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TRIDIMENSIONAL WAVES AT THE INTERFACE OF TWO ELASTIC
MEDIA ON CONTACT WITHOUT FRICTION
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The question of presence of Stoneley’s surface waves in three-dimensional
statement is considered. Conditions are given at the interface of two half-space
corresponding to the contact of two half-space without friction. The investi-
gated problems are simplified by the introduction of potential function with
analogue of the plane deformation problems. The characteristic equation is
obtained concerning the phase speed of the surface wave, for which the special
cases are considered.
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Introduction. The problem of surface waves propagation at the interface of
two medium in full contact condition is known as the Stoneley problem [1]. The
investigations of Stoneley’s surface waves have been done in numerous works [2–13].
In the present paper is we consider the existence problem question of the presence of
Stoneley’s surface waves in three-dimensional case.

1. Suppose we have two elastic half-spaces separated by plane y = 0 (in the
coordinate system 0xyz). The half-spaces are characterized by coefficients of Lame
λ , µ and by density ρ . The physical-mechanical characteristics of the half-space
holding the domain y∈ (0,+∞), x,z∈ (−∞,+∞) will be denoted by index one as the
physical-mechanical characteristics of the half-space y ∈ (−∞,0), x,z ∈ (−∞,+∞)
by index two. The elastic waves propagation equations in the isotropic medium with
the displacements~u(u,v,w) has the form [14]:

c2
ts∆~u

(s)+(c2
ls− c2

ts)grad div~u(s) =
∂ 2~u(s)

∂ t2 , (1)

where cl and ct are the speed of longitudinal and transversal waves propagation
corresponding to s = 1 and 2 respectively.

At the interface of two isotropic half-space we will admit the following
boundary conditions:

v(1) = v(2), σ
(1)
22 = σ

(2)
22 , σ

(1)
12 = 0, σ

(s)
23 = 0. (2)
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In (2) σi j are the stress component of the tensor. The boundary conditions (2)
corresponds to the contact of two half-spaces without friction.

We consider the following problem: find a solution of the 3D Eq. (1), which
satisfies to the boundary conditions (2) and the attenuation condition as y→±∞.

2. To solve the problem of the surface waves propagation, by analogy with the
problems of plane deformation, the potential functions ϕ(x,y,z, t) and ψ(y,z, t) are
introduced [14]:

u =
∂ϕ

∂x
− ∂ψ

∂ z
, w =

∂ϕ

∂ z
+

∂ψ

∂x
. (3)

Using (1) and (3) and the attenuation conditions

lim
y→±∞

~u(s) = 0, lim
y→±∞

ϕ
(s) = 0, lim

y→±∞
ψ

(s) = 0, (4)

the displacements u,v,w and the potential functions ϕ and ψ are defined by [10]:

u(1) =−i
[
A1k1e−ν11y +(B1k1 +C1k3)e−ν21y

]
exp(i(ckt− k1x− k3z)),

v(1) =−k
[
A1ν11e−ν11y +B1ν

−1
21 e−ν21y

]
exp(i(ckt− k1x− k3z)),

w(1) =−i
[
A1k3e−ν11y +(B1k3−C1k1)e−ν21y

]
exp(i(ckt− k1x− k3z)),

ϕ(1) =
[
A1e−ν11y +B1e−ν21y

]
exp(i(ckt− k1x− k3z)),

ψ(1) =C1e−ν21y exp(i(ckt− k1x− k3z));

(5)

u(2) =−i
[
A2k1e−ν12y +(B2k1 +C2k3)e−ν22y

]
exp(i(ckt− k1x− k3z)),

v(2) =−k
[
A2ν12e−ν12y +B2ν

−1
22 e−ν22y

]
exp(i(ckt− k1x− k3z)),

w(2) =−i
[
A2k3e−ν12y +(B2k3−C2k1)e−ν22y

]
exp(i(ckt− k1x− k3z)),

ϕ(2) =
[
A2e−ν12y +B2e−ν22y

]
exp(i(ckt− k1x− k3z)),

ψ(2) =C2e−ν22y exp(i(ckt− k1x− k3z)),

(6)

where
ν2

11 = k2
1(1 + ξ 2)(1 − η1θ1),ν

2
21 = k2

1(1 + ξ 2)(1 − η1), k2 = k2
1(1 + ξ 2),

ν2
12 = k2

1(1 + ξ 2)(1 − η2θ2), ν2
22 = k2

1(1 + ξ 2)(1 − η2), ξ =
k3

k1
,

η1 =
c2

c2
t1
, η2 =

c2

c2
t2
,θ1 =

c2
t1

c2
l1
,θ2 =

c2
t2

c2
l2
, k1 and k2 are the wave numbers,

c < min(ct1, ct2) is the unknown phase speed of the space waves, As, Bs and Cs

are unknown constants of integration.
According to Hooke’s rule and notations (3), the boundary conditions (2) can

be written as:

