions (12),
(13) satisfy the Eq. (7) in the corresponding intervals as well as the condition (T0).
Differentiation of Egs. (12)), with respect to ¢ (once in the case ¢ > 0, and twice
as t < 0), taking into account Eq. (T)), implies

1 1
u, (1) = 2/Ut sin W, xdx = 2/ (U,xx + Uxx) sin W, xdx, (14)
0 0
1 1
W (1) =2 / Uy sin fxdx = 2 / (Ve + U ) simpryxd, (15)
0 0
1 |
O (t) = Z/U, oS Wpxdx = 2/ (U,xx + Uxx> oS W xdx, (16)
0 0
1 1
W (1) = 2/ Uj; cos tyxdx = 2/ (Unxx + Uxx) oS W xdx. (17)
0 0

Integrating by parts twice in the integrals (I4)—(17), taking into account (),
the following equations are derived (as before 12 = u2/(1+u?2)):

u,(t) + A u,(t) =0, >0, (18)
Wl (t) + A u,(t) =0, 1 <0, (19)
OL(t) A0, (t) =0, 1 >0, (20)
O (1) +A20,(1) =0, t <O. 1)

The differential Egs. (18), and (20)), for A = A,, coincide with the left
and right differential equations from (/) respectively. Further, taking the conditions

(), from and (13), we get

1 1
u,(0+0) :2/U(0—|—0,x) sinunxdx:2/U(O—O,x) sin U, xdx =u,(0—0), (22)
0 0
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9,(040) = 2/U(O+O,x) COS Upxdx = Z/U(O—O,x) cos Upxdx = 3,(0—0). (23)
Differentiating (I2), (I3) with respect to ¢ by virtue of conditions (2), we obtain:

u,(0+0) :2/U,(0+0,x) sin/.L,,xdx:2/U,(O—0,x)sinu,,xdx:u;,(O—O), (24)

1 1
9 (0+0) = 2/Ut(0+0,x) oS Upxdx = 2/Ut(0—07x) cos yxdx = 9,(0—0).  (25)
0

Egs. (22), and (24), coincide with conditions (I0)). Then for problems
(T8)—(23) analogously to (IT)) we obtain

2
cne Mt t >0,

u,(t) = 26
(1) {cncosknt—kncnsinknt, t <0, (20)

8,(1) Cne Mt 1> 0, @
" CpcosAut — A8, sindyut, 1 < 0.

To find constants ¢, and ¢,, integral condition (5) and Eqgs. (12, are used:

0 10
/un Htdt = 2//U (t,x tdtsmunxdx—Z/I;/ x) sin Wy xdx = Y, (28)
—o 0

-

/ O (t)tdt = 2/ / U (t,x)tdt cos pxdx = 2/ Vv (x) cos Uyxdx = . (29)
o ' 0

Then, since r < 0, from (26)) and (28)) we obtain

0 0
v, = /un(t)tdt:cn/(cosknt—knsinlnt)tdt:
—O

—

=cy [1 — <7L1,12 — OC) cosA, 0o — l)tlasinlnoc ,
ie.
Cnln(0) = Y, (30)
where A,(a) = 1 (L - oc) cosA,a — Ita sinA, Q.
A2 \A? An
Analogously, from and (29) we obtain

EnAn(@) = . (31
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Suppose, that

An(at) £0. (32)
Taking into account(32), from (30), (31) we obtain c,, = bl Cp= ¥
Ap(a)’ An(a)
Substituting ¢, and ¢, into (26) and (27), we derive

ApWae it t>0,
un(t) = .
A, (cos At — AncCh sm?L,J) Wy, 1 <0,
AnWne i, 1> 0,
V,(t) = . _ (34)
A, (cos Ant — Aycy, sm?L,J) Wy, t <0,
where A, = 1/A,(a).
Supposing y(x) =0, and y,, = ¥, = 0, from , and , we get
1 1
/U(t,x)~sin[.tnxdx:0,n =1,2,..., /U(t,x) ccostpxdx=0,n=0,1,2,...
0 0

Hence, by the completeness of the system of eigenfunctions {1, cos WX, Sin an}

in the space L,[0, 1], we deduce that U(z,x) =0 for all x € [0,1] and 7 € [—a, B].
We consider the case of failure of the condition (32). Let A, (a) =0 for some &

and n = m. Then homogeneous problem (2)—(5) as y/(x) = 0 has a nontrivial solution

Un(t,x) =Tp(t) Xm(x), (35)
where X, (x): {1, cos W,x, sinft,x},
e Mnt 1> 0,
Tm(t) - .
cos Ayt — Ay sinA,,t, t < 0.

The condition A, (o) = 0 is equivalent to the equality

(1—2A70) cos Ay + An(a+1)sind o =1, (36)

[ 2
where A,, = lﬁLz,NnZZEn. Here 0 <A, <1, A, — 1 as n— oo,
n

From Eq. (36) the following is obtained:

sin (A, 0+ @,) = ! , (37)

VA (1-220)
An(0t+1) .

