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Typed A-Terms, Canonical Notion of J-Reduction, Typed Functional
Programs. The definitions of this section can be found in [1-3]. Let M be a partially
ordered set, which has a least element |, which corresponds to the indeterminate
value, and each element of M is comparable only with | and itself. Let us define the
set of types (denoted by Types):

1. M € Types;
2. If B,0,...,04 € Types (k > 0), then the set of all monotonic mappings from
o X ... X 0 into B (denoted by [@; X ... X o — B]) belongs to Types.

Let a € Types, then the order of type o (denoted by ord(a)) will be a natural
number, which is defined in the following way: if o = M then ord(a) = 0, if
o= [0 X...x g — PB], where B,a,...,04 € Types, k > 0, then ord(at) =1 +
+ max(ord(0y), ..., ord(oy),ord(B)). If x is a variable of type o and constant ¢ € «,
then ord(x) = ord(c) = ord(at).

Let o € Types and V,; be a countable set of variables of type «, then V =

U Vg is the set of all variables. The set of all terms, denoted by A= |J Ag,
acTypes acTypes
where Ay is the set of terms of type «, is defined as follows:
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1. ifc e a,a € Types, then ¢ € Ay;

2. ifxeVy, a € Types, then x € Agy;

3. ifrte A[alx_nxakﬁm, t; € Ay, where ﬁ,OCl' € Types, i=1,...k, k> 1,
then 7(t1,...,%t) € Ag (the operation of application, (f1,...,%) is the scope of the
applicator 7);

4.if T € Ag, x; € Vo, where B, ; € Types, i # j = x; #xj, i,j=1,...,k,
k> 1 then Axy...xx[T] € Afg, x...x o —p] (the operation of abstraction, 7 is the scope of
the abstractor Ax;j...xz).

The notion of free and bound occurrences of variables as well as free and
bound variable are introduced in the conventional way. The set of all free variables
in the term ¢ is denoted by F'V(¢). Terms t; and ¢, are said to be congruent (which is
denoted by #; = t,) if one term can be obtained from the other by renaming bound
variables. The free occurrence of a variable in the term is called internal if it does not
enter in the applicator, whose scope contains a free occurrence of some variable. The
free occurrence of a variable in the term is called external if it does not enter in the
scope of the applicator that contains a free occurrence of some variable.

Let 1 € Ag,a € Types and FV(t) C {y1,..,yn},¥ = (07,...,)%), where
yi € Vg, y? € Bi, Bi € Types, i = 1,...,n, n > 0. The value of the term ¢ for the
values of the variables yi, ...y, equal to ¥ = (9,...,)9), is denoted by Valy, () and is
defined in the conventional way.

Let terms 1,1 € Ag, & € Types, FV(t;) UFV(t2) = {y1,...,yn}, Yi € Vg,
Bi € Types, i =1,...,n, n >0, then terms ¢#; and 1, are called equivalent (denoted by
1 ~ 1) if for any yo = (y),...,y9), where )? € Vg, i = 1,..,n we have:
Valy,(t) = Valy,(t2). Atermt € Ay, a € Types, is called a constant term with value
acaift~a.

Further, we assume that M is a recursive set and considered terms use
variables of any order and constants of order < 1, where constants of order 1 are
strongly computable, monotonic functions with indeterminate values of arguments.
A function f : M*¥ — M, k > 1, with indeterminate values of arguments, is said
to be strongly computable if there exists an algorithm, which stops at value
f(my,...,my) € M for all my,....,m; € M [2].

A term ¢t € A with a fixed occurrence of a subterm 7; € Ay, where o € Types,
is denoted by #;, and a term with this occurrence but 7; replaced by 7,, where T,€ Ag,
is denoted by #,. To show mutually different variables of interest xp,...,xx, kK > 1,
of a term ¢, the notation #[xj, ..., x| is used. The notation [t ...,#;] denotes the term
obtained by the simultaneous substitution of the terms t1,...,#; for all free occur-
rences of the variables xi, ..., x; respectively, where x; € Vi # j = x; Z xj, i € Ag,,
o; € Types, i,j=1,...,k, k> 1. A substitution is said to be admissible if all free
variables of the term being substituted remain free after the substitution. We will
consider only admissible substitutions.

