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ON CONVERGENCE OF THE FOURIER DOUBLE SERIES
WITH RESPECT TO THE VILENKIN SYSTEMS
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Let {Wi(x)}7_, be either unbounded or bounded Vilenkin system. Then, for
each 0 < & < 1, there exist a measurable set E C [0,1)?> of measure
|E| > 1 — €, and a subset of natural numbers I" of density 1 such that for any
function f(x,y) € L' (E) there exists a function g(x,y) € L'[0, 1)?, satisfying the
following conditions: g(x,y) = f(x,y) on E; the nonzero members of the
sequence {|cks )|} are monotonlcally decreasing in all rays, where

crs(8 / / g )Wi()Ws(v)dxdy;  lim  Sg((x.y).8) = g(x.y)
almost everywhere on [0, 1)2, where Sg((x,y),8) = Z Crs () Wi (x) Wy ().
k2452 <R?
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Introduction. Recall the definition of Vilenkin (multiplicative) systems
of functions (see [1]]). Consider the arbitrary sequence of natural numbers
P={pi,p2,-.-,Pk,.-.}, where p; > 2 forall j € N.

We set

k
m():],meHpj, ke N. (D
J=1
It is not difficult to notice that for each point x € [0, 1) and for any n € [my_;,m;) NN,
k € N, there exist numbers x;, ¢¢; € {0,1,...,p; — 1} such that

oo

k .
n= Zajmj_1 and x= Zﬁ, 2)

=1 j=1M;j

P-order expansions.
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)
Note that all the points of type — with [,k € N, 0 <[ < my — 1, have two
m

k
different expansions: finite and infinite, and have only unique expansions, if we take
only finite expansions for such points. As a result, we get the correspondences

n—- {Otl,Otz,...,OCk,...}, X — {xl,xz,...,xk,...}. 3)
The Vilenkin system corresponding to sequence P is defined as follows:
k .
Wo(x) = 1; W, (x) =exp (27171'2 Ocjxj) . 4)
=1 Pi

The expression () can be written in the form

W, (x) =exp <2m§:ajp ) fl(exp <2mp/>)aj.

From (@) it follows that
Wi, (x) = exp <2m'xj> ,
Pj

and for the n-th function we obtain the expression

k
Wn(x) = H(ij—l (x))aj'
=1
1 — 1 if k= —
Notice that / W, ()W (t)dt = < 1 " Where Wi(t) is the
0 0, if k+#n,

complex conjugate of Wy(z).

The theory of such systems have been introduced by N. Vilenkin in 1946
[2,3]]. There are interesting results for Vilenkin system [4-7]]. In 1957 C. Watary [8]]
proved that the bounded Vilenkin system is basis in L” when r > 1. Then, in 1976,
W.S. Young [9] for arbitrary sequence py (that is, both for bounded and unbounded
Vilenkin systems) established the basicity of Vilenkin system in L” when r > 1. Note
that the following problem remains open: is the Fourier series of function from
L?[0,1) with respect to the unbounded Vilenkin systems convergent almost every-
where or not? Note also that in [10] P. Billard established that this problem has a
positive answer for the Walsh system. For the bounded type Vilenkin systems it was
proved by Gosselin in [5]].

Let f(x) be a real valued function from L"[0,1), r > 1, and c¢,(f) be the
Fourier—Vilenkin coefficients of function f, that is

o) = [ Wi

Let spec(f) be the spectrum of f(x), that is the set of integers k for which

cx(f) #0.
Let f(x,y) € LP[0,1)?, p > 1, and ¢ ,(f) be its Fourier coefficients with

respect to the Vilenkin system, that is

ck,n(f):/Ol/olf(t,r)m(t)m(r)dm, kn=0.1.2,...
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We denote the spectrum of f by

spec(f) ={(k,s) : cis(f) #0, ks € NU{0}}, (5)
and the spherical partial sums of its Fourier double series in the Walsh double system
Se((x3): )= X cs(HAWel)We()- (6)

k2+s*<R?

