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In the article the questions of solvability of boundary value problem for
a homogeneous pseudoparabolic-pseudohyperbolic type integro-differential
equation with degenerate kernels are considered. The Fourier method based
on separation of variables is used. A criterion for the one-valued solvability
of the considering problem is found. Under this criterion the one-valued
solvability of the problem is proved.
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Problem Statement. The partial differential equations of third and fourth
order are important with their physical applications [[1H5]]. Problems, where the type
of differential equation is changing in the considering domain, have important
applications [6H8]]. The mixed type differential equations have been studied by many
authors, in particular in [9-16].

In the present paper we consider the one-valued solvability of nonlocal
problem for a mixed type integro-differential equation with degenerate kernels. So,
in the rectangular domain Q = {(¢,x)| -7 <t < T, 0 <x <[} we consider the
following mixed type equation:

T
U — Uy — U + v/ Ki(t,5)U(s,x)ds =0, t>0,
o (1)
Utz_Uttxx_Uxx+V/ Kz(t,s)U(S,x)dSZO, t<0,
-T
where 7 and [ are given positive real numbers; Vv is spectral real parameter,
Kj(t,5) = a;(1) bj(s). a;(t), bj(s) € C[-T: T), j=1,2.
Problem. Find in the domain Q the function
U(t,x) e C(Q)NC' (QU{x=0}u{x=1})NC"*(Q:)NC*(Q-)N
NG (Q4) NCH? (Q-),
satisfying to the Eq. (1) and following conditions:
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/Utxdt () 0<x<|, (2)

U(t,0)=U(t,l) = T <t<T, (3)

. . . . o a" I

where C" is a class of functions having continuous derivatives 5 W;

X

r A
C"* is a class of functions having continuous derivatives —, ; C'1S is aclass of
g ot" a s2 hX
ar-‘rs
functions having continuous derivatives o r=1,ry, s=1,59, r<ro, s <sp

are arbitrary natural numbers, @(x) is given sufficiently smooth function, ¢(0) =
o(1)=0,Q_ ={(t,x)| -T<t<0,0<x<1}, Qr ={(t,x)|0<t <T,0<x <},

Q={({t,x)|-T<t<T0<x<I}.
A Formal Solution of the Boundary Value Problem (I)—(3). Solution of the
Eq. (1) in domain € is sought in the form of the following Fourier series:

U(t7x) = \/?iun(t) sin X, 4)
n=1

2
(x) = \/; sin U,x as the eigenfunctions of the spectral
problem ¥ (x) + u?¥(x) = 0, ¥(0) = ®¥(/) =0, 0 < u and form a complete system

of orthonormal functions in L,[0; ], while u, = TH are the corresponding

\/7/Utx )sin w,xdx, n=1,2,. &)

Substituting the series (EI) into Eq. (I), we obtain
T

where the functions 9, (x

eigenvalues and

i (6) + A2un(t) = v /0 a1 (1)b1()un(s)ds, 1> 0, ©6)
0
W (1) + A2un(1) = v / ) (1)ba(s)un(s)ds, 1< 0, 7)
-7
2
2 _ Uy, _nn
where A; 1—1—,1,12’ L ]
By denoting
T
Oc,,:/o bi(s)uy,(s)ds, )
0
Bu= [ ba(s)un (s)ds, ©)

the Egs. (6) and (7) can be written by
(1) + A1 (t) = vay (1)@, t >0, ull(t) + A2un(t) = vay (t)B,, t <0.  (10)
We solve Egs. (I0) by the method of variation of arbitrary constants
uy(t) = Apexp{ — A2t} +Ma(t), t >0, (11)
up(t) = C,cos Ayt + Dy, sin Ayt + 12, (2), 1 <O, (12)
where A,, B,, C, are while arbitrary constants to be determined and

Min(t) = VOuhy(t),  Mon(t) = VPuba(t),
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in(t) = /0 Cexp{ — A2 — ) }ar(s)ds,  8.(1) = ;ﬂ /O "Sin Ay (¢ — s)aa(s)ds.

