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In the present paper we consider the Toeplitz-T;* and differentiation-D®
operators on the Besov spaces B,(f) for all 0 < p < c. We show that

T% : By(B) — By(B) for h € H*(B") and D® : B,(B) — B,(B), where

B=pB+ps.
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Introduction and Basic Constructions. Let denote the complex Euclidean
space of a dimension n by C”. For any points z = (z1,...,2,), { = ({1,...,&,) in C",
we define the inner product by (z,§) = 71, + ... +z,{, and note that
2> = |z1|*> + ...+ |z4|*>. We denote the open unit ball and its boundary, i.e. the unit
sphere, in C" by B" = {z € C", |z] <1} and §" = {z €C" |z| = 1}. Further, we
denote by H(B") the set of holomorphic functions on B" and by H*(B") the set of
bounded holomorphic functions on B".

If f € H(B"), then f(z) = Y anz" (z € B"), where the sum is taken over all

m

multiindices m = (my,...,m,) with nonnegative integer components my and

" =z" ...z Assuming that [m| = m; +...+m, and putting fy(z) = ¥ anz"
|m|=k
for any k£ > 0, one can rewrite the Taylor expansion of f by

@)=Y £, ()
k=0

which is called homogeneous expansion of f, since each f; is a homogeneous
polynomial of degree k.

Further, for a holomorphic function f and for a real parameter 6 we define the
operator of differentiation D% as follows:

oo

Df(z) = Y (k+1)° fu(2).

k=0
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In particular, if § = 1, then we write D' f(z) = Df(z).
The following properties of D are evident

ID®(1—(z,0)) " *| < C|1 = (z,¢)| 7>, (2)
D°Df(z) =D°"'Df(2)C|1 — (z,£)|7* 72, 3)
- /0 Dr((rn2))dr @)

Throughout the paper the capital letters C(...) and Cy stand for different
positive constants depending only on the parameters indicated.

We define the holomorphic Besov spaces on the unit ball as follows [[1]].

Definition.LetB+p—n>0, 1 <p<eco. A function f € H(B") is said
to be of B,,(B), if

) Df(2)|d
my(p) = [ I < e
I

where dV is the volume measure on B”, normalized so that v(B") = 1.

We introduce the norm in By, () by ||fl[z,(w) = Ms(®) ((|f£(0)] is not to be
added, since Df = 0 implies f = 0 for a holomorphic function f). Besides, it is easy
to check, thatif p > 1, n =1 and 8 = 0, then B,(8) becomes the classical Besov
space [2},3]].

In particular, for p = +co we shall write B.() = Bg, where Bg denotes the
B-weighted Bloch space on the ball [4].

In [5H7]], one can see some other definitions and some characterizations of
holomorphic Besov spaces on B".

Let I < p <eand f € B,(B). Further, let B + p —n > 0. Then the function
Df(z) has the representation

L2y
ﬁ/l IC\ Df(¢)

Vl+1+ﬁ dV(C)v ZeBn- (5)
Bl‘l
This is a simple consequence from the one-dimensional case (for details, see [8,9]).

The following auxiliary lemmas will be used.
Lemmal. Let f€B,(f),0< p<co. Then

1£113,(8) .
IDf(z)| < W, zZE€B".

See the proof in [1], Lemma 2.
Lemma2 If1 <p<ooand fe€By(B), then

(1-1¢PFIDf(E
a1<e [ B o

for B >n—p.
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Proof. Obviously, by (@) and (5) we get
(118 BDf(C)
/ [ gyrn €=

1—r(z

B - L drdv()
=Clna) [ I8PPDIAQ) | ey =

Bn

_Cup) [ BRI O ),
So we have
_1£12 ﬁ
ﬂ@zC@ﬁy/“UfQC§H9%v@> V(). ©)

i
It is clear that g((z,&)) = (1 — (z,&))"™ ™ — 1)/(z,€) is bounded in B".

Hence, the desired statement follows. g
Lemma3. Let f € B,(B) forsomeO<p< 1. Then
(1-|z ﬁ/p (1—|z)?)P*+B
/Wf S s fipre ¥ = @
Proof.Wehave |Df(z)| = ]Df(z)\p|Df(z)\l ?. By Lemmall} we get
DA< 1D 17 Uy
DI < IDFQ (=g
Therefore,
R p (L= [z)P*?
D) g < PPNy oot
(1= =) i Pr(1—[ef2)mt
and, by integration over B” we get
(1= [zP/P (1= [e])P*?
L/Wf e ()IVMP(/Wf P O

Lemma4 [9]. Let y > —1 and B — }/>O Then

[uslgpravg
L= em Pt = (1= )P

It is well known that there exists a function K : B" x B" — C analytic with
respect to the first entry and conjugate analytic with respect to the second entry, such

that for every f € Ly(B") and every w € B" we have Pf(w) = /f(z)K(z,w)dv(z),
BVl

where K(z,w) = (1 — (z,w))™"~/. If h € L*(B") we can construct the so called

Toeplitz operator T;, where T, = PM;, by definition. The symbol Mj, stands for the

standard multiplication operator. Therefore, we can write

1—|EP)f(E)n(E)d
(6= [ U= R,

a
T

(7
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In the present paper we consider the integral operator of the form (/) and prove
the boundedness of this operator on B »(B) for all 0 < p < oo, Next we show that
D% :B,(B) —B ([3) where § = + pé.

Main Results.

