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Introduction. The history of embedding theorems begins with the works of
S.L. Sobolev (see [1}[2]) and later these results for anisotropic spaces were continued by
different mathematicians. In the papers [3-9] one can find the history of the problem and
different results. This paper is a continuation of [10H12], where we proved embedding
theorems for multianisotropyc spaces for the characteristic polyhedron having one vertex
of anisotropicity. Below we study same problem for the polyhedron with two anisotropicity
vertices. The difficulty of the study of two vertices case is the selection of a “dominant” facet,
which is done in the work.

Multianisotropic Exponents and Their Properties. Let R” be n-dimensional space,
7" the set of all multi-indices. For §,n € R", a € Z', t > 0 let |ot| = oy + -+ + i,
EX =&ML EM N = (¢, ... tT), Dy = %% (k=1,...,n), D* = D{"...D% be
the weak derivative. Let 91 be the completely rekgular polyhedron (f.e., see [10]]) with
vertices [° = (0,0,...,0), I' = (11,0,...,0), > = (0,,0,...,0), ..., I" = (0,0,...,0,1,),
a=(ay,0,...,a,) and B = (B1,B,...,B:) such that o and B have only positive coordi-
nates. Below we denote these vertices by {a!, a?,...,a"?}. Letu’ (i= 1,...,2n—1) be

the outer normal of the (7 — 1)-dimensional non-coordinate face 07! (i=1,...,2n— 1) such
that the equation of the (n — 1)-dimensional hyperplane, containing this face is (o, u’) = 1
(i=1,...,2n—1). For a parameter v > 0 and a natural number k denote
n+2 A\ 2k
P(v.&)=Y (ve“)". M
i=1
Go(v, &) =e P8, ©))
A
Grj(v,€) =2k (vE™ ) e MO, =1, n+2, 3)
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and let Go(t,v), G ;(t,v) (j=1,...,n+ 2) be the corresponding Fourier transforms of these
functions. It is obvious that Gy, G1 s Go, G1 j €8, where S = S(R") is the Schwartz space of
functions infinitely differentiable and rapidly decreasing at infinity.

For any multi-index m = (my,...,m,) we denote
I=1(v)= [ &"...&me MEdg . g, “)
and study the behavior of the functlon I(v) dependingon v:0< v < I.
Lemma 1. For any multi-index m = (my,...,m,) there exist constants Cp,...,Cp,
such that for any v : 0 < v < 1 the following inequality holds:
n ~ | max |“i|
V)| < (Cyllnv|"+---4+Cy|Inv|+Cy)v I1sisam—17 7 Q)

Proof. First we prove Lemmal[I|for n = 3.

Consider the ratios

_:_ 1 (i =1,2,3) and denote by iy one of the indices, for which
m;

04 o,
the ratio is maximal, i.e. max
i=123m;+ 1 mi0+1

. Let ip = 3 and all other rations are less than

o
i T Consider the facet passing through the vertices (/;,0,0), (0,1,,0), o = (o, 02, 03).
m3

Let this face has the outer normal u*. Substituting in Eq. &= v‘“4n, we obtain

‘11 0{2

2/{(13
o —(nn," n3> oo @ \m a o
|I(V)|§Cvi(lu4|+(m#4))/o ¢ ( (771 m, 773> <771 . TI3>

o _y _‘Tl —G-2 — max_(|u/+(mp!
[ B [ 2o )

The last relation follows from the convergence of three integrals and from the inequa-
o oy (05) o o ) &
11t1esm1——m3——>—1 my — —ms3— — > —1. The cases < =
o3 o3 o3 o3 m-+1 m+1 m3+1
(04] . (07) . o
mi+1 m+1 m3+1
Suppose iy # 3 and consider similar rations for the other vertex of anisotropicity.

Let jo be one of the indices, for which the ratio is maximal, i.e.
max ﬁj _ ﬁjo
j=123mj+1 m_,-0+1
(1,0,0), B = (B1,B2,B3), (0,0,13) with the outer normal u?. For jo = 1 we consider the

facet with the vertices § = (ﬁl,ﬁz,ﬁ3) (0,1, ) (0,0,73) and with the outer normal u'.
Then the substitutions & = v —w noé=v —u! n in I) respectively yeild the same result
with a slight change of the form of the integral (for example, /3 instead of /; or ¢ instead of
B and etc.).

