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Introduction. Throughout this paper F;, stands for a finite field with g elements
[1] (g-power of a prime number), and F;' stands for an n-dimensional linear space
over Fy : Fy ={a=(0u,00,...,0,)|0; € Fy, i=1,2,...,n}. If Lis a linear subspace
in Fj and o € F, then the set a + L = {& +x|x € L} is a coset (or translate) of the
subspace L and dim(a + L) coincides with dim L. An equivalent definition: a subset
H C F} is a coset, if whenever hy,hy,. .., hy are in H, so is any affine combination

m m
of them, i.e. Zkihi € H for any A1,A,,..., A, in F, such that Z?Li = 1. It can be
i=1 i=1
readily verified that any m-dimensional coset in Fy can be represented as a set of
solutions of a certain system of linear equations over F; of rank n —m and vice versa.
Definition. Let M be a subset in F) and Hy,H,,...,H, C M be cosets
m
of linear subspaces in F;'. If M = |J H;, then we say that {H,H>,...,Hy} is a
i=1
linearized covering of M of complexity (or length) m. The linearized covering of M
with minimal length is the shortest linearized covering of M.

The problem of the shortest (minimal) linearized covering of the set of solu-
tions of a polynomial equation over a finite field was first investigated in [2}[3]] for
a simple field F>, and the theory of linearized disjunctive normal forms was intro-
duced. Some metric characteristics of the linearized coverings of subsets of a finite
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field were investigated in [4,|5]. The problem of a linearized covering of symmetric
subsets of a finite field was solved in [6]], and for the sets of solutions of quadratic
and some higher-degree equations over a finite field was solved in [[7H15]].

Main Theorem. For given b € F;, and n > 1 consider an equation

X1X2X3 + X2X3X4 + - -+ + X3,X1X2 + X1X3X5 + X4 X6Xg + - - + X3, 2X3,X20 =D (1)
over F;,. We denote by M the set of solutions of (1. It is clear that M C F;".
We rewrite Eq. (1)) in the following form:
(x1 +x4) (02 +x5)x3 + (x4 +x7) (X5 +x8) X6 + - - - + (X302 +X1) (X301 +X2)X3, = b.

(2)
If n=0(mod2) or ¢ = 0(mod?2), then

n—1 n—1

X3p—2+x1 = Z(—l)’;l(xy—z +x3i41)  and  x3u-1+x= Z(—l)i’l(x3i_1 +X3i12),
i=1 i=1

and Eq. (2)) can be rewritten in the form
(o1 +x4) (2 +2x5)3 + (x4 +x7) (265 +x8) X6 + -+
o (X3n-5 FX30-2) (X304 + X30-1)X3(0— 1)+ 3)
n—1
+ Y (=D (a2 +x3i )]

i=1

n—1

Y (= 1) (o1 +x3152) | X30 = D
i=1

For any vector & = (04,0p,...,03,) € Fpn when n = 1(mod2) and
g = 1(mod2), we construct a new vector

0= ((on+ou)(m+as),(outog)(as+0g),..., (24 01) (01 + ) € Fqn,

and when n = 0(mod2) or ¢ = O0(mod2), we construct a vector & = ((a; +
+ou) (0 + as), (04 + 07) (05 + 0), ..., (Qan—s + O34—2) (0Bp—4 + O3n—1)) € F 1.
Further everywhere z(¥) denotes the number of zero coordinates of the vector
Y= (",%,---,Ym) € Fyn. Moreover, for any s € {0, 1,...,n} we have the set

M = {a = (OC],OCQ,...,O@,,) €M|Z(a) :S}.
It should be noted that for n = 0(mod2) or ¢ = 0(mod2) the set M, does not exist.
It is clear that MiNM; = ) <= s # t and
M= M.
N

We denote by E,(n,s) the minimal complexity of the linearized covering
of the set M, and by E,(n) the complexity of the shortest covering of M
by cosets that are entirely contained in one of the sets M, s =0,1,...,n.