ν(1) = ν(2), (c2
l1−2c2

t1)

(
∂ 2ϕ(1)

∂x2 +
∂ 2ψ(1)

∂x∂ z

)
+ c2

l1
∂ν(1)

∂y
=

= α(c2
l2−2c2

t2)

(
∂ 2ϕ(2)

∂x2 +
∂ 2ψ(2)

∂x∂ z

)
+αc2

l2
∂ν(2)

∂y
, α =

ρ2

ρ1
,

∂ν(s)

∂x
+

(
∂ 2ϕ(s)

∂x∂y
+

∂ 2ψ(s)

∂y∂ z

)
= 0,

∂ν(s)

∂ z
+

(
∂ 2ϕ(s)

∂y∂ z
+

∂ 2ψ(s)

∂x∂y

)
= 0.

(7)

Substituting (5) and (6) into the boundary conditions (7), we get a system of homo-
geneous algebraic equations with respect to the coefficients As, Bs and Cs. From the
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condition of compatibility of the system we obtain the following equation, where the
unknown is the speed phase of the surface wave:

(1−η2θ2)
1/2
[(

2+ξ 2−2θ1
)(

2
(
(1− γη2)(1− γθ1η2)

)1/2− (2− γη2)
)
+

+(2− γη2)(1+ξ 2)γη2θ1

]
−αγθ1(1− γη2θ1)

1/2
[
2γθ

−1
2 (ξ 2 +2θ2)×

×
(
(1−η2)(1−θ2η2)

)1/2− (2−η2)+ξ 2(η2−θ
−1
2 )
]
= 0, γ =

c2
t2

c2
t1
.

(8)

3. For the Eq. (8) the following particular cases are considered:
a) Let ξ = 0,ρ1 = 0. Then from (8) we get

S(η2)≡ 4γ

(
(1−η2)(1−θ2η2)

)1/2
− (2−η2) = 0. (9)

The Eq. (9) is the characteristic equation for the determination of the dimensionless

phase speed
(

η2 =
c2

c2
t2

)
for the surface wave of the half-space (plane problem) with

the following boundary conditions: ν = 0, σ22 = 0, σ21 = 0 at y = 0.
In Figs. 1 and 2 the graphs of the S(η2) functions for different values of γ are

displayed.
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b) Let ξ = 0,ρ2 = 0. The Eq. (8) takes the following form:

S(η1)≡ 2(1−θ1)
(

2
(
(1−η1)(1−θ1η1)

)1/2−2+η1

)
+η1θ1(2−η1) = 0. (10)

The Eq. (10) is the characteristic equation for the determination of the

dimensionless phase speed
(

η1 =
c2

c2
t1

)
of a surface wave (plane problem).



82 Proc. of the Yerevan State Univ., Phys. and Math. Sci., 2016, № 3, p. 79–83.

Fig. 3 shows the graph of function S(η1) for θ1 = 0.33 (η1 ≈ 0,4115).
c) Let ct1 = ct2 = ct ,cl1 = cl2 = cl,θ1 = θ2 = θ ,η1 = η2 = η ,γ = 1.

The Eq. (8) reduces to the form:

S(η)≡ (2−η)
(
ηθ −2+2θ +αθ +ξ 2(ηθ −1)

)
−αξ 2(ηθ −1)+

+2
(
(1−η)(1−θη)

)1/2(2−2θ −2αθ +ξ 2(1−α)
)
= 0.

(11)

The values of keff are shown in Table:

ξ 0 0.5 0.8 1 2 3 4 5
η 0.9965 0.9430 0.9109 0.8971 0.5046 0.8473 0.8435 0.8419

The Table displays the numerical results, which were calculated according to

the Eq. (11) for the parameter η =
c2

c2
t
, characterizing the square of the dimensionless

phase speed of the surface wave, depending on the parameters α =
ρ2

ρ1
= 4 and ξ =

k3

k1

in the case θ =
c2

t

c2
l
=

1
3

.
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