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Typed A-terms, Canonical Notion of 5-Reduction. The definitions of this section
can be found in [1H3]. A partially ordered set is said to be complete, if each of its linear
ordered subsets has the least upper bound. It is easy to see that every complete set has a least
element. Let A, B be nonempty partially ordered sets. A mapping ¢ : A — B is said to be
monotonic, if @ C b implies ¢(a) C @(b) for all a,b € A (C is the symbol for partial ordering
relation).

Let M be a partially ordered set, which has an element L, which corresponds to the
indeterminate value. Each element of M is comparable with itself and with L, which is the
least element of M. Let us define the set of types (denoted by Types).

1. M € Types.

2. If B,ay,...,04 € Types (k > 0), then the set of all monotonic mappings
from a X ... x o into B (denoted by [a] % ... x o — B]) belongs to Types.

If oo € Types, then the order of type o (denoted by ord(o)) will be a natural
number, which is defined in the following way: if @ =M, then ord(a) = 0,
if a =g x..xoaq — PB], where B ,a,..qx € Types, k > 0, then
ord(at) = 1+ max(ord(ay),...,ord(o),ord(P)), if x is a variable of type o and a constant
¢ € o, then ord(x) = ord(c) = ord(a). Every type o € Types is a complete set (see [1])).

Let o € Types and V/ be a countable set of variables of type o, then VI = | |V

acTypes
is the set of all variables. The set of all terms, denoted by AT = U AT where AL is
acTypes
the set of terms of type «, is defined in the following way:
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1.Ifce a, o € Types, then c € Ag;

2. Ifxe VI, a € Types, then x € AL;

3.Ifte A[le...xakaﬁ]’ t; € Agi, where B, o; € Types, i=1,....,k, k>1, then
T(t1,..., 1) € AE (the operation of application);

4.Ift e A[Ti’xi € VO{., where fB,0; € Types, i # j = x; #xj,i,j=1,...,k, k> 1, then
Axy...x[T] € A[Tml «...xaqp) (the operation of abstraction).

The notions of free and bound occurrences of variables in terms as well as the notion
of a free variable are introduced in the ordinary way. The set of all free variables of a term 7 is
denoted by FV (¢). A term which doesn’t contain free variables is called a closed term. Terms
t1 and 1, are said to be congruent (which is denoted by #; = 1,), if one term can be obtained
from the other by renaming bound variables. In what follows congruent terms are considered
identical.

Let t € AL, a € Types and FV(t) C {y1,-..,u}, Yo = OY,...,)Y), where
yi € VﬁTi7 W € B, Bi € Types, i=1,...,n, n > 0. The value of the term  for the values of the

variables y1,...,y, equal to yo = (?,...,)0) is denoted by Valy; () and defined as follows:

1.If = c and c € a, then Valy, (c) = c;

2.Ift =x, x € V[, then Valy, (x) = ¥ , where FV (x) = {x} C {y1,...,y.} andx = y;,
i=1,....n,n>1;

3. Ift=1(ty,....t) € AL, where 7 € A[Ygxlx...xakaa]’ti € Agi,ai € Types,i=1,... .k,
k> 1, then Valy-o(f(l‘l,...7tk)) = Valy—o(r)(Valy—o(tl),...,Valy—o(tk));

4. It = Axy...x;[t] € AL, where o = [0 x ... x o — B], 7 eAZ;, xi € Vg,
B,a; € Types, i=1,...,k, k> 1, then Valy (Ax ... x[7]) € [ X ... x o — B] and is de-
fined as follows: let {y(,...,ya}\{x1,.. ..} ={yj,,---, ¥}, s >0, andzbz(y?l,...,y%,
then for any 5y = (x7,...,2?), where x¥ € o, i = 1,...,k, Valy (Ax;...x[7])(xY,...,x0) =
= Valy, 7 (), where %, 7 = (x9,... J,?,y?l,...,y(}r).