A term of the form Axy...x¢[T[x1,...,x]] (71, ..., 2 ), where x; € Vi # j = x; £
Xj, TENTL €Ay, 0 € Types, i,j=1,....,k, k> 1,is called a B-redex. Its convolution
is the term 7[t1,...,#]. The set of all pairs (7o, 71), where Ty is a B-redex and T; is
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its convolution, is called a notion of B-reduction and is denoted by 8. A one-step
B-reduction (—p) and B-reduction (——g) are defined in the conventional way. A
term containing no f-redexes is called a f-normal form. The set of all f-normal
forms is denoted by B-NF.

8-redex has a form f(t1,...,t), where f € [MK = M), t; € Ay, i =1,....k,
k > 1, and its convolution is either m € M and in this case f(t1,...,#) ~ m or a subterm
t; and in this case f(t1,...,tx) ~t;, i = 1,...,k. A fixed set of term pairs (1, 1), where
Ty is a O0-redex and 7; is its convolution, is called a notion of d-reduction and is
denoted by 8. A one-step d-reduction (— ) and d-reduction (——5) are defined in
the conventional way.

A one-step d-reduction (—gs) and B6-reduction (——+gs) defined in the
conventional way. A term containing no 3-redexes is called normal form. The set
of all normal forms is denoted by NF.

A notion of d-reduction is called a single-valued notion of d-reduction, if &
is a single-valued relation, i.e. if (7p,7;) € § and (19, 72) € &, then 7| = 75, where
T0,T1, T2 € Ay. A notion of d-reduction is called an effective notion of §-reduction
if there exists an algorithm, which for any term f(t1,...,#;), where f € [M* — M],
ti € Ayyi=1,....k, k > 1, gives its convolution if f(¢,...,#;) is a 8-redex and stops
with a negative answer otherwise.

Definition 1. [3] An effective, single-valued notion of §-reduction is
called a canonical notion of §-reduction if:

l.teB-NF,t~m,meM\{L}=t—— sm;

2.teB-NF, FV(t) =2, t ~ L =1t ——5 L;

Typed functional program P is the following system of equations:

Fil=nn [F], ...,Fn},
P (1)
F,=t,[F1,...,Fy),

where F; € Vy,, i # j = F, £ F}, ti[F,...,F,] € Ay, FV(G[F,....F,]) C{F1,....F},
a; € Types, i,j=1,...n,n>1, a; = [M* = M], k> 1.

Every typed functional program P has the least solution. Let (fi,...,f,;) €
QX ... X 0, be the least solution of P, then the first component f; € [M* — M] of
the least solution is said to be the basic semantics of the program P and is denoted by
£ 111

Fix(P) ={(m1,...,mg,m)| fp(my,...,mg) =m, where m,my, ...,m € M, k> 1}.

Interpretation Algorithms, | -Incomparability. The input of the interpre-
tation algorithm A is a program P of the form (1), a term F;(mj,...,my), where
m; € M, i=1,...k, k> 1, and a canonical notion of §-reduction. The algorithm
A stops with result m € M or works infinitely. The algorithm A uses three kinds
of operations: substitution of the terms ¢y, ...,f, instead of some free occurrences of
variables F, ..., F,,, one-step B-reduction and one-step d-reduction.

Proca(P) = {(my,...,my,m)| the algorithm A stops for the program P and the
term Fy (my,...,my) with result m, where m,my,....m; € M, k > 1}.
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Interpretation algorithm A is consistent, if for any program P and for any
canonical notion of §-reduction we have: Procs(P) C Fix(P).

Theorem 1. Every interpretation algorithm A is consistent.

Proof. Follows from the results of [4]. O

Definition 2. LetA and B be interpretation algorithms, then A <, B, if
for any program P, any canonical notion of d-reduction and any my,...,my € M, k > 1
we have: if (my,...,my, L) € Procs(P), then (my,...,my, L) € Procg(P).

Definition 3. Interpretation algorithms A and B are | -incomparable, if
A4, Band B £ A.

To show a sequence F;,...,F;,, s > 1, of some free occurences of variables
of the set {Fj,...,F,} in the term 7, the notion r < F;,,...,F;, > is used. The notion
t <tj,...,t;, > denotes the term obtained by the simultaneous substitution of the terms
ti,,....t;, for free occurences F; , ..., F; respectively.

