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WEIGHTED SPACES OF FUNCTIONS HARMONIC IN THE UNIT BALL
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We introduce the Banach spaces /.. (@), ho(@) and k' (y) functions harmonic in the
unit ball B C R". These spaces depend on weight functions ¢, y. We prove that if ¢ and
v form a normal pair, then A' (y)* ~ heo (@) and ho(@)* ~ k' ().
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Introduction. A positive continuous decreasing function ¢ on [0, 1) is called weight
function if lin} ¢(r) = 0. Let ho(¢) be the Banach space of complex-valued harmonic func-
r—

tions u on the unit disc with the norm ||u||y = sup{u(z)@(|z|): |z| < 1}, and ho(¢) be the
closed subspace of functions u satisfying |u(z)| = o(1/¢(|z|)) as |z| — 1.

It has been shown by Rubel and Shields [|1]], that /..(¢) is isometrically isomorphic to
the second dual of Ap(@). In [2] it was posed and solved the duality problem: for which ¢
there exists a finite positive Borel measure dn on [0, 1) such that the space

hl(n) = {v € Ll(dn(r)de): v is harmonic in |z| < 1}

represents the intermediate space, the dual of hp(¢@) and the predual of h.(@), ie.
h'(n) ~ ho(@)* and h'(N)* ~ he(@). A positive finite Borel measure 1 on [0, 1) is called
weighting measure, if it is not supported on any subinterval [0,p), 0 < p < 1.

In the mentioned article [2|] only the case n = 2 is considered. In the particular case,
when ¢ is a normal function, we can take dn(r) = y(r)dr, where y is the paired with
respect to weight function ¢. This uses the fact that the solvability of the duality problem for
the analytic spaces implies also solvability for the harmonic spaces. For the analytic spaces
duality problem in the case of normal function was solved in [3]].

In the multidimensional case (n > 2) a connection between the analytic and the
harmonic functions does not exist and it is necessary to solve the problem of duality directly.

Our solving is based on the fact that there are bounded projections from L!(B) onto
the subspace isometric isomorphic to ' (), and bounded projection from the space Cy(B)
to the subspace, isometric isomorphic to io(¢). Here Co(B) denotes the Banach space of
continuous functions on the closed ball that vanish on the boundary with the supremum norm
(for details see [4]).
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Below the following notations are used:

B={xe€R": |x| <1} stands for the open unit ball in R";

S={xeR": |x| =1} for its boundary, i.e. the unit sphere in R";

h(B) denotes the vector space of complex-valued functions harmonic in B;

dv stands for the Lebesgue measure in R” normalized by the condition v(B) = 1;

o stands for the Lebesgue measure of the area element on S normalized by the
condition o (S) = 1.

The Spaces of Harmonic Functions. Let the functions ¢(r) and y(r) are positive
and continuous on [0, 1) and

1
limo(r)=0 and / y(r)dr < eo. (1)
r—1 0
Among these functions we choose so-called normal functions and normal pairs.
Definition 1. The positive and continuous on [0, 1) function ¢ is called normal,
if there are three constants 0 < a < b and 0 < ry < 1 such that

o(r) almost decreasesin rp <r<1 and lim o(r) =0,
<1_r)a r—1- (l—r)“
o(r) . . . o)
5 almost increasesin rp <r<1 and lim =
(1_r) r—1- (l—r)h

Note that @ and b are not uniquely determined by ¢.

Recall that a real function g(r) is called almost increasing, if there exists a constant
C > 0 such that g(r;) < Cg(ry) for any r; < rp. Almost decreasing functions are defined
similarly.

Definition 2. The functions {¢@, y} will be called a normal pair if ¢ is normal
and if there is a number « (the pair index) such that

PV = (1-P)% 0<r<t, and [ widr<en
0

Lemma 1. If ¢ is normal, then there exists a function y such that {@,y} is a

normal pair.

(l—r)l7

Proof. Choose b such that £(r) = — 0. Then the function

o(r)
(1-r)* (1-r)*
y(r) = =£(r)
o(r) (1=r)?
will be integrable, if we choose @ > b — 1. O
Note, that if @ > b, then y is normal too, with corresponding indices &t — b and o — a.

Let ¢ and v satisfy (T). We extend these functions to B by defining ¢ (x) = ¢(|x|) and
y(x) = y(]x|) and define the spaces of harmonic functions:

he(9) = {1 € H(B): [l = suplu(x)l () <=}

ho(g) = {weh(B): lim [u(x)|o(x) = O};

;
x[—1
w ) = {ueh(®): uly = [ Wl <=}.