It follows from [[1], that for any yo = (¥, ...,y%) and y; = (y},...,yL) such that yp C yi,
where y?,y! € B; (1 <i < n), we have the following:

1. Valy (t) € a;

2. Valy—o (l) - Valy—l (l)

Let terms t,t € AL, o € Types, FV(t})) UFV(t2) = {y1,.--,yu}, i € Vﬁf,
Bi € Types, i=1,...,n, n >0, then terms #; and t, are called equivalent (denoted by
t1 ~ 1), if for any yo =< Y,...,»0 >, where y? € B, i = 1,...,n, we have the following:
Valy, (1)) = Valy, (12). A term ¢ € A, o € Types, is called a constant term with value a € ¢,
ift ~a.

Lemma 1 LetteAL, FV(t)={y1,...,yn}, y,-GVﬁTi, Bi € Types,i=1,...,n,
n >0, and for every m € M\ {L}, t o m, then Valg(t) = 1, where Q = (Qy,...,Q,), Q;is
the least element of the type B;, i=1,...,n.

Proof. Ift ~ L, then it is obvious that Vals(t) = L. If t ot L, then there exists
suchm e M\ {L}andyo=(3?,...,y°), where y? € B;, i=1,...,n, that Valy (t) = m. Since
Q C y, we have Valg (1) C Valy, (t) and from 7 4 m it follows that Valg (1) # m. Thus we get
ValQ (l) =1. Il

Further, is assumed that M is a recursive set and considered terms use variables of
any order and constants of order < 1, where the constants of order 1 are strong computable,
monotonic functions with indeterminate values of arguments. A function f : MF M , k>1,
with indeterminate values of arguments is said to be strong computable, if there exists an
algorithm, which stops with value f(my,...,my) for allmy,...,m; € M (see [2])). We suppose
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that each strong computable function with indeterminate values of arguments is given by its
algorithm. We denote all such terms by A7 and denote all such terms of type a by AL.

The notation #[f1, ..., ] is used to show mutually different variables of interest xy, ..., xg,
k > 1, of a term ¢. The notation #[fy,...,#] denotes the term obtained by the simultaneous
substitution of the terms #1,...,# for all free occurrences of variables xi,...,x; respectively,
where x; € Vg, i # j = xi £ xj, ti € AL, 0 € Types, i,j=1,...,k, k> 1. A substitution
is said to be admissible, if all free variables of the term being substituted remain free after the
substitution. We will consider only admissible substitutions.

A term ¢ € AT with a fixed occurrence of a subterm 7; € AL, where a € Types,
is denoted by f7; and a term with this occurrence of 7y replaced by 7,, where 7, € Ag
is denoted by 1, .

A term of the form Axi.. .xk[r[xl, e ,ka(l‘l, e ,l‘k), where x; € Vl;;"
i£j=>x#Zx, €A 1€ Agi, o; € Types, i,j=1,...,k, k> 1, is called a B-redex,
its convolution is the term tlzy,...,f#]. The set of all pairs (7, 71 ), where 7y is a -redex and
T| is its convolution, is called a notion of B-reduction and is denoted by f3.

A term 7 is said to be obtained from a term #y by one-step B-reduction (denoted
by 19 =g 11 ), if to =tq,, 11 =t;,,70 is a B-redex and 7y is its convolution. A term ¢ is
said to be obtained from a term #y by B-reduction (denoted by o —— gt ), if there exists
a finite sequence of terms fy,...,t, (n > 1) such that /; =1, t, =t and ¢ —p ti+1, where
i=1,....n—1.

A term containing no [-redexes is called a fB-normal form. The set of all
B-normal forms is denoted by 8 — NFT . It follows from [4] that every term ¢ € AT is strongly
B-normalized, i.e. every f-reduction chain for the term 7 has a finite length. Therefore, for
every termt € AT there exists a term T € B —NF T such that ¢ ——p T.

5-redex has a form f(t1,...,t;), where f € [MK — M|, ; € AL, i=1,....k,
k > 1, its convolution is either m € M and in this case f(¢,...,%) ~ m or a subterm #; and
in this case f(f1,...,t) ~t;, i=1,...,k. A fixed set of term pairs (7p, 7)), where Ty is a
d-redex and 1) is its convolution, is called a notion of §-reduction and is denoted by §.

A term £, is said to be obtained from a term fy by one-step d-reduction (denoted by
to —s 1), if tg = 14, 11 =17, Tp 18 a O-redex and 7 is its convolution. A term ¢ is said to be
obtained from a term #y by d-reduction (denoted by tg —— 5 1), if there exists a finite sequence
of terms #1,...,t, (n > 1) such thatt; =1y, t, =t and t; =5 t;y1, wherei=1,...,n— 1.