From the statement of the problem it follows that U(0+ 0,x) = U(0 — 0,x);
U;(0+0,x) = U;(0— 0,x). Hence, taking into account (3)), we obtain

2l
u,(0+0) = \/;/0 U (04 0,x)sinu,xdx =

> gl (13)
= \/;/ U (0—0,x)sin t,xdx = u,,(0—0).
0
Differentiating (5) one times with respect to ¢ similarly (13), we derive
2 rl
u,(04+0) = \/>/ U; (040, x) sin w,xdx =
[ Jo (14)

2 [
- \ﬂ/ Uy (0—0,x) sin pyxdx = uy (0 —0).
0

From (TT)) and (12), taking into account (13) and (14), we obtain that B, = A,,
Cy = —A,A,. Then functions and take the form

un(t) = Apexp{ — A2t} +Ma(t), t >0, (15)
up(t) = A, cos Ayt — Ay A sin Ayt + 12, (2), 1 <O0. (16)

Taking into account (3)), the condition (2)) takes the following form

T 2 b T 2 rl
/ uy(t)dt = 7/ / U (t,x)dt sin g,xdx = 7/ O(x) sin yxdx = @,, (17)
0 0 Jo 0

2 rl
where ¢, = \/;/ O(x)sinyxdx, n=1,2,...
0
To find the unknown coefficients A, in (15) and (16), we use the condition (17)

/OT up(t)dt = /OT [An exp{ — )ant} + Thn(t)} di —

An

% [exp{ AT} 1} () = o0,

(18)

T
where &y, :/ Nin(2)dt.
0

Since 0 < T < o0, 0 < A2 < 1, we have exp{—lnzT} # 1. So from Eq.
A, is uniquely determined by

2
An:i;rl((Pn_éln)v where Gﬂ:l_exp{_}t’%T}'

Substituting the founded values A, into formulas (T5) and (16), we get

7LZ
un(t) = (@n = Eun)exp { =251} +mua(t), 1 >0, (19)
Az
un(t) = = (@ — &1n) [cos Ayt — Ay sin Apt] + M2, (2), t <O. (20)

On
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Taking into account that &, = /T Nia(t)dt, Min(t) = vayh,(t) and
Mon(t) = VB,6,(t), we rewrite the formulas li and as follows

un(t) = @My, (t) + VoMo, (t), t >0, (21)

un(t) = QN1 (1) — VOuN2 () + vBu0u(t), t <O, (22)

where
M]n(t) - /;L;%exp{ _Ar%t}7 Mz,,(l‘) :h ( ) Mln( )/Thn(t)dtv

}LZ
Niu(t) = ;”[cosknt—l,, sinAut],  Nou(t) = Ni,(t / I (
n
M n
<1 =—.
1 + ‘u’% ) .un l
Substituting (21) into (9) and (22)) into (I0)), we obtain the countable system of
two algebraic equations (CSTAE) of variables &, and 3,

{ o, (1 - VPZn) = (Pnplnu
O‘an2n +Bn (1 - vQ3n) = (Panm

0< A, =

(23)

T T 0
WherePln:/ by(s)M(s)ds, Pzn:/ b1(s)Ma,(s)ds, an:/ by(s)Nin(s)ds,
T

O = / ba(s)Nan(s)ds, Qsn = / ba(s)8,(s)ds.
For solvability of CSTAE @ we impose the following condition

1 1
V=yV —, V=YV . 24)
" ?é P2n " 75 Q3n
1 1
We subtract the values vy, = o and v,, = — of spectral parameter v from

the set of real numbers R = (—oo; o) .zzll"he obtained sSent A =R\{vi, v} is called the
set of regular values of the parameter v. For all values v € A the condition (24) is
fulfilled. For regular values of the kernel of the mixed integro-differential Eq. (1),
first we solve CSTAE (23)), and then problem (I)—(3). Substituting the solution of
CSTAE

an QZn Pln

P
an:(pni’ Bn:(Pn

1= VP, 1=V0s, 1-VQ3, 1—VP,
in (ZI) and (22), we derive
un(t,v) = @, ®,(t,v), t >0, (25)
un(t,v) = @,¥,(t,v), 1 <0, (26)

where
Pln

(I)n(t,V) :Mll’l(t) +VM2n(t)m,
n
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P
+ V6 ( ) |: an o Q2n . 1n )
1— VPZn I VQ3n 1— vQ3n 1- VPZn

Now we substitute (25]) and (26)) into series () and we get

Ul(t,x,v) \/72(,0" (r,v)sinu,x, >0, 27
Ul(t,x,v) \/>Z(pn (t,v)sinp,x, t<O0. (28)

The Justification of the Solvability of the Boundary Value Problem
—. We show that under certain conditions with respect to the function ¢(x) the
series and (28) converge absolutely and uniformly. Indeed, in the formulation
of the problem the functions M}, (t), M>,(t) are uniformly bounded on the segment
[0; T], and the functions Ny,(t), Na,(f) and 8,(¢) are uniformly bounded on the
segment [—7;0]. We consider such regular values of the spectral parameter v € A,
for which |®,(,v)| < e for all € [0; T] and \wn(t, V)| <eoforalls € [~T;0]. We
note that 0 < 4, < 1. So for any natural n from the (25) and we have estimates

4 (1)] < Cra| @4 (29)
()] < Cou . (30)

W, (t,v) = Niu(t) — VN, (1)

where

Cln:max{ max }CID (t, v)|;
tel0, T]

Jnax !‘Pn(hv)!},

— I ) 7
Cop = max{[ér[%iixn | @) (2, V)| ter[rle;{(o] “Pn(t,v)‘}.