Definition 4. (Interpretation algorithms) Input of the interpretation al-
gorithms FS, PES, LES, PIS, LIS, PAS, ACT is a program P of the form (1), term
t € A and canoncial notion of d-reduction.

STEP 1:

FS, PES, LES, PIS, LIS, PAS, ACT: If t € NF and FV(¢t)N{F\,....F,} =@
then z. else go to STEP 2.

STEP 2:

FS, PES, LES, PIS, LIS: If r = ¢; where 7 is leftmost redex (§-redex or
B-redex), then A(P,t,/), where 7’ is the convolution of the 7, A € {FS, PES, LES,
PIS, LIS}, else go to STEP 3.

ACT, PAS: If t =15, 0 <i < n, where 1, is the term ¢ with a fixed leftmost
free occurrence of a variable of the set {Fj, ..., F,} which is located to the left of the
leftmost redex, then A(P,t,), where A € {ACT,PAS}, else go to STEP 3.

STEP 3:

FS:Ift =t[F,...,F,], then FS(Pt[t1,...,1,]).

PES:Ift =t < F,...,F;, >, where F; , ..., F;, ,k > O is the sequence of all exter-
nal free occurrences of variables of the set {Fi, ..., F, }, then PES(P,r < t;,...,t;, >).

LES: If t = t;, where F; is the leftmost external free occurrence of a variable
of the set {Fy,..., F, }, then LES(P,t,,).

PIS:Ift =t < F;,,...,F;, >, where F; , ..., F;, ,k > 0 is the sequence of all inter-
nal free occurrences of variables of the set {Fi, ..., F, }, then PIS(P,r < t;,,...,t;, >).

LIS: If t = 5, where F; is the leftmost internal free occurrence of a variable of
the set {Fy,..., F, }, then LIS(P,t,,).

ACT: If t = t;, where T = Ax;...x,[T[x],...,x.]](T1,...,T,) and 7 is leftmost re-
dex, then ACT(P,t;(act(p1)),....ACT(P,5,)] )» ElS€ £O to step 4.

PAS: If t = t;, where T = Axj...x[T[x],....,x.]](71,...,7,) and T is leftmost re-
dex, then PAS(P 1y, . 1)), else go to STEP 4.

STEP 4:

ACT, PAS: If t = t;, where 7 is leftmost redex, which is a d-redex, then
A(P,ty), where 7’ is the convolution of the 7, A € {ACT, PAS}.
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Theorem 2. Interpretation algorithms FS, PES, LES, PIS, LIS, PAS and
ACT are pairwise L -incomparable.

Proof. Let us fix M = NU{L}, where N = {0,1,2,...} and
C = {not_eq,numbers}, where not_eq,numbers € [M*> — M| are built-in functions
and for every m;,mp € M, we have:

17 mi,my 6N7 ml#m27
not_eq(my,my) =

1, otherwise,

1, my,my €N,
numbers(my,mp) = .

1, otherwise.

It is easy to see that not_eq and numbers are strongly computable, naturally extended
functions with indeterminate values of arguments. Let us fix canonical notions of
d-reduction § for the set C.
dis: (not_eq(ni,m),1) € 6, where ny,ny € N and n; # ny
not_eq(t,t), L) € 8, where t € Ay
not_eq(t, 1), 1) € 8, wheret € Ay
not_eq(L,t),1) €6, wheret € Ay
numbers(ny,ny),1) € 8, where ny,n, € N
numbers(L,t), 1) € 6, wheret € Ay
numbers(t, L), 1) € §, where t € Ay
(numbers(numbers(t,,t2), numbers(ta,t,) ), numbers(t2,t1)) € 0,
where 11,1, € Ay.
Letx,y,z€ Vy,F,F1,F5,F3,F4,F5s € V[M%M]-
To show that A £, B, where A € {LES, PAS, LIS, ACT}, B € {FS, PES, PIS}
we take program P;:

N N N N N N

Fi = Ax[not _eq(F»(x), F3(x))]
P1 F2 = AX[F3 (x)]
Ax[F>(x)]

For LES, PAS, ACT, LIS we have: F;(0); Ax[not_eq(F>(x), F3(x))](0) —
not_eg(Fx(0), Fy(0)):not-eq(Ax{Fy())(0),F5(0)) s not-eq(Fs(0),F5(0)) —+5.L:
For FS, PES, PIS we have:
F1(0); Ax[not eq(F(x), F3(x))](0) —p not eq(F2(0), F3(0));
not_eq(Ax{F(x))(0), Ax[F2(x)](0)) ——p not_eq(F5(0),(0));
not_eq(Ax[F>(x)](0), Ax[F3(x)](0)) —— g not_eq(F»(0),F3(0)); and so on.