A term containing no J-redexes is called a J-normal form. The set of all
5-normal forms is denoted by § — NFT. Tt follows from [4], that every term ¢ € A” is strongly
d-normalized, i.e. every &-reduction chain for the term ¢ has a finite length. Therefore, for
every term ¢ € A’ there exists a term T € § — NFT such that t ——5 7.

A term ¢, is said to be obtained from a term 7y by one-step 8 §-reduction (denoted by
1o —ps N ), if either ¢, —>p 11 OF 1) —>5 I1. A term ¢ is said to be obtained from a term ¢,
by B d-reduction (denoted by tg —— ps 1), if there exists a finite sequence of terms 71, ...,
(n>1) suchthatt; =19, t, =t and t; —gg ti11, where i=1,...,n— 1.

A term containing no 8 -redexes is called a normal form. The set of all normal forms
is denoted by NFT. Due to [4] every term ¢ € AT is strongly B&-normalized, i.e. every
B3-reduction chain for the term ¢ has a finite length. Therefore, for every term ¢ € A’ there
exists a term 7 € NFT such thatt ——gs .

Note, that if #; ——ps I, thenty ~ 1, where 11,1, € Ag, a € Types [4].

A notion of d-reduction is called a single-valued notion of §-reduction if 8 is a single-
valued relation, i.e. if (7, 71) € § and (7y, T») € &, then 7| = 7o, where Ty, T, T2 € AL,

A notion of J-reduction is called an effective notion of J-reduction, if there
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exists an algorithm, which gives its convolution, if f(¢,...,#) is a §-redex and stops with a
negative answer otherwise for any term f(t1,...,%), where f € [M* — M|, t; € AL},
i=1,....k, k>1.

Definition 1. An effective, single-valued notion of J-reduction is called
a canonical notion of §-reduction, if:

1.teB-NFT t~mmeM\{L}=t—>—sm;

2.teB—NFT FV(t)=0,t~ L =t——s L.

Ift€B—NF', t ~m meM\{L}, then t =m or t = f(t1,...,t;), where
€A, teB-NFT, fe[M— M|, i=1,....k, k> 1. We introduce the notion of
rank for such terms: rank(m) =0, rank(f(t1,...,t;)) = 14 max(rank(tj,),...,rank(t;)),
where ¢, (1 < r <s,s > 0) is a constant term with value belonging to M\ { L} and ¢, ,...,t;,
is the maximal subsequence (of such terms) for the sequence ¢, ..., #.

Theorem 1. On Canonical Notion of d-Reduction. For every recursive set of
strong computable, monotonic functions with indeterminate values of arguments there exists
a canonical notion of §-reduction.

Proof. Let C be a recursive set of strong computable, monotonic functions with
indeterminate values of arguments. Now we define the notion of §-reduction for the set C.
For every function f € C, where f : M — M,k > 1, we have:

if f(my,...,mg) =m, where m,my,...,my € M, m+# L, then (f(uy,..., ), m) €9,
where y; =m; if mi# L, and i =t;, i €Al if mi=_1,i=1,....k, k> 1;

if f(my,...,mg) =L, where my,...,m € M, then (f(my,...,my), L) € 0.

Let us show that J is a canonical notion of §-reduction. It is easy to see that J is an
effective, single-valued notion of §-reduction.

l.Lett € B—NFT, t~m, me M\ {L}. Letus show that t ——g m. If rank(t) = 0,
then t = m, and t —»—g m. Let rank(t) =n > 0, then r = f(11,...,t), where f € C and
ti €A, i€ B—NFT,i=1,....k, k> 1, and we suppose that Def. [1|(p. 1) holds for the
terms of a rank < n. If t; ~ m;,;m; € M\ { L}, then by the induction hypothesis, t; —— s m;,
i=1,...,k. Therefore f(t1,...,t) =>—¢ f(T1,...,T), where T; = m; if t; ~ m;, m; € M\ { L},
and T; = 1;, otherwise, i = 1,... k. According to the Lemma 1 we have f(u,..., ) = m,
where ; = 7; if ; =m;, m; € M\ {L} and y; = L otherwise. Thus, (f(71,...,%),m) € 6,
f(tl,...,tk) ——s f(Tl,...,Tk) s mandt—>—>5 m.

