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VIBRATIONS OF TWO-LAYERED PLATES IN CASE OF SLIDING
CONTACT BETWEEN CONTACT SURFACES OF THE PLATE
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The equations of oscillations of a two-layer plate are obtained on the basis
of the assumption of Kirchhoff’s hypothesis concerning the packet as a whole
when the contact surfaces of the plate can slide freely relative to each other. It
is assumed that the tangential stresses in the boundary conditions on the contact
surface of the plates are zero. The dependence of bending and planar vibrations
is obtained. The conditions for the appearance of a resonance are obtained.
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Introduction. The investigation of elastic multilayered plates under condi-
tions of rigid contact between the contact surfaces of the plate is devoted to a large
number of works [1,2]. In the first, problem of a symmetrically inhomogeneous
over thickness plate was considered by Lekhnitskii [3,/4]]. The paper [S] presents the
derivation of the equations of oscillations of a two-layer plate when the contact sur-
faces of the plate can slide freely relative to each other. The equations of oscillations
are obtained on the basis of the assumption of Kirchhoff’s hypothesis concerning the
packet as a whole [5,|6]. Let us consider a rectangular two-layer plate in a rectan-
gular Cartesian coordinate system (x,y,z). The layer with index (1) and thickness
occupies a region 0 < x < a, 0 <y <b, 0 < z<hy, and the layer with index (2) and
thickness /1, is aregion 0 <x <a, 0 <y < b, —hy <z <0. The vibrations of plate,
in accordance with theory of Kirchhoff [[1], in conditions of free sliding between the
contact surfaces of the plate are described by the following system of equations:
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Under the conditions of cylindrical bending equations (1)) with considering
may be written as
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As we see from Eqgs. (3), bending vibrations w and planar oscillations v are
separated and u, w are not separated. Assuming the following notation:

hl ow . hy, odw
fi=w—Z-o0 fh=mt == 4)
We come to the following system of differential equations:
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We denote by:
1 _ph 1 pam ©
ooy a
1. Let us consider the oscillations of a two-layer plate under the condition of
hinging at the edges. In the one-dimensional case the Navier condition coincides with
the free plumage:

Juy Juy 2w

WZO, 7:0, VV:O7 W:O at x=0. (7)
Taking into account the notation (@) for the system of differential Egs. (5), we

obtain the following boundary conditions:

of _, 9fr _ o Pw_ _
g—o, a—o, W—O, W—O at x=0. (8)

The solution of the system of differential Eqs. (5) with allowance for the
boundary conditions (8] will be sought in the form:
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W= Z wne'® sind,x, A, = 7n/a,
n=1
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Substituting (7) into (4), we arrive at the solution of the following system of

equations:
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To satisfy the second and third equations of system (I0), the following cases
are possible:

2, O 2, O
a) A # o Ay # o therefore, f1,=0, f2,=0;
12 1
w
b) A}= C—VI‘, therefore, f>, =0, fi, is an arbitrary function; (11)
b
,
c) Ar= C—;, therefore, fi, =0, f, is an arbitrary function.
1

Let’s consider each case separately:
a) from conditions f1, =0, f,, =0 we obtain:
hy aw hy ow
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2 o ™ 2 ox (12)
As can be seen from the above obtained in this case, the bending vibrations of
the plate lead to the appearance of planar oscillations with the same frequencies of

oscillations as in the bending:
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b) @2 =A2Cl, fou=0.
From the first equation of the system (I0) we obtain:
(D} 2t =mAZClywn = A3KL fia = 0, (13)
where from:
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In this case planar vibrations of the plate lead to the appearance of bending
vibrations. In the case, when the denominator of equality (I0) is equal to zero, there
will be a phenomenon of resonance:

A2 —mC| =0. (15)
Taking into account the notation (6), we obtain:
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From Eq. it is possible to determine A2, for which resonance takes place.
Let us consider a special case: hy = hy, = h, vl(l) = vz(l) = v1(2) = v2(2) =v. Eq.

