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Introduction. Let Q be a topological space and B(2) be the algebra of all
bounded complex-valued functions on Q, C(Q) be the algebra of all complex-valued
continuous functions on Q, and let C..(Q) be the subalgebra of B(Q) containing all
continuous functions.

Note that within isometric isomorphism we have Bj () = M(Q), where M(Q)
is the space of all bounded regular measures, defined on the ¢-algebra of the subsets
T =29 of the set Q. Here B,(Q) is the Banach algebra of all bounded complex-
valued functions on €2 in the sup-norms (see [/1]]).

Denote by Bo(Q) the ideal in algebra B(Q) consisting of the functions
vanishing at “infinity” (i.e. for any € > O there exists a compact set K C Q such
that | f(x)| < € forx € Q\ K). Then Cy(Q) = Byp(Q) NC(Q) is an ideal in Coo(Q).

Let Boo(Q2) be the ideal in the algebra B(Q2) consisting of those functions,
supports of which are compact subsets of Q. Clearly, By(Q) C Bo() and
C()Q(Q) = BO()(Q) ﬁCoo(Q) (see [[1-41]).

Note that the ideal By(Q2) contains:

1) all characteristic functions x,, where K C Q is compact

2) all functions g of the following form g(x Z O Xy, (x), where K, are

mutually disjoint compacts in Q o, € Cand \ocn\ — 0asn— oo
3) functions of the form g(x Z X, (x), where (x,),cy is an arbitrary

sequence of points from Q and Ocn €C,|oy| —0asn— oo,
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Let Q be a Hausdorff space and B(Q) be the c-algebra of Borel subsets of
Q (i.e. o-algebra generated by closed subsets of Q). In what follows, M(Q) is the
space of all finite complex-valued regular measures on (Q,B(Q)).

Proposition 1. If Q is a topological space and f is a complex-valued
function on Q such that fg € By(Q) whenever g € Bo(Q), then f € B(Q).

Proof. Suppose f ¢ B(Q). Choose a sequence (x,) C Q such that
| f ()| > n. Consider the function g € BO(Q) which is defined by the formula

; >|2xm}<x>

oo

Since

Z

nl

then gf ¢ B(Q), which contradicts the condition in the Proposmon Therefore,
fE€B(Q). O

Note that in Property (1| the algebra B(Q) can be replaced by algebra L=(Q2),
where ideal By (Q) is replaced by ideal L (Q).

Recall (see [5]]) that Hausdorf’s space Q is called:

a) locally compact space, if each point in Q has a precompact
neighborhood;

b) completely regular, if for every set E C  and for each point xy € €, which
is not an adherent point for E, there exists a continuous function on Q, which
is zero on E and is different from zero in the point xy.

Corollary 1. Let Q be a complete regular space and the function

f € C(Q) be such that for every g € Cp(Q) the function fg € C.(Q). Then f € Cu(Q)
(see [5,6]]).
Proof. Suppose f & Co(Q). Then there exists a sequence (xn) € Q such

that | f(x, )| > n. Let the function g € Cy(Q) be such that g(x,) = \[ o §| Since
1

(fg)(x,) = T | f(x4)| > +/n. This contradiction shows that f € Co(Q). O
n

Proposition 2. Let the measure u is positive and o-finite. If f is a
complex-valued function such that gf € L'(Q,u) for all g € L'(Q,u), then
feLs(@p).

Proof. Suppose that f ¢ L=(Q,u). Then there exists a sequence of
nonintersecting measurable sets {E,} with positive finite measures such that
|f(x)| = n'*¢ for each x € E,, where € > 0. We define the functions g by:

1
————, if x€E,(neN),
gx) = |f () |1 (En) '
0, if xe Q\UE,.
n

1 du 1
< oo
/Ig\du Z/Ifl n”‘?E/u(En) \;nlﬂ < oo,

n

Then
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and so

Q/\gf!du=zn‘,E{ ué(ign) = oo,

Then we get gf ¢ L'(Q, 1), hence f € L=(Q, u).

Note that every locally compact space is a complete regular space. It is well-
known (see [6L/7]]) that every complete regular space €2 admits a compact extension.
Therefore, in the sequal it is natural to suppose, that Q is completely regular space.

Going back to the general case, we let Q be any set. Then every function
g € B(Q) defines a seminorm P, on the algebra B(Q) by the formula

Pe(f) = 11/8ll Zigglf(X)g(X)!-

If ® C By(Q) is an arbitrary family of functions, then ®-topology on the B(Q)
algebra is the topology defined by the system of seminorms {Pg}geq,. (The base
of open neighborhoods of zero for the ®-topology is the system {U,} ¢ where
Up = {f €BQ): (/) < 1}).

Let Q be a completely regular space and @ = By(Q). Then the topology on the
B(Q) algebra defined by the family of seminorms {Pg}ge By 18 called

cP’

B-topology, and the B(€2) algebra with this topology is denoted by Bg(Q). As it was
mentioned above, if Q is a completely regular compact space, then the
topology in C..(Q) defined by the family of seminorms {Pg}g cco(@) 152 B-topology,
and corresponding topological algebra is denoted by Cg(Q2) (see [1,2]). Clearly we
have Cg () C Bg (). Note, that if Q is a completely regular space, then the topology
in C.(Q) should be defined using the seminorms generated by the By(Q2) ideal.

If we define a topology using sup-norm in the algebra Co.(Q2), then we will
have a Banach algebra C,(Q) with the topology of uniform convergence on Q.