2.Lett € B—NFT FV(t)=0, t ~ L. Itis easy to see that in this case t ——5 L.[]

Theorem 2. Letd be acanonical notion of d-reduction, then:

LieAy, t~m meM\{L}=1——psm;

2.1 €A, FV(t)=0,1~ L=t ——ps L.

Proof.

1) Let t € AL, t ~m, m € M\ {L}, then, according to [4], there exists a term
7€ B —NFT such that ¢ ——p T and 7 ~ m. Therefore, according to the Def. 1| (p. 1)
we have T ——5 m, and 1 ——pg5 m.

2) If t € AL, FV(t) = 0,1t ~ L, then, according to [4], there exists a term
T € B —NFT, FV(t) =0 such that t ——4 T and 7 ~ L. Therefore, according to the
Def. [T|(p. 2) we have T ——5 L, andt ——ps L. O

Lemma 2. Let § be a canonical notion of §-reduction, let t[x] € AL, x € VI,
o € Types and t[x] »—psm, m € M\ {L}. Then for any T € A}, we have 1[t] —»—p5 m.

Proof. Ax[t[x]](t) ——ps Ax[m](T) —pg m, therefore, according to [4] we have
Ax[t[x]] (T) ~ m. On the other hand, Ax[¢[x]] (T) —p ¢[7] and according to [4] ¢[7] ~ m and so
from the p. 1 of Theorem 2, we get ¢[t] ——ps m. O
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Untyped A-Terms. The definitions of this section can be found in [3,/5]]. Let us fix a
countable set of variables V. The set of terms A is defined as follows:

1.if x €V, thenx € A;

2.if 11,1 € A, then (1113) € A (the operation of application);

3.if xeVandr € A, then (Axt) € A (the operation of abstraction).

Let us introduce the following shorthand notations: a term (... (#1%2)...1;), where
€A i=1,....;k, k> 1, is denoted by #1t...5 and a term (Ax; (Axz(...(Axpt)...))),
where x; €V, j=1,....,n, n>0, t € A, is denoted by Axixs...x,.1.

The notions of free and bound occurrences of variables in terms as well as the notion
of free variable are introduced in the conventional way. The set of all free variables of a term
t is denoted by FV (¢). A term, which doesn’t contain free variables, is called a closed term.
Terms #; and t, are said to be congruent (which is denoted by #; = 1,), if one term can be
obtained from the other by renaming bound variables. In what follows congruent terms are
considered identical.

The notation #[xj,...,x] is used to show mutually different variables of interest
Xiy...,Xg, k> 1, of a term . The notation #[ty,...,#] denotes the term obtained by the
simultaneous substitution of the terms 71, ... ,#; for all free occurrences of variables x|, ..., x

respectively, i # j = x; Zxj, i,j=1,...,k, k > 1. A substitution is said to be admissible,
if all free variables of the term being substituted remain free after the substitution. We will
consider only admissible substitutions.

A term t with a fixed occurrence of a subterm 7; is denoted by 77, , and a term with this
occurrence of 71 replaced by a term 7, is denoted by #,.

A term of the form (Ax.f[x])7 is called a B-redex and the term ¢[t] is called its
convolution. The set of all term pairs (7o, 1), where Ty is a B-redex and 1) is its convo-
lution, is called a notion of B-reduction and is denoted by f3.

A term f; is said to be obtained from a term fy by one-step -reduction (denoted
by to —g t1) if to = tg,, 1 =tr, To is a B-redex and 7; is its convolution. A term ¢ is
said to be obtained from a term # by f-reduction (denoted by #y ——p ?), if there exists
a finite sequence of terms #y,...,t, (n > 1) such that ty =1, t, =t and #; —p ;.1, Where
i=1,....n—1.

A term containing no f-redexes is called a normal form. The set of all normal forms
is denoted by NF and the set of all closed normal forms is denoted by NF®. A term ¢
is said to have a normal form, if there exists a term 7T such that T € NF and ¢ ——p T.
From the Church—Rosser theorem [5] it follows, that if ¢ ——p T1,t =>—p T2, T1, T2 € NF,
then 71 = 1.