The only cases we need to consider are:

and

are studied, in the same way as in [3]] were done.

. Now for jy = 2 consider the facet passing through the vertices

) B B .

a) max and max = ;

i=123mi+1 mp+1 =123mj+1  mz+1
b) @ _ m max P _ B

max and max = .
i= 123m,—|—1 my+1 =123mi+1 m3+1

We only study a), since it is symmetric to b).

At first we consider the case, when the maximum is unique (the equality in these
relations is discussed later), i.e.

@<m1+1% my+1l B m+1l B m+l

[0} m2+17062 mz—i—l’ I33 m3+l7ﬁ3 m3+l'

(6)
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. . 4 . .
Substituting & = v~# 1 in Eq. , we obtain
o _B By 7]

(V)| < cv 1+ (mu)) ///R3 n;nl_@_gn;nz_gn;nr@ X
T

@ wn\%em B B \*B
- (nlaz mny ) - (n1ﬁ3 e ns) o oo b
o o
Xe dThd(nlzTDsz)d nemem -
Let K, M, L be numbers satisfying the relation
o w\M/ B B N\NE O a B B o
Ko 0 B3 . B ok TR, g
m (7710{2 nzn;h) (77137723773) =n  ° Un, U -
By equating the corresponding exponents of 1); (i = 1,2,3), we get a system of linear

equations with respect to the unknowns K,M,L. If we denote x =K+ 1, y=M + 1 and
z =L+ 1, then the equations take the following form:

a B
x+—y+z=m+1,
Olzy B3 :
y—l—ﬁ—iz:mz—l—l, (7

(04
*3)/"’- z=m3+1.
(07%]

By substituting £ = v’”3n and applying similar steps, we get the following system
of linear equations:

X+ +Ez=m1+1,
3

o
—2x+y+&z:m2+1, )]
o Bs

a3

—x+  H4z=m3+1.

(041

So we need to show that either one of Eqs. (7) and (8) has a non-negative solution in
order to ensure that K,M,L > —1.

Using the conditions (6)), it is easy to check that y and z are positive in Eq. (7).

Consider x. By Cramer’s rule and the corresponding substitution, we have

m+1 o /oy Bi/Bs mi+1 my+1 m3+1

my+ 1 1 B2/B3 oy (0%} 03
o mz+1l o/ 1 || B B Bs | A
1— (/o) (Ba/B3) s —o3f mBs—wf

Note that, due to conditions @ we have a3 — a3 3 > 0, so x and A have the same
sign. Let Ay, Ap and A3z be the corresponding cofactors of Laplace expansion of the determi-
nant A along the first row, i.e. A} = (Xzﬁ3 — (X3ﬁ2, Ay = (X3ﬁ1 — (X]ﬁg and Ay = Otlﬁz — Otzﬁl.
Thus, A = (m; + 1)A; + (m2 + 1)Az + (m3 + 1)As. Since the conditions @ hold, we have
A1 > 0. Notice that o A; + 0pA; + 3A3 = B1A| + BaAs + B3As = 0 and each A; cannot be
positive. Consider the following cases:

1. A3 > 0.

1
By(H)we have my +1 > mat

my + 1

o o and m3 +1 > o3. Applying these
2

inequalities to the expansion, we obtain

my+1
A:(m1+1)A1+(m2+1)A2—|—(m3+1)A3> 2

p (Arag + 2200+ Azaz) = 0.
>
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2. A3 <0 and Ay > 0.
As in the previous case, from Eq. (6) we obtain A > 0.
3. A3 <OandA2 < 0.

1 1
gl we also have my + 1 < m+ o, my+1< ml[;_
2 1

1
Suppose that elther — < mi + 1 ﬁl <M 1 holds Then either m3 + 1 < o3 or
o3~ m3 +1° 132 my o
my + 1

B>. The both cases can be proceed analogously to the cases 1 and 2.

o3 m3+1 @ my+1

It remains to consider the case when — < R ,A» <0 and A3 <O,
o mp+1 ﬁl mp+1

where in the case A < 0 consider @]), where x and z are positive. For y we have:

Con51der — and

Bs.

my+1<

1 mi+1 Bi/Bs o (0%} a3
052/061 my+1 ﬁz/ﬁ;; m+1 m+1 my+1
. /o m3+1 1 | | B B2 Bs | A
1—(o3/au)-(B1/Bs) P — a1 Ay

Hence, in this case the signs since of y in Eq. (§) and x in Eq. are of different.
Thus, if A > 0, then the solution of (7)) is positive. If A < 0, then the solution of (@) is positive.
If A =0, then the solutions of each equations are non-negative. We split the integral into four
parts and estimate each one separately. Let [.Lio = 1r<n}'r<15 ,ul-’ (i =1,2), then we have

u

[1(v)] </Ov”?d§1/0v”gd§2/0w"‘ d§3+/‘,(iu?d§1/0r d@/{)m...d&

+/0v“?dél/vgﬂgdéz/:...déﬁfov”?délfov ag [ ... &

=h+bL+5L+1.