Our goal is to evaluate the values of E,(n,s) and E,(n).

Theorem 1. Whenn=1(mod2) and ¢ = 1(mod2), then

Ci(g—1)2=925 if s<n,

2", if s=n.

Eq(fl,S> <
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1\
Cilg—1*"(2==), i s<n and b0,

q
1 NG
E,(n,s) > fol(q—l)z(”_s)(Z—f>, if s<n and b=0,
7" q
(2—7>, if s=n and b=0.
q
—2"if b0,
E,(m) < [(g—1)*+2]" #
[(g—1)2+2]", if b=0.
1\n
[ 12+ (2- )] (2—7) : if b0,
Eq(n) = n K
1[( 1)2+(2—1)] +—1(2—1)" if b=0.
q q q q/’
Theorem 2. When n=0(mod2) or g =0(mod2), then
(g— 1)1, if s=0,
Cs 259 -1 2(n—s) ,—1 2(n—s)—1 if 0 -1
E,(n,s) < n1( ) Ng—1)"""g7! +o(q ) if 0<s<n—1,
(g—1)7(2°=2), if s=n—1and b#0,
(@ —2q+3)(2° —2)+2, if s=n—1 and b=0;

Ey(n) < (g—1)*""V+o(g" ).
Proof of Theorem 1. Let n = 1(mod2) and g = 1(mod2). Then the
nondegenerate linear transformation
[ y1=x1+x4,
Y2 = X4 +x7,

Yn = X3p—2 + X1,
7] = X2 + Xs,
20 = x5+ X3,

Zn = X3p—1 + X2,
t; = X3, izl,n,

converts Eq. (2) into equation
yizit1 +y222t2 + - -+ YnZnty = b.
It is obvious that the last equation is a particular case of equation
XIXD - Xp - Xpp 1Xk42 - X2k + o F X 1)1 Xk (1) 42 Xkn = D 4)

when k = 3. The Eq. (@) is considered in [9]] and

e N stands for the set of all solutions of Eq. (@));

e N, stands the set of all solutions of Eq. (), for which exactly s, 0 < s < n,
of n products Xz (;—1)4 1X(i—1)+2 " Xk(i—1)+ (1) ( = 1,2,...,n) are equal to zero;

° L’; (n,s) denotes the complexity of the shortest linearized covering
of the set Ny;
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° Lg(n) denotes the complexity of the covering of the set N by cosets, all
vectors of which are entirely contained in one set N;, 0 < s < n, the following
estimates are obtained:

Lr(n,s) < Crlg—D* VO (ke —1), if s<n,
g\"™ X (k_l)n7 if s=n;
( k—1 _ -1 k—1\ S
Ci(g— 1)tk D) (4 (kq_z ) ) if s<nand b0,
1 k=1 (g 11\ *
Li(n,s) = { —Ci(g—1)kDoms) (4 (kq_z ) ) if s<nand b=0,
q q
k—1 _ -1 k—1\ S
<q (kq,z ) > ) if s=n and b=0;
\ q
Lk (n) < [(g— D"+ (k—1)]"—(k—1)", if b#0,
TV [g= )R+ k—-1)]", if b=0;
lkfl qk—l_(q_l)k—l n qk—l_(q_l)k—l n
(=1 + 2 - 2 ’
if b#£0,
Lk n 2 _ _19n _ _ n
4( ) 1[(q_1)k—l+qk 1—(6]—1)" 1:| +q_1 (qk 1_(q_1)k 1>
q qk—z q qk_2 )
if b=0.

From the above, it is clear that for n = 1(mod2) and ¢ = 1(mod2) and k = 3 we have
the following identities:

M=N, M;=N,, E,n,s) ELZ(I’[,S), E,(n) ELS(H)

and, consequently, the estimates of Theorem 1. Note that the problem of the minimal
linearized covering for y;z1#) + y222t2 + - - - + Yn2Zntn = b was solved in [8]].

Theorem 1 is completely proved.

On the Number of Solutions of Certain Equations and Systems of
Equations over a Finite Field.