In this work we will discuss the behavior of the Fourier coefficients with
respect to the Vilenkin double system, as well as almost everywhere convergence
of the spherical partial sums of the double Fourier—Walsh series after modification of
functions.

Definition 1. Given subset I of the natural numbers, its density p(I")
is defined by

p(T) = limsup M, (7
n—soo n
where y(n) is the number of elements in I" not exceeding n.
Let ® = {@i(x)} be the Walsh system. This system forms a basis in the spaces
LP[0,1) for all p > 1, thatis, any function f(x) € L”[0,1) can be uniquely re-

presented by the series Z cx(f)@x(x), which converges to f in the Lj;[0,1) norm,
k=0

where (/) = [ 1()ox(x)a.

Definition 2. The nonzero members in {bk-ﬁ}:s:o are said to be in a
monotonically decreasing order over all rays, if by, 5, < by, 5,, when kp > ki, 52 > 51,
ko +s2 > ki +s1 (b 70, i =1,2).

Obviously the systems, corresponding to different sequences py, differ from
each other (if P = {2,2,...,2,...}, the Vilenkin system coincides with the Walsh
system [4]]). If sup{px} = o (sup{pr} < o) the system {W,(x)} is said to be
unbounded (respectively bounded).

In the paper [14]] it was proved the following theorem.

Theorem A.Let {W(x) }::0 be either unbounded or bounded Vilenkin
system. Then, for each 0 < € < 1 there exists a measurable set E C [0, 1) of measure
|[E| > 1 — & such that for any function f € L'[0, 1) there exists a function g € L'[0,1)
such that f(x) = g(x) if x € E, and the elements of the sequence {|cx(g)|,k € spec(g)}
are monotonically decreasing.

In this paper we will prove the following theorem.

Theorem 1. Let {W(x) }::0 be either unbounded or bounded Vilenkin
system. Then, for each 0 < € < 1 there exist a measurable set E C [0, 1)? of measure
|E| > 1 — ¢, and a sequence Ry " such that for any function f(x,y) € L!(E) there
exists a function g(x,y) € L'[0,1)?, satisfying the following conditions:
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L. g(x,y) = f(x,y) on E;
2. the nonzero members of the sequence {|cx(g)|} are monotonically
decreasing in all rays;
3. the subsequences {Sg,((x,y),g)} of spherical sums of the function g(x,y)
converge to g(x,y) almost everywhere.
Theorem 1 follows from more general result of the following theorem.
Theorem 2. Let {Wk (x) }::0 be either unbounded or bounded Vilenkin
system. Then, for each 0 < € < 1 there exist a measurable set E C [0, 1)? of measure
|[E| > 1— € and a subset of natural numbers I" of density 1 such that for any function
f(x,y) € L'(E) there exists a function g(x,y) € L'[0,1)?, satisfying the following
conditions:
L. g(x,y) = f(x,y) on E;
2. the nonzero members of the sequence {|ci(g)|} are monotonically
decreasing in all rays;

3. lim Sg((x,y),g) = g(x,y) almost everywhere on [0,1)%, where
ReT, R—oo

Sr((%),8) = Y, crs(@Walx)Ws(y).
k2+s2<R?

The Basic Lemmas. Let
AR — [j J+1> (8)
J my my )

where j =0,1,...,m — 1 (the definition of integers my see in (1)), k € N.
We consider a set {y,A}, which depends on two parameters, Y running over

(k)

the set of all real numbers, and A running over the set of all intervals of type A, and

a set of functions

Vo
B = {f()() If(X) = Z Ye XAy (Yk>Ak) € {’}/>A}7 AkmAk’ =, k#k/} . &)
k=1
We will use the following lemma from [14].
Lemma 1. Let {W(x)} _, be either unbounded or bounded Vilenkin
a o+1

system. Then for all y# 0, € > 0, Np € N and Aﬁf’) = [ , ) := A there
my, My,

N
exist a measurable set £ C [0,1) and a Vilenkin polinomial Q(x) = Y ¢,W,(x)
n:N()
such that:
1. the nonzero coefficients in {\cn|}2/:N0 are equal to |y||A[;
2. |[E| > |A|(1—¢);