By substituting & = yH n in Iy, we get
2kl 2k1
1 < ey (HH(mat) /dm/ dnz/ e g,
< ey (W m)) [T ey < cy-(w! e (n)),
) "

Since the last integral is non-negative, then 0 < n; < v -y <land0<mn < v 1 <1
if0<&E <vHMand0< & <vis,

Similarly, one can estimate /5, I3 and I4, considering the solutions of @]) and with

. . . 2 TR TV

the corresponding substitutions E = v #'n, E=v # nand & = v H.

As a result in this case we obtain

— max_(|w/+(m.p!
H(v)| < (Cilnv +Cy)v =l s )).

- . . o +1
Now we return to the case of equality in Eq. (6] there is an equal sign. If G _mMmTe
Oh my+1

and P < ms3 i o then the solution of H is non-negative and the integral can be estimated
2
o 1 o 1 o 1
as in the case A=10. If at} < mit and & _m + , the a_mt . This case has
o m+1 o mp+1 oz m3+1
l31_m1+1 ﬁz m2+ B 2+1

, then < . This case is

already been discussed. If <
Y B3 m3+1 [33 ms3 B
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1 1 1
handled in the same way as jo = 1. If E < mt and & my + , then & < et ,
B  ma+1 Bz mz+1 B  ma+1

so we can apply the case jj = 2.
Now we prove the LemmalI] for any n.
We cut the completely regular polyhedron 9t with the hyperplane (/ Vit o).
Now we consider the polyhedron 91 with vertices (/ Lo, o), which has one anisotropicity
vertex o. Now, if for some i (i = 1,...,n) we apply the substitution & = v~#'n to , we
obtain _ _
11(v)] < ey (I +(mu)) o

o @ % %yp g\ 2K
-y ‘—~~~—<n1“’ e mim ...nn“’> A T R S R
% /Rne 1 M ni %
%it] oan | %1 %it] an
Mit1— g Mn—"g; o @ o o
XM,y e M 'dn1-~~d<771’ e Mis] MMy -+ >...dnn.
Let ky,kz, ...k, be numbers satisfying the following relation:
B a %1 iy, o\ ki
] o o o kn
TI1'--~(771 c Ml MiMip{ -+ T ) N
9 %1 %it] an
m =g M1~ oy Mt g M=
=M Mg i Mt - Mn
By equating the corresponding exponents of 7); (i = 1,...,n), we get a system
of linear equations with respect to the unknowns ki,kp,...,k,. Denote x| = k; + 1,
x2 =ky+1,..., x, =k, + 1. Then the equation takes the following form:
x+ +oy /oyx; =m;+1
x+ too/ox; =my+1
.......................................... ©)
X; =m+1
Otn/OC,‘xi—F +x, = m, + 1.

If a polyhedron 91 has one vertex of anisotropicity ¢, than as it is shown in [12]], there
is a facet with the outer normal p’© such that the system of linear Egs. @) has a non-negative
solution after the substitution & = v‘“lon. Suppose after the substitution & = Yo n, the
system (9) has a non-negative solution. If in the obtained polyhedron 9 the sought-for facet
corresponding to the substitution iy is not the facet (I',12,...,1""! &), then, since this facet
is as well a facet of the polyhedron 91, the problem of finding the sought-for facet is resolved.
If the sought-for facet is (/',/%,...,I"~ &), which is not a facet of the polyhedron 91, then
we consider the following n pieces (n — 1)-dimensional facets of the polyhedron 0, passing
through the vertices {I',2,...,1" 1 B}, {I',1?,....1"2. B, a}, {I",I?,....,1" 3. B, "' a},
LB B a, {B, 2, .. 1 a). Then we prove, that at least for one of them
one of the following n systems of linear equations has a non-negative solution:

X1+ +Bi/Bixi+ 4o /0x, =m;+1

Xi + +(X,'/Oénxn =m;+1 (10)
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. . . o .
Not that for i = 1,...,n the variables with coefficients of the form — (i = 1,...,n) are zeros

O
in (T0).