will have the following form:
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For the plates of Kirchhoff 4?12 < 1. Consequently, the following condition
must hold: Elzl > Elll, P2 L pi.
2. Consider oscillations of a two-layer plate with a rigid fixation along the edge

x =0 and a free edge with respect to x = a. The boundary conditions for the edge
x =0 will be:

ow

up=0, u=0, w=0, 8—20 at x=0. (18)
X
Hence, from (@) we obtain:
fi=0, f2=0. (19)
We represent functions f; =0, f> = 0 in the following form:
filr,t) =g1(0)e”,  falx1) = ga(x)e'". (20)
Solving the second and third equations of system (5)), we obtain:
0] o]
=} sin —, =y sin ——. 21
g1(x) =C Clx 82(x) =C, Cox 2D
The boundary conditions for the edge x = a will be:
d d
M _o, 220 M =0, Ny=0 at x—a (22)
ox ox

For a one-dimensional problem, according to [1]] we obtain:
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From here:
’w
9x2
Taking into account and (24), from (@) we obtain: f{ =0, f;=0.
The condition with allowance for (2I)) can be satisfied in the following
cases:

=0 at x=aq; 24)

(0] (0]
a) cos C—lla =0, b)cos C—lza =0. (25)

. (0]
Consider the case when cos —ra=0; f, =0,
C

1

thence
o= 2= (26)
2a
We represent the bending oscillations in the form:
wo(x,) = wo(x)e'". (27)

From the first equation of system (5]) we obtain:
*wy  mw?

. DY, wo = 0. (28)
We denote by: )
4_ Moy,
Bl =5 (29)
The solution of Eq. (28) is presented in the form:
wo(x) = Asin fx+ Bcos fx+ Csinh Bx + Dcosh x. (30)
From boundary conditions for edge x = 0 we obtain D = —B, C = —A,
wo(x) = (sinBa — sinh fa)A + (cos Ba — cosh Ba)B. 31)
In case of P,
fi(x) = C1e'® sin o fr=0 (32)

1
the first equation of system () will be:

4 2 3
Tlaaxtf +m88;24/ = —ClKl(}) (é) e’ cos g)llx. (33)
Solution of the differential Eq. (33)) may be written as:
w(x,t) = wo(x,1) +wi(x,1), (34)
w1 may be presented in the form:

; ®
wi(x,t) = Re'® cos ok (35)
1
From Eqgs. (33) and (34) results in:
®
Kl —
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From the boundary conditions for edge x = a we obtain:
?wy 3wy Pwy  FPwy
gW oW, M0, W 37
e tge 0 Ga Fg e
With considering (31), (34)—-(36) we arrive at the solution of the following

system of equations with respect to unknowns A and B:

2
(sinBa+sinhBa)A+ (cosBa+coshBa)B = — <(f)> Rcos (wa) 7
CiB (38)

3
o
(cosBa+coshBa)A+ (sinfBa—sinhfa)B=— <C1B> Rcos <C1> .
1 1
The resonance will take place if the determinant of the system of Eqs. (38)) is equal
to zero:

(sinfa+sinhBa) (cosBa+coshPa) —0 (39)
(cosPa+coshBa) (sinfa—sinhfa)|
Solving Eq. (39) results in
cosBacoshfa = —1. (40)

cos(fa) cosh(fa) =—1

| /“‘\/’)
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Graphical solution of Eq. (40)

Solving Eq. (0), we obtain
Pa=1.8751. 41)
Frequency of oscillations at which resonance occurs

1.8751)*D;
(1)2 — ( 5 ) 11 . (42)

4

Conclusion. The problems of vibragi(?n of two-layered plates are considered
in case of sliding contact between contact surfaces of the plate. Under the condi-
tions taken into account in this paper, differential equations of planar and bending
vibrations are not separated. In the case of a two-layered plates bending vibrations
may cause planar oscillations and vice versa. As a result, resonance is possible. The
dependence of bending and planar vibrations is obtained. In the one-dimensional
case, the Navier condition coincides with the free plumage. The conditions for the
appearance of a resonance are obtained.
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