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TRIDIMENSIONAL WAVES AT THE INTERFACE OF TWO ELASTIC
MEDIA ON CONTACT WITHOUT FRICTION
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The question of presence of Stoneley’s surface waves in three-dimensional
statement is considered. Conditions are given at the interface of two half-space
corresponding to the contact of two half-space without friction. The investi-
gated problems are simplified by the introduction of potential function with
analogue of the plane deformation problems. The characteristic equation is
obtained concerning the phase speed of the surface wave, for which the special
cases are considered.
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Introduction. The problem of surface waves propagation at the interface of
two medium in full contact condition is known as the Stoneley problem [1]]. The
investigations of Stoneley’s surface waves have been done in numerous works [2-13]].
In the present paper is we consider the existence problem question of the presence of
Stoneley’s surface waves in three-dimensional case.

1. Suppose we have two elastic half-spaces separated by plane y = 0 (in the
coordinate system Oxyz). The half-spaces are characterized by coefficients of Lame
A, p and by density p. The physical-mechanical characteristics of the half-space
holding the domain y € (0,+4o0), x,z € (—o0, +o0) will be denoted by index one as the
physical-mechanical characteristics of the half-space y € (—o0,0), x,z € (—o0,+o00)
by index two. The elastic waves propagation equations in the isotropic medium with
the displacements i(u,v,w) has the form [14]:

22(s)
3;;2, (1)
where ¢; and ¢; are the speed of longitudinal and transversal waves propagation
corresponding to s = 1 and 2 respectively.

At the interface of two isotropic half-space we will admit the following
boundary conditions:

W0 2@, ot = o), olf =0, ol =0, o

AT + (¢, — ¢ )grad divi®) =
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In (2) o;; are the stress component of the tensor. The boundary conditions
corresponds to the contact of two half-spaces without friction.

We consider the following problem: find a solution of the 3D Eq. (I)), which
satisfies to the boundary conditions (2)) and the attenuation condition as y — =oo.

2. To solve the problem of the surface waves propagation, by analogy with the
problems of plane deformation, the potential functions @(x,y,z,7) and y(y,z,t) are
introduced [14]]:

_de dy  de Jy

-t __° — _ T —_r 3
“Tox T 9" T 9z ox )
Using (I)) and (3) and the attenuation conditions
im 7 = i (s) — i (s) —
yli‘}fm“ 0, ygrgqu 0, yEIEm‘/’ 0, “4)

the displacements u, v, w and the potential functions ¢ and v are defined by [10]:
ul) = —i[A1kye™" + (Biky + Ciks)e "] exp(i(ckt — kix — k3z)),
vl = —k[Arviie "+ Byvy e exp(i(ckt — kix — ks2)),
wll) = —i[Aikse 17+ (Biks — Cika)e " | expli(cht —kix—kaz),  (5)
oW = [Aje™"1Y + Bye™V2Y] exp(i(ckt — kix — k3z)),
v = Cre V2 exp(i(ckt — kix — ksz));

@) = —i[Azkie™"12 + (Boki + Cokz)e™ ¥ expl(i(ckt — kix — ksz)),

vl = —k[Aavize "2 + Byvyyle " exp(i(ckt — kix —k32)),

W = —i[Askse™" + (Boks — Coky Je =] explil(cht —kix—ksz)),  (6)

02 = [Aye ™12 + Bre™V2Y] exp(i(ckt — kix — k3z)),

v = Cre V2V exp(i(ckt — kix — k3z)),

Vi = k(1 + )1 —m6),vy = k(1 + &)1 —m), K = k(1 + 5;),
Vi = K1+ &)1 — mb), v = KA+ EH(1 - m), & = 2

ki’
2 2 2 2
c c c c
m=, M= 5,0 = %,92 = 422, ki and ko, are the wave numbers,
¢t Cn n n

¢ < min(¢;q, ¢) is the unknown phase speed of the space waves, Ay, B and Cj
are unknown constants of integration.

According to Hooke’s rule and notations (3), the boundary conditions (2) can
be written as:

az(p(l) 821[/(1) ) v

M = v@_ (2 =22 =
\4 Vi, (Cll 2Ctl) &xz + 8x8z +Cll ay
aZ(p(Z) azw(z) ov@ 02
(2 02 2 2
= a(cp —2cp) 02 oxaz | TR oy a o (7
(s) 2p) 2(s) (s) 200 2y(s)
av N 2°¢ +8t// o, av 2°¢ +8l// _o.
dox dxdy  dydz dz dydz  dxdy

Substituting (5)) and (6) into the boundary conditions (7), we get a system of homo-
geneous algebraic equations with respect to the coefficients As, By and C;. From the



Sarkisyan S. V. Tridimensional Waves at the Interface of Two Elastic Media on Contact... 81

condition of compatibility of the system we obtain the following equation, where the
unknown is the speed phase of the surface wave:

(1-1262)' 2| (2487 =261) (2((1 = ym) (1= v8m2)) ' = (2= yma) ) +

+(2—7772)(1+§2)yn261} B (1 — yma6,) /22765 (E2 1 26,) "
2
x(1=1)(1—0:m)) > = (2 =) + EX(m— 6, 1)] =0, y="2.
=3

3. For the Eq. (8) the following particular cases are considered:
a) Let &€ =0, p; = 0. Then from (8) we get

1/2
Sm)=4r((1-m)(1-6m))  —2-m)=0. ©)
The Eq. (9) is the characteristic equation for the determination of the dimensionless
2
phase speed | 2 = CZ) for the surface wave of the half-space (plane problem) with
c

2
the following boundary conditions: v =0, 62, =0, oo =0aty=0.

In Figs. 1 and 2 the graphs of the S(n,) functions for different values of y are
displayed.
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Fig. 1. 7 = 1,7, ~ 0.8911. Fig.2. 7y =21, ~ 0.9758.
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Fig. 3. 6,=033, 1 ~04115.

b) Let & = 0, p, = 0. The Eq. (8)) takes the following form:

1/2
S(m)=2(1-6) (2((1 —M)(1—61m1)) / —2+771> +m61(2—m)=0. (10)
The Eq.(I0) is the characteristic equation for the determination of the
2
dimensionless phase speed (771 = C2> of a surface wave (plane problem).
!
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Fig. 3 shows the graph of function S(1;) for 6, = 0.33 (n; =~ 0,4115).
¢) Let cp =co=cren =cp=c¢,00 =0, =0m =m="ny=1
The Eq. (8) reduces to the form:
SM)=2-1)(N6-2+20+a0+&*(n6—1)) —ak?(n6—1)+
+2((1=n)(1—6m))*(2-20 — 2000 + £2(1 — ) = 0.
The values of k. are shown in Table:

(1D

g 0 0.5 0.8 1 2 3 4 5
n | 0.9965 | 0.9430 | 0.9109 | 0.8971 | 0.5046 | 0.8473 | 0.8435 | 0.8419

The Table displays the numerical results, which were calculated according to

¢ .. . .
the Eq. (11) for the parameter ) = —, characterizing the square of the dimensionless
Cr

k
phase speed of the surface wave, depending on the parameters o = P2 _ 4and§ = kj

P1 1
2 1

inthe case 6 = — = —.
cl2 3
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