Suppose S = {a!, a?,...,a"2} C R" and denote

n+2 ) )
cone(S) = {Zc;al |[n>—1,a'€S,ci €R,c; 20}.
i=1

For So = {I',1?,..., "', &} C R" we denote

1 0 -+ 0 ooy
—AWLRL ey = e D =10

0o o0 - 1 a1/

00 0o 1

Let B € R". _
For S = (So\{'})U{B} (i=1,....n—1), 85, = (So\{a})U{B} we have

- . B 1 /o o B
A=A B ) = 0 —— =1,...n—1),
Al P los B :
Lo -0 51/ﬁn
A=A, gy =0 1 et o x,
0O 0 --- 1 ﬁnfl/ﬁn
00 - 0 1

Denote I ={1,2,...,n— 1}. Let I = I |J I, where I is the set of indices i, for which
the signs of A; and Ay coincide and b, =17\ .

First we prove that A; and Ag have the same sign for some i € /. The equation of the
hyper-plane that cut 9tis A, (x) = A(x—1l1,lb—11,...,l,—1 —l1,00—1;). Denote by f3 the point
that was left out of 91 after the cut. Then it is obvious that 8 and 0 lie in different halfspaces,
i.e. Ap(0)-A,(B) <0. Notice that —A,(0) = A and, thus, A,(f) and Ag have the same sign.

Using the properties of the determinant, it is easy to show that ZAi =A,(B)—A,(0) =
i=1

Ay(B) + Ao. Then since Ag and A, (f3) have the same sign, their sum also has the same sign.

Thus Z A; has the same sign as Ag. So at least one of A; has the same sign, as Ag.

So at least one of the systems of linear Egs. (I0) has a non-negative solution. Let

m+1 € cone(Sp), then there is a vector mo = (mq 1, ...,mo,) with non-negative coefficients
n—1

such that m+1 = Z mo_jl! +mg ,a. Consider the system of linear Eqs. (10), for which
j=1

i € I1. Let x; be the solution to the i-th equation. Then by Cramer’s Rule, using the properties
of the determinant for j < i, we get

xij =AW T e T B L a)
=mo A2 g B )

oo A P B )

o dmo A PP BT )
. . . . A
o mo A P T o T B ) :moh,'+mo7ixj.

i
For j > i, the i-th and j-th rows are switched yielding the same result as for j < i.
Using the properties of the determinant for i = j, we obtain
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xii= AL T m 1 o) = m A P T )

g AP U T ) A mg A P T o T @)

Ay
=my;—.
0,i Ai

A A;
Note that XO >0 for i € I} and Xj <0 forie€l and j € I, since the signs of

i i
Aj and A; do not coincide and the signs of Ap and A; coincide and are non-zero. Thus we
have mg ; > 0,x;; >0and x; ; >0 forany i€ /; and j € .
Now, we express x; ;, where i # j € I, in terms of x;; and x; ; as follows:
Aj Aj ( Ao Ao) _ Aj

= \moj— —moi— | = —\Xjj—Xii)
Ai AO ]Aj L ( JsJ ll)

Xij =mo j—mo;
L 2J ) Ai AO

Let k be such that x; ; = r_niInx,-,,-. We claim, that the vector x; is non-negative and we
e
only need to show that x; ; > 0, k # j € I;. Due to the choice of k we have x; ; —x; x > 0 for
Aj Aj
jel;and —L >0andsox, ;= -2 (x;; —xpx) > 0.
Jeh Ao k.j Ao ( Js k7k) =

For i = n the system @ also has a non-negative solution, since x; ; = mg ; > 0,
j=1,...,n.

Thus, we showed that at least one of the system of linear Egs. has a non-negative
solution. O

Corollary. It follows from the proof of Le‘mmal[l} that the power of logarithm in
the inequality depends on the zeros of the system (I0), i.e. instead of n in (5)) we can take the
maximum number of zeros of the system (I0). In particular, if the system has no zeros,
then the constants Cy,...,C, can be taken to be zeros.