Lemma 1.

(i) The number of solutions of the equation x; +x, + --- +x; = 0 over the

multiplicative group F° of the finite field Fj is equal to

(=D [(¢—D""+(=1)
q
(ii) Over the multiplicative group F; the inequality x| +xa + - +x; # 0
(g=1) [(g =D+ (=D"]

solutions.

has exactly

q
Proof. We denote by s; the number of solutions of the equation
x1+x2 4+ +x; = 0 in the group F". It is clear that the equation x; = 0 has no solu-
tions in Fq* and, therefore, s; = 0. Consider the general equation x; +x2+---+x;, =0
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for k > 1. The variables of the latter can not take zero values, therefore, assigning
the values o; € F; to all variables x; (i = 1,2,...,k — 1), we must require that
o+ 0+ ...+ 0y # 0, and the number of such different vectors (o, 0, ..., 0_1)
coincides with s; and is equal to (¢ — 1)*! — s;_;. Thus s; = 0 and
sk = (g —1)*! —s;_| for k > 1. Then

se=(g =1 = (=) +(g- 1)~ = (=g 1) =

k-1 . , — 1D [(g=D* T+ (=1)k

i=1 q
Having the value s; for any positive integer k, we can find the number of solutions of
the inequality x; +x + - +x # 0 in the group F". It is obvious that it is equal to

(4= 1) [(g= D+ (=11

k
qg—1)" —s; =
(¢-1) p
O
Lemma 2. The number of solutions of systems
Xl'y,‘:O, i:1,2,...,k, (5)
(x1+x20+-+x) 1 +y2+--+w) =0
and

{ )Cl'y,':(), i:1,2,...,k, (6)

(1 x4 Fx0) (1 +y2+- 4 3%) #0

over Fy are equal to

[(2(1— D 42(g— 1)+ (1) (g - 1)2} g%,

(4= |2g—1) 2= D+ (=] -g 72
Proof. We consider system (3). If x; = o; € F; for i =1,2,...,k, then

y1 =y2 =--- =y = 0 and the vector (al,az,...,ak,0,0,...,O> is a solution of
~—
k
@), this gives us (g — 1)k solutions. Further, for a fixed number s (1 < s < k)
suppose x] =xp =---=xy,=0and x; = o € Fq* for i=s+1,...,k. Then we
have y;11 = ys42 = -+ =y = 0 and the last equation of system (5) will have the
following form:
k
Y, o |-(i+y2t-+y) =0. (7
i=s+1
k
If Z a; = 0, then the Eq. has ¢° solutions, otherwise it has ¢*~' solutions.
i=s+1
k
The number of different (i1, 04+2,...,0), for which Z o; = 0, is equal to
i=s+1

(g—1)[(g— 1) "+ (=1)**]g~" (Lemma 1). And the number of vectors satis-

k
fying the condition Z o #0 isequalto (g—1) [(g— 1)+ (=1)k st g7,
i=s+1
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Consequently, the total number of solutions of Eq. (/) is equal to

(@=D[(g-D""+ ()] 0 (g-D[g-D 7+ (=D
q q
=(2q-1)(g— 1) ¢ 2+ (q—1)*(-1)" ¢

After combining all possible cases, we find that the number of solutions of system

(@) is equal to

k
Ti=(g—1)"+ ;C,’( [(2(]— D(g—D)"¢2+(q— 1)2(_1)k—iqi—2:| _

= [Cq— 1y +2>g— 1)+ (-1 g =17 g

Note that in qu the number of solutions of the equation xy = 0 is equal to
(2¢ —1). Therefore, the system {x;y; = 0,i = 1,2,...,k , has (2g — 1)* solutions
in F*. Then the number of solutions of system (@) is equal to

(g—1)*-[(2g = 1) =2(g = D+ (=1)"] .

2q—1)*—Ti = p

g

Proof of Theorem 1.