To show that PIS £ LIS, PIS £, ACT we take program P;:

lx[not _eq(Fx(x), F3(x))]
P AX[F(x)]
M[Fz ()]

For PIS we have: F;(0); lx[not,eq(Fz (x), F3(x))](0) —p not_eq(F>(0),F3(0));
ot eq(Ax[F(0)](0), Ax[F> (x)](0)) —>—g not_eq(F>(0), F2(0)) —»5 L.
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For LIS, ACT we have: Fi(0); Ax[not eq(F(x),F3(x))](0) — g not_eq(F>(0),F3(0));
not_eq(Ax[F>(x)](0),F3(0)) — g not_eq(F>(0),F3(0)); and so on.
To show that LIS £, ACT we take program P3:

F1 lx[not _eq(F3(x), Fa(x))]
lic Ay[Axx)(Fa(y))]
ly[M[ [(F2())]
For LIS we have: F; (0; ()Lx[not _eq(F3(x), Fa(x ))]E —g not_eq(F3(0), (0));

)
not_eq(Ay[Ax[x](F2(y))I(0), F2(0)) ——p not_eq(F3(0),F2(0)) —s L.
For ACT we have: F;(0); Ax[not_eq(F3(x),F>(x))](0) HB not_eq(F3(0),F>(0));

not_eq(Ay[Ax[x](F2(y))I(0), F2(0)) —p not_eq(Ax[x](F2(0)), F2(0));
Now we must apply ACT to the term F>(0); Ay[Ax[x](F2(y))](0) —p Ax[x](F2(0));

Now we must apply ACT to the term F>(0) and so on.
To show that ACT 4 LIS we take program P:

= Azlnot_eq(F3(z), Ax[0)(F2(2)))]
Py B2 = Ay[AF[F (F2(y)))(F3)]
= Ax[0]

For ACT we have: F;(0); ﬁ,z[not _eq(F>(z),Ax[0](F»(z)))](0) —>ﬁ
not_eq(F»(0),Ax[0](F»(0))); not eq(Ay[AF[F (Fy(y

(4
noteq(lF{( 2(0))1(F3), Ax[0](F2(0)));
not_eq(AF[F (F2(0))](Ax[0]), Ax[0](F2(0))) —
not-eq(Ax[0](F2(0)), Ax[0}(F2(0))) —5-L.

For LIS we have: F;(0); Az[not_eq(F>(z), Ax[0](F2(z)))](0) ——p not _eq(F»(0),0);
not eq(A[AF[F(Fs(3))](F3))(0),0) > not eq(Fs(F>(0)),0);
not_eq(F3(Ay[AF[F (Fy(y))](F3)](0)),0) —=—>p not_eq(F3(F3(F2(0))),0);
not eq(Fy(Fs(AyAF[F (B ()] (F))(0)),0) 5 —p
not_eq(F3(F3(F3(F>(0)))),0); and so on.

Let A € {PIS, LIS} and B € {PES, LES, PAS}. To show that A £, B, we take
program Ps:

Fy = Ax[not_eq(F3(Fa(x)), F3(F3(x)))]
Ps § Fy = Ax[F3(x)]
)]

F; = Ax[F3(x
For PIS we have: F;(0); Ax[not_eq(F3(F>(x)),
noteq(F3(F2(0)), F3(F3(0))); not eq(F3(Ax[F3(x)(0)), F3 (Ax[F3(x)](0))) =—p
not_eq(F3(F3(0)),F3(F3(0))) —s-L:
For LIS we have: Fi(0); Ax[not_eq(F3(F2(x)), F3(F3(x)))](0) —p
not_eq(F3(F2(0)), F3(F3(0))); not eq(F3(Ax[F3(x)|(0)), F3(F3(0))) —p
not_eq(F3(F3(0)), F3(F3(0))) —5-L;
For PES we have: F;(0); Ax[not_eq(F;(Fa(x)), F3(F3(x)))](0) —p
not_eq(F3(F2(0)), F3(F3(0))); not eq(Ax[F3(x)] (F2(0)), Ax[F3 (x)](F3(0))) ——p
not eq(Fy(F5(0)), Fy(F5(0))): and so on.
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For LES, PAS we have: F;(0); Ax[not _eq(F3(F»(x)), F3(F3(x)))](0) — ,3
not_eq(F3(F3(0)), F3(F3(0))); not eq(Ax[F3(x)] (F2(0)), F3(F3(0))) —
not _eq(F3(F>(0)),F3(F3(0))); and so on.