Condition A. Suppose that the following condition is satisfied:

. 1/2
(Z |c,-n|2> <o, i=1,2.
n=1

Condition B. Suppose that the function ¢(x) € C?[0;1] on the segment [0;] has
piecewise-continuous third-order derivatives and ¢(0) = @ (1) = @.x(0) = @y, (1) =0
Then by integrating by parts 3 times with respect to the variable x in the integral

1/2
On = () /(p smﬂTxdx

_ (L 3@ (31)
On = ) n¥’

oo 4 l
Y P < 72/0 [‘Pxxx(x)]zdx < oo, (32)
n=1

We note that formula represents the Bessel inequality. Using and
, taking into account (29) and (30), now we can show that the series and
28)

converge absolutely and uniformly in the domain Q. In this case termwise

we get
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differentiation of these series and with respect to variables ¢ and x
is possible and the obtaining series will converge absolutely and uniformly in the
domain Q.

Indeed, using (29), (31)) and (32) and applying the Minkowski and Hélder in-

equalities, for series 1 ) and l.i in the domain Q the following estimate is obtained:
() \_\[z )| sina] < 255 el [ <
<nX 3}pn}§n\/z \/Z pal” < (33)
2 / /
’}/1 5 (pxxx dx < oo,
n: 1 n
= I

where 7| = Z ‘ !

From @]) 1t follows that series and (29) converge absolutely and
uniformly in domain Q. Formally dlfferentlatmg functions (27 and (28) we obtain

Up(t,x,v) = \/; Y 0. @) (1, v)sinp,x, >0, (34)
n=1
28 " .

Uy (t,x,v) = \/; Z 0, ¥, (t,v)sin,x, t <0, (35)
Use(t,x,V) \[Zu,,q)n (t,v)sing,x, t >0, (36)
Uy (t,x,V) \/>Z,un(pn (t,v)sinu,x, t <0, 37

Upira(2,%,V) \[ Z U@, @ (t,v)sinp,x, >0, (38)
Usixx(t,%,V) \/> Z W, (p,,‘I’” t,v)sinu,x, t <0, (39)

n
where U, = —

Analogously to (33)), taking into account formulas (30)—(32)) and applying the
Minkowski and Holder inequalities, for the series (34) and (35) in domain Q we

obtain the following estimate:
22 2 [ 2
<\7LlcuP\ /£ lof <
(40)

‘U,,tx :\/Ei ‘M”t
2
_?’22 3\Pn < Yzmm<m

sin WX
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Analogously, for the series and in the domain Q we get the estimate

vam 7/ ] Z n2|g,|” <
41)

‘Uxxtx)‘ N E‘,nz‘un ]’smunx

2
<?’3_ |Pn|< YSM 1n2“ (@ (x)]? dx < oo,

where 13 = 4/ — Z ‘C]n{

Snmlarly, for the series (38) and (39), as in the estimates (40) and (1)) in the
domain Q, we easily obtain that

’Unxx(t,x)‘ < oo,

Consequently, the function U (t,x) on Q, defined by the series and (28),
satisfies the conditions of the problem.
To establish the uniqueness of the solution, we show that under the zero inte-
T

gral condition / U(t,x)dt =0, 0<x <1, the boundary value problem li has
0

only the trivial solution. We suppose that ¢(x) = 0. Then ¢, = 0 and from (27)) and
in domain Q we get

! T
/ U(t,x)sinTnxdx, n=1.2,...
0

2
Hence, by virtue of the completeness of systems of eigenfunctions \/; sin(zn/l )x}

in L,[0; ] we conclude, that U (¢, x) =0 forallx € [0; /Jand 7 € [-T; T].

Consequently, for regular values of the spectral parameter v € A the problem
(I)—(3) has a unique solution in domain Q.

Thus it is proved that the following theorem holds.

Theorem. Let the conditions A and B are satisfied. Then for regular
values of the spectral parameter v € A the problem — is uniquely solvable in
domain Q.

Received 27.09.2017
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