Canonical Covering. Let n = 0(mod2) or ¢ = 0(mod2). For the vectors
o= (a,0,...,0,1), B=(B1B,. . Bu1) € Fq”_1 the product @ - B is defined
by the equality & - B = (0 B1, B2, - .., 0y—1By—1). It is easy to verify that for a fixed
vector ¥ € Fq”_1 the number of ordered pairs (e&,B) such that a,B € Fq”_1
and & - B = v is equal to (2g — 1)*V (g — 1)""'=*,  Hence, if a,B < Frl

n—1 n—1
satisfy the equatin & - B = ¥y and (Z(—l)ilai> <Z(—1)i1[3i> = o,

i=1 i=1
where ¥ € Fq”*1 and € F,, then we say that the vector pair (&,p) generates a
vector (¥, ) € Fy', and this relation will be written by (&, B) — (7, ®).

Now, for Eq. (3) we construct a system of cosets covering the set M. Cosets
are defined using systems of linear equations over the field F,. The set M;, where
0 < s <n—1, is covered by the sets of the solutions of the following systems of
linear equations:

X2+ x3i1 =04, i=1,2,....n—1,
Wi+ X2 =P, i=1,2,...n—1, (8)
Nx3 4+ Yoo 1030 1) + OX3, = D,
where the vector pair (@, B) generates a vector (1,9, - .-, Yu—1,®) # (0,0,...,0,0) €
F} and z(aB) = z(y) =s.
If s=n—1and b =0in Eq. (3), then we add sets of solutions of the following
systems to the solution sets of systems (§8)):

X3i—2 +X3i41 = O, i:1727"'7n_17
i1 txi2 =0, i=1,2,...,n—1,

)
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where the vector pair (@, B) generates a vector (0,0,...,0,0) € Fy.

It is obvious that for different vector pairs (@, B) the sets of solutions of the
above constructed systems of equations lie in Mj, are pairwise disjoint and the union
of all these sets coincides with M; and hence it is a disjoint covering of this set.

The ranks of systems (8) and (9) are equal to 2(n— 1)+ 1 and 2(n — 1)
respectively. Therefore, the number of solutions of these systems is equal to ¢"*! and
¢"? respectively. The number of vectors ¥ € Fq"*1 with z(y) = s, where
0<s<n-—1,isequal to CC_(¢g—1)""17*. For a fixed ¥ with z(y) = s there
exist exactly (2g —1)*(g—1)""1* vector pairs (@, B) such that ¢ - B = ¥. Therefore,

My =C_(g— 1219 (2g—1)'¢"", if 0<s<n—1.
By Lemma 2 we obtain that exactly
(=1 [2g =1y =2(g— 1)1+ (-1)" Vg 2
vector pairs (@, B) generate nonzero vectors (0,...,0,®) € F;, and exactly
[(2g—1)"+2(¢—1)"" + (*1)”(61* 1)?]q
vector pairs (@, B) generate a zero vector (0,0, ...,0,0) € F'. Therefore,
M| = (g—1)* [(2¢—1)"" ~2(g 1 )” '+ ( D" g 2q", it b#0,
M1l = (q=1)*-[2g—1)"" =2(¢— )"+ (~1)" "] ¢ ”“+
+[2g—1)"+2(g— 1"+ (=1)"(g—1)*] 44", if b=0.
We also see that

n—2
M| =Y C5_i(g— D)X 92— 1) | ¢+
s=0

+(g— 17 [2q—1)"" =2(g—1)" "+ (=1)"] g ?¢" =

=[¢"—(2q—1)"=2(g— )" +(-1)""(g—1)*] 4", if b#0,
M| = [ — (2q—1)"=2(¢g— 1) +(=1)"""(g—1)*] ¢" '+

+[2g—-1)"+2(q— 1)+ (-1)"(q—1)*] g ¢ =

= [0 +(@-1)2q—1)"+2(¢— 1)+ (=1)"(¢—1)’] """, if b=0.
Now we construct the enlargement of the covering described above. Each
(7, @) € F} is associated with a set of linear systems. Fix the vector (¥, ) =
=("N,7,---, Y1, ®), where z(y) = s. If s = 0, then the corresponding systems are
formed in the same way as a system of the () type.
Suppose that 0 < s < n— 1. Without loss of generality, we can assume that