If a term has a form Axj...xg.xt; ...1,, where x,...,x¢, x €V, t1,....,t, €A, k,n >0,
it is called a head normal form and x is called its head variable. The set of all head normal
forms is denoted by HNF. A term ¢ is said to have a head normal form, if there exists a term
7 such that T € HNF and t ——g 7. Itis known that NF C HNF, but HNF ¢ NF (see [5]).

Let Axp...x.((Ax.t)T)ty...t, be a term, where xi,....x,, x € V, f1,... .1y,
T € A, k,n >0, then the B-redex (Ax.t)7 is called a head B-redex. Obviously, every head
B-redex of the term is its left B-redex, but not every left f-redex of the term is its head redex.
Recall that if a term has a head normal form, then the reducing chain, where always the head
B-redex is chosen, leads to a head normal form and if a term has a normal form, then the
reducing chain, where always the leftmost 3-redex is chosen, leads to the normal form [J5].

Lemma 3. [3|]. Lett; be a term with a fixed occurrence of a term u, which
doesn’t have a head normal form, and let v be any term, then:

Lty —=—p1, where T € NF =t ——p T;

2. t, has a head normal form =- ¢, has a head normal form.
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Translation. Let M be a recursive, partially ordered set, which has a least element L
and every element of M is comparable with itself and with L. Every m € M is mapped to an
untyped term in the following way:

if me M\ {L},thenm’ € NF° and for any mi,my € M\ { L}, m; #my = m' Zm)/;

if m= 1, thenm' = Q= (Ax.xx)(Ax.xx),x € V.

We say that a term @ A-defines (see [2]) the function f : Mk — M,k > 1, with

indeterminate values of arguments, if for any my,...,m; € M we have:
f(ml,.. . ,mk) =m 75 1= CI>m1’...mk’ —)—>ﬁ m’;
f(my,....,myp) =1 = ®Pmy’...m; doesn’t have a head normal form.

We consider typed terms using functions from a recursive set C. Every f € Cis a
strong computable function with intermediate values of arguments, which has an untyped
A-term that A-defines it. From [2] it follows that every f € C is a strong computable, mono-
tonic function with indeterminate values of arguments. Thus, according to the Theorem 1,
there exists a canonical notion of §-reduction for the set C. Let us consider the algorithm of
translation of any typed term ¢ to untyped term ¢’ studied in [3]:

if t=méeM, thent =w;

if 1 €C, then FV (') =0 and ¢’ A-defines ;

if t=xec VT, thenx’ €V and forany x;,x € VT, x; Zx = x' Zx';

if r=1(t,...,1), k>1,thent’ =7'ty...¢/;

if t=Ax;...x,[7], n>1,thent =Ax)"...x,/. 7.

Lemma 4.[3].t,te N1 =11 ——p 7.

Lemma 5. Let 6 be a canonical notion of d-reduction, then:

LieB—NFTt—s—sm meM\{L} =1 —»—pgm,

2.t€B—NFT FV(t) =0,t -—5 L =t does not have a head normal form.

Proof.

DLett € B—NFT t -—5m, me M\ {L}. We have two cases: la) FV(t) =0, and
1b) FV (1) # 0.

la) Let t € B —NFT, FV(t) =0, t =—5m, me M\ {L}. We will show that
' =g m. Let 1 =51 —g5... 510, =m, where t; € B —NFT, FV(1) = 0,
i=1,...,n, n>0. If n=0, then r =m, t' =m and ' == m'. Let n >0
and suppose that (la) holds for n— 1. Let 7 =ty . m) —>6 my = 11, Where
(f(my,...,my),mp) € 8, mo,my,...,mp € M, k> 1.

If mg # L, then f(my,....mx) = mg = f'm\...mj ——pg my and
= t}/m']...m;( ——p t:”f) =1|. Since t; =5 ... —§ 1, = m, by induction hypothesis we get
1, ——p m'. Therefore, 1" ——pg m'.

If mo= 1, thenr; =t and 1] =1,. Since t; —5 ... =5 t, = m, by induction hypothesis

we get, t; ——pg m'. Therefore according to the p. 1 of Lemma 3, 1" = t},m/l ., B m'.