Y on E|
3. 0(x) =
Q(x) {O outside A;

1
4. [ 10@)ax <2/7ija)

Using Lemma 1 instead of Lemma 2 in [15]] and repeating the arguments in
the proof of Lemma 6 of the same paper, we get the following lemma, which is the
basic tool in the proof of Theorem 3.
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Lemma 2. Let {W, (t)}::() be either unbounded or bounded Vilenkin
system, and let Ry > 1, € > 0 and & > 0. Then for each function f(x,y) € B
there exist a polynomial of Vilenkin system Q(x,y) = Z ay s Wi (x)Ws(y)

R3<k2+s2<R?
and a measurable set E € [0, 1), satisfying the following conditions:

1. |E|>1—¢;

2. O(x,y) = f(x,y) forall (x,y) € E;

3. 0 < |ays| < 0 and the nonzero coefficients in the sequence {|ak75|}2{5

are monotonically decreasing in all rays;

o [ [Nieyaay <2 [ [t yasay

Proof of the Theorem 3. It is not difficult to notice that 3{f,(x,y)} ", C B
dense in L'[0,1) (see (9)). Then, for every n € N, successively applying Lemma 2,

=Np

we obtain a sequence of measurable sets E, C [0,1)2, n=1,2,..., and polinomials
()= Y aWEW(), (10)
R<k2 152 <R,
R, 1=R,+2"'R,, n=1,2,..., (11)
such that for eachn € N
E,|>1—¢-27", (12)
On(x,y) = fu(x,y), (x,y) € En, (13)
10l < 2[| £all, (14)
where || - || denotes the L'[0,1)? norm.

The nonzero members in {|a,(€"5) |, R2<k*+s%< Ez} are decreasing in all rays
for any fixed n and

max "™ < min  |a")|for all n=1,2,... (15)
kyse(Rn+|7Rn+l) " (j,l)GSpe‘C(Q,,) .
We denote
Wi R <K 45 <Ry, n=12,...,
ks = ’ . (16)
0, otherwise,
E=()E. (17

n=1
From Eqs. (I12)-(17) we have |E| > 1 — €, and the nonzero members in
{lax| }:s:o are decreasing in all rays.
Let f(x,y) € L'[0,1)?, from (@) it follows that it is possible to find a
subsequence { f,, (x,y)}ij:1 from { f,(x, y)}:;l such that

N
lim anv(xay)_f(x7y) :07 (18)
=1

N—c0
P
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[ foy ()| <277 (19)
forall v > 2.

From and it follows that the sequence {Z On, (x,y }
v=1

is fundamental in L'[0, 1
From this and (12] . it follows that there exists g(x,y) € L'[0,1)? such that

N
lim ||} O, (x,y) — g(x.y)|| =0, (20)
N—boo =l
glx,y) = f(x.y), if(x,y) € E. 1)
Set N
Z CrsWi(x Z On, (X,¥), (22)
k,s=0 v=1
where )
L if R2 <k>4+s*<R,, ,v=12,...,
g = o 1 e S B (23)
0, otherwise.
Obviously, the nonzero members in {|ck |} are decreasing in all rays. Let
Sex) =Y i sWe(x)Ws(y). (24)

k2452 <R?

It is clear that the sequence Sg, (x,y) converges to g(x,y) in L'[0,1)* norm

1l
(see —). Therefore, ¢, = / / 2(x,y)Wi(x)Ws(y)dxdy. From (T4),
0o Jo

(T9) and (20 1t follows that

<272, (25)

Y Oviey) —8(x.Y)
k=1 |
Set

G, = {(X iQVk

From this we obtain |G| = 1.
LetI' = (U [Ru,Ry+1] . From this, (7) and (TI) it follows that p(T") =
It is not hard to see that V(x,y) € G

gz—"}, G=J (Gr (6
1

rebim Sk((x.).8) =g(x.y), 27)
where
SR((X7Y)ag) = Z Ck,s(g)Wk(x)Ws(Y)' 0
k2452 <R?
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