Clearly ho(¢) C ho(¢) so we can use the norm |[[u||, on ho(¢). These three spaces are all

normed linear spaces with the indicated norms. In [4] it is also proved their completeness.
Reproducing Kernel. Let {@, v} be a normal pair. Introduce duality (bilinear form)
between ho.(¢@) and 2! (y):

() = [uovG) (1 = W) dv(x), € hel@), veER! (). @)
B
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The function Qg(x,y) is called a reproducing kernel for the bilinear form @) if (u(-),
Qu(x,+)) = u(x) for all u € ha(@) Uh'(y). For the first time, the expansion in the zonal
harmonics for this kernel were obtained in [35] (for integer ) and [6] (for @ > 0). This
expansion is

i (n/2+m+a+1)

Qa .y T(n/2+m)C(a+1)

Zn(x,y),

where the functions Z,,(x,y) are the zonal harmonics of degree m.
Consider the integral linear operators

(PR)(y) = <P(y)/BQa(x,y)h(x)llf(x)dV(x)» heL™(B),y€B,

(SN0) = w0) [ Qulx)/WPdv(), fEL'B).yEB.

Theorem A . The following conditions are equivalent:
) Qal-Ylln < 5. yEB
Y S—— ) >
T 00)

(ii) P is a bounded projection of L*(B) onto the subspace @/(Q);
(iii) S is a bounded projection of L!(B) onto the subspace wh!(y);
(V) 7' (W)* ~ heo():
V) ho(@)" ~ h' ().

This Theorem is proved in [4] for the more general case, when ¢ is not necessarily a normal
function and v is the derivative of the weighting measure dn, i.e. dn = ydr.
The Main Result. We need the following lemma, which has a technical character.
Lemma 2. Fory> —1andm > 147y we have

1
/ (1—pr)™(1=r)Ydr<c(1—p)"*r ™ 0<p<l. 3)
Jo
Proof. Integrating by parts, we obtain
1
1— = r)dr=—— 1 / “mel (g
| a-en = e (1= ar
<C1—|—Czp/ m+ydr
since (1 —r)"*! < (1—pr)?*!. The result follows. O

The following lemma is basic.
Lemma 3. If {¢,y} is anormal pairandif a +f—b> —1land m > 1 + a + 3,
then

(1*P)1+a+ﬁ_m, ng <1.

1
—por) (1 ="Pw(rNdr<c
/0<1 pr) (=P ylrdr <e o

Proof. With the notation in Definitions[I]and 2] we have

/01(1 —pr) " (1= r)Py(r)dr= /()r0+/r: —hrh
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The first integral is bounded for 0 < p < 1. As for the second integral, for p > rp we have

e[ ma-nf (- = [T [

o)™ ra+[>’ o (1) ’

/m“ pr) (1 —7) o

¢ ! — o)™ _r(x+B—b(l_r)b r

te [[(—pr (- P

C(l_p)a P _ o) ra+ﬁ7a r

< o) /ro(l pr)"(1—r) d
(1-p)

c s —pr) (1 — )4 tB-b gy
re o [ e rar

and the result follows from Lemma since o« +f —a>a+p—b>—1 and
m>14+o+B—a>1+a+p —b. The constant ¢ is not necessarily the same in
different expressions. g
The following Theorem is the main result of this paper.
Theorem 1. If {@,y} isanormal pair, then h! (W)* ~ ho.(@) and ho(@)* ~ h! (y).

Proof. Asfollows from Theorem A, it is sufficient to prove the inequality

Z 1Qa,y)|W(x)dv(x) < W veB. @)

In the multidimensional case, Qy(x,y) cannot be written in the explicit form, but for our
purposes it is sufficient the estimate

C
‘Qa(an’NSWa | <1, [y[ =1, &)

obtained in [7]] (Lemma 2.7).
Let x = rx’ and y = py’ be the polar form of points x,y € B (i.e. ¥,y € 5,0<r, p < 1).
Passing to the polar coordinates (taking into account that dv(x) = n”"~'drdo(x')) and using

the estimate (3)), we get
1

/IanyledV( =n//\any)lw - ldrdo(¥) <

0
1
<c [y /Wx e ©)
0
As is known, for any m >n —1
do(y) _ 9 X <1

A B
(see, for instance, [7]] (Lemma 2. 9)) From this we get
C
Irpx -y I’" ~ (L=t
independently of y € § (because the measure do(x') is invariant with respect to rotations).

Therefore, taking into account (7)), the inner integral in the right-hand side of (6} can
be estimated by

@)

do(x) < C

\rpx’—y/|”+a - (1_rp)l+a' (8)
S
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It follows from (6) and (8] that

1
/Ianylw( )dv(x /Hp )y ©)

Applying Lemmalfor m=1+0o and B =0 to the right side of (9), we obtain the required
inequality (@). O
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