To show that A 4, B, where A € {PES, LES, PAS}, B € {PIS, LIS}, we take
program Fs:

F, = Ax[F;3(x)]
= Ax[F3(x)]

For PES we have: F;(0); Ax[not_eq(F2(F3(x)), F3(F3(x)))](0) —p
not_eq(F2(F3(0)), F3(F3(0))); not eq(Ax[F3(x)] (F3(0)), Ax[F3 (x)](F3(0))) ——p
not_eq(F3(F3(0)), F3(F3(0))) =51

For LES, PAS we have: F;(0); Ax[not_eq(F>(F3(x)), F3(

Fy = Ax[not_eq(F>(F3(x)), F3(F3(x)))]
Ps

3
—
=
~—
~—
L
—
=)
~—
=

not_eq(F>(F3(0)), F3(F3(0))); not eq(Ax[F3(x)](F3(0)), F3(F3(0))) —p
not_eq(F3(F3(0)), F: (0))) —sLs
For PIS we have: Fj x[not_eq(F>(F3(x)), F3(F3(x)))](0) —

3(F;
(0); 4
not_eq(F>(F3(0)), F3(F3(0))); not _eq(F2(Ax[F3(x)](0)), F3(Ax[F3(x)](0))) ——p
not _eq(F>(F3(0)),F3(F3(0))); and so on.
For LIS we have: F;(0); Ax[not_eq(F>(F3(x)), F3(F3(x)))](0) —p
not_eq(F»(F3(0)), F3(F3(0))):not eq(Fa(Ax[F3(x
not_eq(F>(F3(0)),F3(F3(0))); and so on.
To show that FS£ | B, where B € {PES, LES, PIS, LIS, PAS, ACT}, we take
program Py:
Fy = Ax[not_eq(F>(F3(x)), Fa(F5(x)))]

For FS we have:

F1(0); Ax[not eq(F2(F3(x)), Fa(F5(x)))](0) —p not_eq(F2(F3(0)), Fa(F5(0)));
not _eq(Ax[F4(x)](Ax[F5(x)](0)), Ax[F4(x)](Ax[F5(x)](0))) ——p
not_eq(F4(F5(0)), F4(F5(0)))) —5-L.

For PES we have:

F1(0); Ax[not _eq(F>(F3(x)), Fa(F5(x)))](0) — g not _eq(F2(F3(0)), F4(F5(0)));
not eq(Ax[Fy(x)] (F3(0)), Ax[F3 (x))(F5(0))) —— g not eq(Ex(F3(0)), Fx (F5(0))):
not_eq(Ax[F4(x)](F3(0)), Ax[Fs(x)](F5(0))); and so on.

For LES, PAS we have:

F1(0); Ax[not_eq(F>(F3(x)), Fa(F5(x)))](0) —p

not_eq(F>(F3(0)), F1(F5(0))); not eq(Ax[Fa(x)](F3(0)), Fa(F5(0))) —p
not_eq(F4(F3(0)), F4(F5(0))); not _eq(Ax[F4(x)](F3(0)), F4(F5(0))); and so on.
For LIS we have:

Fi(0); Axlnor-eq(Fa(Fy(x)), Fa(F5 (x)))](0) =g not eq(Fa(F5(0)), Fa(F5(0));
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not eq(Fy(Ax[F5(x)](0)), F4(F5(0))) —p not eq(F2(F5(0)), Fa(F5(0)));
not_eq(F>(Ax[Fs5(x)](0)), F4(F5(0))); and so on.
For PIS we have:
F1(0); Ax[not_eq(F2(F3(x)), Fa(F5(x)))](0) —p not_eq(F2(F3(0)), F4(F5(0)));
not_eq(F2(Ax[Fs(x)](0)), Fa(Ax[F5(x)](0))) ——p not eq(F2(F5(0)), Fa(F5(0)));
not_eq(F>(Ax[F5(x)](0)), F4(Ax[F5(x)](0))); and so on.
For ACT we have:
F1(0); Ax[not_eq(Fy(F3(x)), Fa(F5(x)))](0) —p not_eq(F2(F3(0)), F4(F5(0)));
not_eq(Ax[F4(x)](F3(0)), F4(F5(0))); now me must apply algorithm ACT to the term
F3(0); Ax[F5(x)](0) —pg F5(0); Ax[F5(x)](0) —pg F5(0); and so on.

Let A =PES and B € {PS, LES, PAS, ACT}. To show that A £, B, we take
program F:

For PES we have: F;(0); Ax[not_eq(F>(F3(x)), F4(x))](0) —p

not_eq(F>(F3(0)), F4(0));not _eq(Ax[F> (x)] (F3(0)), Ax[F2(F3(x))](0)) ——p
not_eq(F>(F3(0)), F2(F3(0))) =L

For FS we have: Fi(0); Ax[not_eq(Fx(F3(x)), Fa(x))](0) —g
not_eq(F2(F3(0)), F4(0));

not_eq(Ax[F2(x)|(Ax[F5(x)](0)), Ax[F2(F3(x))](0)) =—p
not_eq(F2(F5(0)), F2(F3(0)));

not_eq(Ax[F2(x)](Ax[F3(x)](0)), Ax[F2(x)](Ax[F5(x)](0))) ——p
not_eq(F>(F3(0)), F2(F5(0)));

not_eq(Ax[F2(x)](Ax[F5(x)](0)), Ax[F2(x)](Ax[F3(x)](0))) ——p
not_eq(F>(F5(0)),F>(F3(0))); and so on.

For LES, PAS we have:

F1(0); Ax[not_eq(F2(F3(x)), Fa(x))](0) —p not_eq(F2(F3(0)), F4(0));
not_eq(Ax[F>(x)|(F3(0)), F4(0)) —p not_eq(F>(F3(0)), F4(0)); and so on.
For ACT we have:

F1(0): Ax[not_eq(F>(F3(x)), Fa(x))](0) —p not eq(F>(F3(0)), F4(0));
not_eq(Ax[F>(x)|(F3(0)),F4(0)); now we must apply ACT to the term F3(0);
Ax[Fs5(x)](0) =g F5(0); Ax[F3(x)](0) —g F3(0); now we must apply ACT to the term
F3(0); and so on.

Let A = ACT and B € {PES, LES, PAS}. To show that A £, B, we take
program FPo:

= Ax[F3(x)]

Fy = Ax[not_eq(F>(F3(x)), F2(x))]
Py
Fy = Ax[x]
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For ACT we have: F1(0); Ax[not_eq(F>(F3(x)),F2(x))](0) —
not_eq(F>(F3(0)),F>(0)); not _eq(Ax[F2(x)](F3(0)),F2(0)); now we must apply algo-
rithm ACT to the term F3(0); Ax[x](0) — g 0; Algorithm continues work on the term
not_eq(F>(0),F2(0)) —sL

For PES we have:

F1(0); Ax[not_eq(F2(F3(x)), F2(x))](0) —p not_eq(F2(F3(0)), F2(0));
not_eq(Ax[F>(x)|(F3(0)), Ax[F>(x)](0)) ——p not_eq(F>(F3(0)),F>(0)); and so on.
For LES, PAS we have:

F1(0); Ax[not eq(F2(F3(x)), F2(x))](0) —p not eq(F>(F3(0)), F2(0));
not_eq(Ax[F>(x)|(F3(0)), F2(0)) —pg not_eq(F>(F3(0)),F>(0)); and so on.
To show that PIS4 | FS, we take program Pjo:

= Axfnot eq(Fa(Fs(x)), Fy(x))]
Fz = Ax[F5(x)]
F5(x)]
Fa(F5(x)]
F(x)]
2(F3

Py
F4 = Ax

[
Ax|
[
Ax|

For PIS we have: F; (0
not_eq(F2(F3(0)), Fa(0
not_eq(F>(F5(0)), Fa(F;
For FS we have: F1 0
not_eq(F>(F3(0
not _eq(
not _eq/( (
not_eq(Ax[F,
not _eq(F>(Fx(
(
(F5(F5(