2+ (1-22a)

where ¥ = (a+1)?, ¢, = arcsin
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1
A2r+(1-22)

Observe that the condition 0 < = < I is satisfied for any

0 < a and n. Indeed, from \/2,,12}/4— (1- )ana)z >1weget(a+1)2A2+A2a? > 0.
Hence, the Eq. has the following solution:

(P”+— k=1,2,3,.

ak_ A,n l )

1
1/1}%(1430:)2

Recall other values of a, for which condition (32)) holds, regular values.

We show that there exists a constant Cy > 0 such that for a sufficiently large n
the estimate holds

where 8, = (—1)*arcsin

inf |A,(0t)| > Co. (38)

Suppose there exists a constant Cy > 0 such that for a sufficiently large n we
have the estimate (38). Then from (32), taking into account 0 < A, < 1 and 4,, — 1
as n — oo, we obtain

1
‘1 —4/2(1+o2)sin(o + (P)‘ > Cy, where @ = arcsinﬁ.
2(1+a?)
The last inequality holds if ’1 —/2(1+o?)sin(o + (p)‘ >0
This inequality is equivalent to the aggregate of the following two inequalities:

. . 1
sin(o + @) < i) sin(o + @) > TRk (39)
Since \/2(1+ a?) > 1, the trigonometric inequalities have a solution.
Consequently, the estimate is true for a sufficiently large n and for any 0 < «,
satisfying to one of two inequalities (39).
Existence of Solution. For the regular values of ¢ the formulas and
(34) are satisfied. Therefore, under (32)) and (38)), taking into account the particular
solutions (8, and (34), the solution of the problem (2)—(5) in the domain Q can
be represent by series

Ult,x

[ ) COS WX + U, (2) sin i nx} . (40)

We show that the sum U (¢, x) of the series under certain conditions on the
function y/(x) satisfies to the conditions (2).
It is easy to check, for a sufficiently large n there the following estimates hold:

}u }<C‘I,Un

1) < Clwa,

(41)

|, ()] < Clwl, |0,(1)] < C| . (42)
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)

’”/;;(t)‘ < C“//n

O, ()| < C|Wal, (43)

where 0 < C =const.
Indeed, according to (33), (34) and taking into account (38)), we find

1 1
C—’u/,,,t>0, C—’li/,,,t>0,

(0= 1% 20 =17
— W, 1 <0, —|,|, t <O.
00"” !V

Hence, we get the estimate @]), if we set C =2/Cy.
After the differentiating (33) and (34), we obtain

1 1.
C—‘v/,,,t>0, C—‘v/,,,t>0,

0 =1 F o0 =1F
— |, t <0, — ||, t <0,
c()"’” < Col Vs

and so the estimate . Here we take C = 2/Cy.
Differentiating and twice for # < 0, we obtain
2

ﬁ"t‘:—

iz

0] = | v ~

Vn

9 )

and hence the estimate for C =2/Cy.

Since the function w(x) € C3[0,1] has piecewise continuous derivative of
fourth order in the segment [0, 1] and y(0) = y(1), y'(0) = y/'(1), y"(0) = y"(1),
v (0) = y"’(1), then following estimates hold:

1

N*p, &

= (3) % Loisa | v ) e
0

n=1

1
] Nt &
Wn:_<n.) %, Zq£§4/[wlv(x)]2dx.
n=1 0

Using these estimates, it is not difficult to see that the series (40) and the series
of first order terms of the series converge uniformly in the domain Q.

Let A,(a) =0 for some a, n = ky,...,ks, where 1 <k; <ky <--- < ks and
s is a fixed natural number. Then for the solvability of Egs. (30) and it is neces-
sary and sufficient the orthogonality conditions

1

v, :Z/W(x)sin27mxdx:0, n=ki,... ks, (44)
0
1

l[?n:2/l//(x)00827rnxdx:0, n=ki,... ks (45)

0
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In this case the solution of the problem [2)—(5) is defined as the sum of the

series
Vot ki1—1 ko—1 oo .
U(t,x): O()+< Y + Y +-+ X >”n(t)51n“nx+
2 n=1  n=k;+1 n=ks+1 (46)
k=1 kp—1 o
+< Y+ X 44+ X )19n(t)cosunx+ZCmUm(t,x),
n=1  n=k;+1 n=ks+1 m
where m takes values k,ki, ..., ks, C, are arbitrary constants and functions U, (z,x)
are defined in (33).

Thus, the following Theorem is proved.

Theorem.Let the function w(x) € C3[0,1] has piecewise continuous
derivative of fourth order in the segment [0,1] and w(0) = y(1), ¥'(0) = y'(1),
v”(0) = y"(1), y"”(0) = y"(1). Then the problem (2)—(5) in the domain Q is
uniquely solvable, whenever conditions (32)), are satisfied. This solution is deter-
mined by the series . Let A, (o) =0 for some o, n =ky, ...,k and the condition
(38) is satisfied. Then the problem (2)—(®) is solvable if the orthogonality conditions
and hold. This solution is defined by the series (46).
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