=r=--=%=0and 3, #0, i=s+1,...,n—1. For each vector pair

(a7ﬂ) = (aerl)-~-;an71,ﬁs+ly'~-aﬁn71) such that aﬁ =YY= (%Jrl)"'u,)/nfl), the
n—1

set of systems of equations is constructed as follows. We write ot = Z (—1) o
i=s+1

n—1

and f = Z (-1)"1B;.

i=s+1
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If o # 0, then for each vector (Ui, ..., ) € F5, where (U, ..., ) # (0,...,0)

and (Uy,..., ) # (1,...,1), and an arbitrary non-zero element ¢ € F,, we construct
the following system of equations:

)
x3i-2+x3i41 = 0= u; =0,
X3i1 + X342 =0 u; =1,
X2t =04, i=s+1,...,n—1,

X3i1+x3m2=0;, i=s+1,....n—1,
N

Y (1) pi(xsica +x3i41) + @ =0,
i=1
S

Y (1)@ ) (o1 +xsi2) + =0 o,
i=1

Nx3+ - Y1630 1) + OX3, = D,
where the symbol @ denotes the addition of modulo 2, and the notation
Xx3i—2 +x3;+1 = 0 is equivalent to u; = O that means the equation x3;_ +x3,41 = 0
is included in the system if and only if 1; = 0.

When (uy,..., 1) = (0,...,0) we form the system

p

X3i_2+.x3i+]:0, i:1727"'7s7
X2t X341 =04, i=s+1,....n—1,

Xi-1+x3i2 =0, i=s+1,...,n—1,
S

Z(—l)i_l (x3i1 +x32) +B =0 o,
i=1

L Nx3 4+ Yam1X3(n—1) + @X3, = b,
if and only if @ # 0 and when (u;,...,Us) = (1,...,1), then the system

X3i—1 +X3i+2:0, i:1727"'7sv
X3i2+x3i01 =0, i=s+1,....,n—1,

X3i-1+x3i2 =0, i=s+1,...,n—1,
S

Y (1) (i) ta= "o,
i=1

L VX3 Y1030 1) + OX3, = D
is constructed if and only if 8 # 0.
Next, consider the construction of new systems for @ = 0. In this case,

also for each binary vector (Ui,...,Hs), where (i,...,u) # (0,...,0) and
(Wiy...,15) # (1,...,1), we construct a system

X3i—2+x3i41 =0 <= 1; =0,

X3i-1 X302 =0 ;= 1,

X3i2+X3ip1 =04 i=s+1,....n—1,

x3i-1+ X340 =i, i=s+1,...,n—1,
A

Y (1) pi(xsica +xsis) + =0,

i=1

( X3+ + Y 1X3(n—1) T OX3, = b
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and the system

x3i2+x3i11 =0 <= ; =0,

X3i-1 +x342 =0+ p; =1,

X3i2+x3i401 =04, i=s+1,....n—1,

i1 +X3i42 =B, i=s+1,...,n—1,
s

Y (DT @ 1) (o1 +x3i42) +B =0,

i=1

Nx3+ -+ Yo 1X3(0—1) + OX3, = b.