1b) Let t € B — NFT, FV(t) # 0,t -—5 m, m € M\ {L}. We will show that
! ——pg m'. Let FV(t) = {x1,...,x}, x; € Vo, o € Types, i = 1,...,5, s > 1.
Let Q; € Ag, be a term that represents the least element of type ¢; obtained by the operation of
abstraction and term 1, i=1,...,s. One can show that Q; does not have a head normal form,
i=1,...,s Since t =t[xy,...,xs] =—¢ m, then according to [4] t[x1,...,xs] ~ m, therefore,
t[Qy,..., Q] ~ m and according to the p. 1 of Theorem 2 we get t[Q,..., Q] ——pgs m.
According to [4] there exists aterm T € B —NFT, FV(t) =0, such that t[Q,..., Q] ——g T
and T ~ m, then by Def. 1 (p. 1), we conclude that T ——5 m. From Lemma 4 it follows
that, 1'[Q},...,Q{] ——p 7', by the case (1a) we get ' ——g m’. So, '[Q],..., Q] ——pg m’
and, according to the p. 1 of Lemma 3, ¢ =¢'[x},...,x{] =—p .
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2)Let t € B—NFT, FV(t) =0, t -—5 L. We will show that #' does not have a head
normal form. Let ¢t —s5t —5 ... 25ty = L, t; € B — NFT, FV(t) = 0,
i=1,...,n,n>0.Ifn=0,thent = 1, = Q and ¢ does not have a head normal form.
Let n > 0 and suppose that (2) holds for n — 1. Let 7 = 5y, . —s tmy = t1, where
(f(my,...,m),mo) € 8, my,my,....m € M, k> 1.

If my # 1, then flmy,...om) = mo = f'mj..m ——p m,
s’ t,’n{) =1. Since fj =5 ... =51, = L, by the induction hypothesis

)

=t
= f'm)..m
ti does not have a head normal form. Therefore, #' does not have a head normal form too.

If mo=_1, thent; =¢, and 1] =1,. Since t; —g ... =5 1, = L, by induction
hypothesis | does not have a head normal form. Since f(my,...,my) = L, f'm|...m) does
not have a head normal form. Therefore according to p. 2 of Lemma 3, ¢’ = t},m, ol does

1k

not have a head normal form too. 0

Now we give an example of canonical notion of d-reduction and a term 7 such that
t€B—~NFT FV(t)#0,t -—5 L and term ¢’ has a head normal form. Let M = NU {1},
where N = {0,1,2,...} and suppose that C = {f}, where f : M — M satisfies f(m) = L for
any m € M and so f € [M — M]. Let 8 = {{f(7),L)|t € AL}, itis easy to see that § is the
canonical notion of §-reduction. Let ' =Q,0' =1, (n+ 1) = AxxFr', f/ = Ax.xQ, where
Q = (Axxx)(Axxx), I = Ax.x, F = Axy.y, x, y € V. Itis easy to see that the term f € A
A-defines the function f. Let t = f(z), where z € VJj. It is easy to see that
flz) € B—NFT, FV(f(z)) = {z} # 0, f(z) —s L, therefore, f(z) -—s L and
' = f'7 = (AxxQ)7 —pg 7/Q, where 7/ € V and 7/Q is a head normal form.

Theorem 3. On Translation. Let 6 be a canonical notion of 8-reduction, then:

LieAy, t—w—gsm meM\{L} =1 ——pgn';

2.teANL FV(t)=0,1 ——ps L = 1’ does not have a head normal form.

Proof.

1) Let 1€ A}, t =—psm, meM\{L}. According to [4], there exists a term
7€ B —NFT such that ¢ ——p T and T ~ m. From Lemma 4 it follows that ¢’ ——g T
By Def. [1|(p. 1), T ——5 m, and, according to the p. 1 of Lemma 5, we get T’ ——pg m'.
Therefore /' ——g m'.

2) Let t €A}, FV(t) =0, t ——pgs L. According to [4], there exists a term
1€ B—NFT, FV(t) =0 such thatt ——p Tand T~ L. According to Lemma 4,1 ——p 7/,
by Def. [1|(p. 2), T ——5 L, p. 2 of Lemma 5 implies that 7’ does not have a head normal
form. So, ¢’ does not have a head normal form too. U
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