Theoreml. LetO< p <o, heH”(B"), then T,* : B,(B) — B,(B).

Proof.Letp>1andhe H”(B"). We show that T*(f) € B,(®) for any
f € By(®). By Lemma[2] we have

(=) B|Df ()]
c/ g e A0

a) Let p > 1. By Holders 1nequahty and by Lemmafd] we have
C “(1—t>)PP|Df (1) |P
FEP < s [ HEDIOF 1)
Bﬂ

(1-1&1)P~ [1—(&,1)|Ptn
Then we get

_ 2\a P
|DT/;af(Z)|p < (/(1 él)é;(?>n£(§o3dwé)) <

Bn

7] /‘(1—\§|2)“!f(5)!”dv(5)

(=P =g

and
DT f(z)|Pd
—/1_éML:3§[awwﬁmvwwx
(L—|EP) e B=Dpla r (1 |2*)P"dv (2)dv(§)dv (1)
X/ !1—<§7>!"+”‘ / [1—(z,5) 2+ '
Using Lemmad] we then obtain
N (L= |gP)Pr "B Vrladv(z)av(E)
</(1 Mz) p|Df< )‘pB[ ’]_<é:,t>’n+ﬁ -
—Hth/ ””kpﬂﬁfp)ﬁs\uugw)muw
b) Let now p = 1. We have
@ p(py— VD) (1= |wP)PIDf(w)] &)
J PTG e < -, e /u—zwwHMJX
dv(z )dV(i)dV( ) _
S T

Bn

(1—[EP) (2)dv(E)d
=il {1~ PIos0s M“ ‘Ww/ T <




Harutyunyan A. V., Lusky W. Operators on the Besov Spaces... 143

&)dd(w
<lil- [0 ipior | o <

Bn

- d -
< Il 1o Ty / LS = 111, -
Bl’l

¢)Let0 < p <1andhc H(B"). We show that T.* : B,(B) — B,(B*), where
B*=—pa+a+1—p+m—mp and m > —n/p. Using the properties of B,(f3)
(see [1]]) and Lemma[3] we get

_ 1#12\(m+n+1)p—n—1
< [, e v

for sufficiently large m and

p(a+14n)—n—1 4
e < i [ U B S EIRVE)

Bn
By Lemma[4] we obtain

DT f(2)|Pdv(z) 1
B[(l_’dZ)n—i—l o > HthB/(l—\zyZ)nJrl—P—ﬁx

1— 5 plo+n+1)—n—1 1—1¢ (B+n+1)p—n—1 th P
X/ ( ’1_|<|Z)§>’ n+2+a)p /( | ‘!1)—(§,t>(ﬁ+")‘17 )] dv(r)dv(z)dv(§) =

B"

=12 [y sy [
BVL B)l

_ [5]2\B+p—n—1
x ’51_ éz‘é;’(:i2+a)pdv(z)dv(t)dv(§) <

: W S
<Ilh p/ 1— 2\ (m+n+1)p—n lD p/( <
<l [ ) DAOP [ 1= e <

1_‘g|) p(a+n+1)—n—1

1= (&1 >!(”+’")

< [ AR Dropave)
== (1= Jel)mnr-p

= [|A]]-s

D (E)["dB(S) .
J [1—|E[2)r+1-p—B = Hfl!ﬁp(mllhllw- O

Corollary. Let f€ByB), [flls,p <1, h € H®, 0 < p < . Then
there exists a constant C independent of f and & such that
151l < Cll| o= ®)

Proof. According to the proof of Theorem [l we have: if f € B,(f),
heH”, 0 < p <o, then T;(f) € By(B) and || T;(f)|l,p) < Cllfll, ) 12l O
The next theorem is about the boundedness of D® on B, ().
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Theorem?2. Let0< p < oco. Then D°B,(B) —>B,,(E), whereE:B—l—Sp.
Proof. Let f € B,(B) and F(z) = D®f(z). We show that F € B,(B).
By (6) we have

_ (1= 15P)?
f() =C(n,B) B/ 0oy OV ©)
e <cmp) [, S D Dr@ele vy
Using Holder’s inequality, for p > 1 we get
, 1= [¢1)PPIDF(E)IP
DFEP < C(n,p) / i v

rla
(/1 ﬁ+6+n+1> <

C(n,B) (1= 1EPPriDf(E)IP
- (1—]Z])(ﬁ+5)p/qB[ |1 — (z,§)|BHo+n+l dv(&).

In the last inequality we have used Lemma [2] Therefore, changing the integration
order and using Lemma [2] again, we get

HF”BP(B):/ IDF (2)|Pdv(z)

1— ’Z|2)n+lfpf[§ o

in

_|£12)\B
—cinp) [ ERPIDACIE)

1— |C|2)ﬁ+6—§—p+n+1+(ﬁ—6)p/q -

D Pd
~c(up) [ (l _ﬁ%ﬁl')nﬂv(g)p =170, 5,

Bn

B" (

Let 0 < p < 1. Then, using Lemmal we get

(n+1)p+mp D p
IDF (2)|” = C(n,m / - g|‘(nz+n+6+l (|1 f?§|)2|)n+1dv(5)

for sufficiently large m. Then

[irep §ELE = [ins@pa - gpyesiemi
A

Bn

1— B-&-p—n—ld d D Pd
x/( ) v(z) v(C):/( IDf(E)|Pdv(E) = 1£115,5)- 0

1= (g, §)|ontntitor 1 — [ [2)pd=pBinti
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