When (u,...,1Us) = (0,...,0), we compose the system

X3i—o+x341 =0, i=1,2,...,s,

X3+ X301 =04, i=s+1,....n—1,

X3i1+x3m2=8, i=s+1,....n—1,
NxX3+ -+ Yoo 1X3(5—1) + O3, = b,

if & =0, and in the case a # 0 we compile the system

X3i—o+x341 =0, i=1,2,...,s,

X3+ X301 =04, i=s+1,....n—1,

X3i1+x3m2=8, i=s+1,....n—1,
S

Y (1) (i1 +x3i42) + B =0,

i=1
NxX3+ -+ Yo 1X3(5—1) + O3, = b.
For (uy,...,1s) = (1,...,1), we add a system
x3i—1+x3i00=0, i=1,2,...,s,
xX3i2+x31 =04, i=s+1,....n—1,
Xi-1+x3ip2 =0, i=s+1,...,n—1,
nxs+---+ Yn—1X3(n—1) + 0Ox3, =b
to existing systems if = 0, otherwise we add the system
x3i1+x300=0, i=1,2,...,s,
X3+ X341 =04, i=s+1,....n—1,
Xic1+x3i2 =B, i=s+1,....n—1,
S
Y (=D (a2 +x3i41) + @ =0,
i=1
X3+ Yo 1X3(0—1) + OX3, = b.
The covering of the set M; constructed above is called canonical.
Now let us estimate the complexity of the canonical covering. The number of
different vectors (@,B) = (Csr1,---,00—1,Bst1,---,Pn-1) € FqZ("_l_S), where
a;,Bi € F;,\ {0} foralli=s+1,...,n— 1, for which (according to Lemma 1)

n—1 n—1
a) o= Z (-1)'oy=0 and B= Z (—1)"1B;=0, isequalto
i=s+1 i=s+1

(q_ 1)2 [(q_ 1)n7s72+ (_1)n7s71]2q72;
b)x=0 and B #0, isequalto
(q_ 1)2 [(q_ 1)n—s—2+ (_1)n—s—l] [(C]— l)n—s—l + (_l)n—s] q—2;
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c)a#0 and B =0, isequalto

(=1 [(@=1D)" "+ (=" [(g= )" 2+ (=) ] g %
d)a#0 and B #0, isequalto

(4= [(g=1)" "+ (=1 g2,
Then, for a fixed 0 # @ € F, and (@, B) = (Css1,-- -, C—1,Bst1,---,Pn1) €
e F2"7'™) the number of new systems, when
a)oo=0 and B =0, isequalto (¢g—1)(2°—2);
b)oo=0 and B #0, isequalto (¢—1)
c)a#0 and B=0, isequalto (¢g—1)(2°—2
d)oa#0 and B #0, isequalto (g—1)(2*—2)+2;
and for @ = 0 the number of new systems is equal to 2(2° —2) + 2 (for all @ and f3).
Denote by D; the length of the canonical covering. It is clear that
Do=(g—1)>""D.If0<s<n—1, then

n—s— n—s—112
DA":CZ—I (q_1)2 [(q_l) q2 2+(_1) 1] [(q—1)2(2s—2)+2(23—2)+2]+

PO U Vil (U Vi <—1>';2“] g=1 1+ (=0
x[(g=1)*(2=2)+(g—1)+2(2'—2)+2] +

n—s— _ Yl—SZ
(4—1)2[(61—1)6]2 D] [(g—1)*(2° =2)+2(g— 1) +2(2* ~2) +2].

Simplifying the last expression, we get
Dy=Co (2 =2)(g— 1" Vg +C_y (2 = ) (g — 1)
2G5 (1) g 1) g = (2= 2) (g — 1) Vg o7,
Finally, Dy = C5_,(2° —2)(qg—1)2"9g 1 4 0(g*"*)"1) when 0 < s < n— 1,

and if s =n—1, then

b _ | @-1*2-2), if b0,
T (P2 3)(2°—2)+2, if b=0.

+C,_,

Finally we have

— B i s=
(g—1)*, if 5=0,
D. — C;_I(ZS—Z)(q—1)2(”*S)q*1—|—0(q2("*s)*1), if 0<s<n—1,
' (g—1)%(2°-2), if s=n—1 and b#0,
(¢* —2q+3)(2° —2)+2, if s=n—1 and b=0.
Obviously, the quantity Dj is the upper bound for E,(n,s). The number of cosets
contained entirely in one of the sets My, s =0,1,...,n—1, is equal to

n—1
(g-1)*" V1Y Dy=(g-1)>" V4o (q“”’”) :
s=1

which is an upper bound for E,(n).
Theorem 2 is completely proved.
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