Multianisotropic Kernels and Their Properties. Consider the multianisotropic
kernels (3, denoting

A ; i\ 2k—1
G j(t,v) = (2;)3 /R e (2k) (vé“”) PV g

We study the properties of Gy, GAl_ﬂ,- es.

Let u' (i =1,...,n) be the outer normal of the (n — 1)-dimensional face, which is
passing through the vertices {a!, &2, ..., a’~!, a'*! ... ", 6}, where ¢ is or ™!, or o +2.
Denote by y= (¥',...,7") the point of intersection of the hyper-plane with the outer normals
u',...,u". Suppose the relation y; < < - < Yy < Yoorp1 < < Y% (r=0,1,...,n—1)
holds between the coordinates of the vector 7.

As in [12]], we build a set of vectors ${ and 23. Then, when 0 < v < 1 for (A?l_,j(t, V) we
have the following results (the proof is similar to the proof of Lemma 1.1 and 1.2 in [|12]]):

Lemma 2. Lety; <P < - <Y—r < VYp—rt1 < -+ < %,. Then for any multi-index
m and any even number N, for which N[ has only even coordinates, there exist constants C;
(i=0,1,...,n) such that forany v, 0 < v < 1,

- max i
y i=le2n-1 (Cn\lnv\”+~~+Co)

(L4+VNENY 4 NP o 4 gNG)) (14 v N(NY - 4 fNO))

where out of all subsets of L[ corresponding to 5 the one present in the multipliers of the
inequality is the smallest.

ID"Gy ;| < (11)
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Lemma 3. Letyy <P < <Y%—r < Y—rt+1 < -+ < %, Then there exist numbers

a; (i=0,...,1) and a natural number Ny such that for any v, 0 < v < 1, and N > Ny the
following inequality holds:

/°° (n) /°° dt; ...dt,
0 0 (L+VNENT NP oo (NO)) oo (T VN (VY - 4 4NO)) (12)

where [ (I < r) is the number of equalities among the coordinates of the vector
Y=, )

Regularization of a Function and Integral Representation Through a Multi-
anisotropic Kernels. For any measurable function f consider the regularization with the
kernel Go(t,V):

1
(2m)?

Then the function f,, will have the usual properties of the regularization, i.e.
Lemma 4.1f f € L,(R"), 1 < p < oo, then f, € L,(R"), ||fv||Lp(Rn) -0
as v —ooand lim ||y — fl[; nm) = 0.
v—0 P

folx) = /nf(t)éo(t—x, v)dt, xcR" (13)

As in [12] (see Theorem 3.1), we can prove the following theorem of integral
representation using the regularization (13): .
Theorem 1. Let a function f have the weak derivatives D‘_X' f, where
i=1,...,n+2, o are the vertices of a completely regular polyhedron 91 and D% f eL,(R"),
i=1,...,n+2,1 < p < oco. Then for almost all x€R" it has the representation
n+1 1

f(x) = fulx) +1lim )

£—0 7= (275)%
Embedding Theorems for Multianisotropic Spaces. Denote W;ﬂ (R") ={f:

feL, (R"), D‘)‘l‘feL,7 (R"), i=1,...,n+2} and call the multianisotropic Sobolev space
with the norm

h i A
/ dv/ DY F(1)Gy i(t —x, v)dt. (14)
8 n

n+2

17l = X |1

L,

Using the results of the previous section we can prove the following embedding
theorem for multianisotropic spaces with two vertices of anisotropicity (for multianisotropic
spaces with one vertex of anisotropicity see [|12] , Theorem 4.2):

Theorem 2. Let Nn<n<---< ’}/ner Yan—r+1 S S Yo D and q (pSQ)
be numbers such that 1 < p < e or | < p < o and g = e, m = (my,my,...,my,) be

. . ; 1 1
amulti-index. Denote y = max _(|u’|+ (m,u’)) — min |u’ (l ——+ )
i=1,. 042 i=1,.r P q
If x <1, then D"W (R") < Ly(R"), i.e. any function f € W)'(R") has a weak
derivative D" f € L,(R") and for any & > 0 the following inequality holds:

n+2 .
10" Fll gy < B (areal Il a0 ) Y ||D f
i=1

Ly(R") (15)
7 (bn 1] o ) Ll ey
for some constants ag, .. .,d;y, bo, - - . ,briy, and [ (I < r) is the number of equalities between

the coordinates of the vector Y= (Y1,..., %)
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