M[’wt -eq(F2(F3(x)), 4 (x))](0) —

);not eq(Fa(Ax[F5(x)](0)), Ax[Fa(F: ( NI0)) =—p
(0))) =515
); M[nohefJ(Fz(E (x)), Fa(x))](0) —p

);
(0)), Ax[F (x)] (Ax[F5(x)](0))) ——p
), P ); and so on.
hat LES 74 1 PAS, we take program P;;:
= Ax[not_eq(Fa(x), Ay[y](F3(x)))]
P F2 = Ax[F;3(x)]
= Ax[F3(x)]

For LES we have: Fi(0); lx[not _eq(F2(x), Ay[y](F3(x)))](0) ——p
not_eq(F2(0), F3(0)): nor eq(Ax{F3 ()] (0), F5(0)) — not-eq(F5(0),F5(0)) —»5.L .
For PAS we have:

not_eq(Ax[Fs
not_eq(Fs(Fs

F1(0); Ax[not _eq(F>(x), Ay[y](F3(x)))](0) —p not_eq(F2(0), Ay[y](F3(0)));
not_eq(Ax[F3(x)](0), Ay[y](F3(0))) —p not-eq(F3(0),Ay[y](F3(0)));
not_eq(Ax[F5(x))(0). A5 (F3 (0))) 5 not eq(F3(0), AYy](F3(0))); and so on.
To show that LES £, ACT and PAS# | ACT, we take program Pj5:
(

= Ay[Ax[x](F3(v))]

Fy = Ax[not_eq(F>(F3(x)), F3(F3(x)))]
ISTRPL
Fy = Ay[Ax[x](F2(y))]
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For LES, PAS we have: F;(0); Ax[not _eq(F,(F3(x)), F3(F3(x)))](0) —
not_eq(F2(F3(0)), F3(F3(0))); not_eq(Ay[Ax[x] (F3(y))](F3(0)), F3(F3(0 ))) ——p
not_eq(F3(F3(0)), F3(F3(0))) —5-L.

For ACT we have:

F1(0); Ax[not eq(F2(F3(x)), F3(F3(x)))](0) —p not eq(F2(F3(0)), F3(F3(0)));
noteq(?y)[ﬂ,x[ x](F3(y))](F3(0)),F3(F3(0))); we must apply algorithm ACT to the
term F3(0);

Ay[Ax[x](F2(v))](0) —p Ax[x](F2(0)); now we must algorithm apply ACT to
the term F»(0);
Ay[Ax[x](F3(y))](0) —p Ax[x](F3(0)); and so on.

To show that PAS 4, LES, we take program P;3:

F\ = Ax[numbers(numbers(F(x), F3(x)),numbers(F3(x), Ax[F2(x)](0)))]

P13 § F> = Ax[not_eq(x,0)]
= Ml (0)

For PAS we have: F;(0);
Ax[numbers(numbers(F,(x), F3(x)), numbers(F3(x), Ax[F2(x)](0)))](0) —
numbers(numbers(F>(0), F5(0)),numbers(F3(0), Ax[F>(x)](0)));
numbers(numbers(Ax[not_eq(x,0)](0), F3(0)), numbers(F3(0), Ax[F>(x )](0))) —B
numbers(numbers(not_eq(0,0), F3(0)), numbers(F3(0), Ax[F>(x)](0))) —
numbers(_L,numbers(F3(0),Ax[F>(x)](0))) —s-L.
For LES we have:
F1(0); Ax[numbers(numbers(Fa(x), F3(x)), numbers(F3(x), Ax[F2(x)](0)))](0) ——g
numbers(numbers(F>(0), F3(0)),numbers(F3(0),F»(0))) — s numbers(F3(0),F>(0));
numbers(Ax[F3(x)](0),F>(0)) —pg numbers(F3(0), F>(0)); and so on.

It is shown that for each pair of different algorithms A, B € {FS, PES, LES, PIS,
LIS, PAS, ACT} the following holds: A 4, B and B A A. Therefore, interpretation
algorithms FS, PES, LES, PIS, LIS, PAS, ACT are pairwise L -incomparable. U
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