Actually, the B-topology on C..(Q), generated by the family of seminorms
{P;} €Bo(Q)’ is the topology generated by a family of functions of type 2), i.e. by the
seminorms of the form

Py(f) =Y oy, f

n=1

Recall (see [5,(6]), that the closed subalgebra A of the algebra Cg (L) in the
B-topology is called B-uniform, if it contains constant functions and separates the
points of Q (i.e. for any x1,x € Q, x| # x, there exists a function f € A such
that f(x;) # f(x2)). In this case B-uniform algebra is denoted by Ag. Since the
uniform topology is stronger than -topology, the B-uniform algebra is a uniform
closed subalgebra of the algebra Cp,(Q2). The algebra A, equipped with the uniform
topology, is denoted by A, as it was mentioned above, and the space of its maximal
ideals is denoted by M 4_ (see [7,8]).

Recall that the -uniform algebra Ag is called regular, if for every closed set
F C My, and a point outside of that set x € M4, there exists a function g € Ag such
that g(x) = 0 for every x € F and g(xo) # 0.

| = sup {[au| [ fll, } -
- n=1
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Notice, that if Q is the completely regular space, then the algebra Cg(Q) is
complete topological algebra (see [51(6]).

Theorem 1. Let Q be a complete regular space and Ag be a symmetric
regular B-uniform subalgebra of the Cg(Q2) algebra. Then Ap = M(Q).

Proof.Letgbeaf-continuous linear functional on Ag algebra. Then it will
be a continuous functional on the Banach algebra A., = C(My_), since the algebra
Apg is regular and symmetric. By Riesz theorem there exists a finite regular Borel
measure [t on M, _, which is the representing measure for @, i.e.

o) = [ fau,

My,

where f is the Gelfand transform of f. Represent the measure { as a sum
U=, + U, , where My = QUF.,, u, and u, is the restriction of the measure
u on L and F,, respectively. Proof that u, = 0.

Let {e;},, be the bounded approximate identity in Cy(Q). (Note that since the
algebra A is regular and symmetric, the approximate identity exists also in
Ao = Ap ﬂCo(Q)). As it was shown in [5,/6], the net of functions {f;};.;, where
fi = 1 — e, converges to the zero function in Q with B-topology on Ag. Hence,
the net of functionals (f;o ¢@),.;, where (fio@)(f) = @(fif) converges to the zero
functional.

Thus,

0=tim (o) () =tlim | [ Fifdu+ [ fifau | = [ fan
Q F. F

for any f € Aw. Since Ag is symmetric and regular, we have = 0. Thus, for any
B-continuous linear functional on Apg there is a measure from M(€2) corresponding
to that functional. The Proof of the converse statement is obvious. U

Corollary 2. Let Ag be a symmetric regular $-uniform subalgebra of
the Cg(Q) algebra. Then there exists a linear multiplicative functional ¢ : Ag — C,
which is discontinuous in -topology.

Proof. Note, that if Q is compact, then the space of multiplicative func-
tionals coincides wiith Q, since M,_ = Q, i.e. every multiplicative functional ¢ is
a Dirac functional J,, x € Q. Note that ¢ has the unique representative measure on
Q, which coincides with the Dirac atomic measure centred at some point xo. On
the other hand, if € is a completely regular space, then A., is isomorph isometric
toC (M A, ) .

Let xo € My_ \ Q. Then the multiplicative functional ¢ : C (M,_) — C satisfies
@(f) = f(x) and is also a multiplicative functional on the Ap algebra. Since the
functional ¢ has the a unique representative measure concentrated at the point xg, by
Theorem I} the functional ¢ is not continuous.

Note that from Proposition [I| the commutative Banach algebras B,(Q) and
L>(Q,u) can be transformed into B-uniform algebras if the topologies are
introduced by the family of seminorms {P,} Bo() and {Po}ge L5 () Tespectively,
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where Py(f) =sup|fg|. f € B(Q) and P,(f) = esssup|fg|, f € L”(Q,u). Then for
Q Q

topological algebras Bg(Q) and LE(Q, u) we have the following results:

Theorem 2. Let Q be a complete regular space. Then topological
algebras the Bg(Q) and L‘E’(Q, u) are complete in the corresponding topologies.

Theorem 3. Let Q be a complete regular space and Ag be a symmetric
regular f3-uniform subalgebra of the algebra Bg (€2). Then A} = M(Q).

Note that in the Theorem [3| the algebra Bg(2) can be replaced by the
topological algebra Lg (Q,u).

Note that for topological algebras Bg(Q) and LE(Q, i), the notion of
B-amenable algebras can be introduced and the analogues of the M.B. Sheinberg’s
Theorem can be obtained.

Received 04.05.2017

REFERENCES

1. Buck R.C. Bounded Continuous Functions on a Locally Compact Space. / Michigan
Math. J., 1958, v. 5, p. 95-104, MR 21#4350.

2. Giles R. A Generalization of the Strict Topology. // Transactions of the American Math.
Soc., 1971, v. 161, p. 467-474.

3. Sentilles F.D. Bounded Continuous Functions on a Complete Regular Space. //
Transactions of the American Math. Soc., 1972, v. 168, p. 311-336.

4. Hoffmann-Jorgensen J. A Generalization of the Strict Topology. / Math. Scand.,
1972, v. 30, p. 313-323.

5. Karakhanyan M.L, Khor’kova T.A. A Characterization of the Algebra Cg(Q).
/I Functional Anal. and Its Applic., 2009, v. 13, Ne 1, p. 69-71.

6. Karakhanyan M.L., Khor’kova T.A. A Characteristic Property of the Algebra Cg(Q).
/I Siberian Math. J., 2009, v. 50, Ne 1, p. 77-85.

7. Gelfand I.M., Raikov D.A., Shilov G.E. Commutative Normed Ringe. NY: Chelsca,
1964.

8. Rudin W. Functional Analysis. NY, Toronto: McGraw-Hill Book Company, 1973.



