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In this paper the canonical notion of J-reduction is considered. Typed
A-terms use variables of any order and constants of order < 1, where the
constants of order 1 are strongly computable, monotonic functions with indeter-
minate values of arguments. The canonical notion of d-reduction is the notion
of d-reduction that is used in the implementation of functional programming
languages. It is shown that for canonical notion of d-reduction SI-property is
the necessary and sufficient condition for the uniqueness of 8 §-normal form of
typed A-terms.
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Typed A-Terms, 3 6-Reduction. The definitions of this section can be found
in [[1H4]]. Let M be a partially ordered set, which has a least element 1, which cor-
responds to the indeterminate value, and each element of M is comparable only with
1 and itself. Let us define the set of types (denoted by T'ypes): 1) M & Types,
2) If B,ay,...,ax € Types (k > 0), then the set of all monotonic mappings from
o X -+ X o into B (denoted by [0 X - -+ x 0oy — B]) belongs to Types.

Let a € Types and V, be a countable set of variables of type o, then

V= U Vg is the set of all variables. The set of all terms, denoted by
acTypes

A= U Aq, where Ay is the set of terms of type o, is defined in the following
acTypes

way:

l.ifc € o, € Types, then ¢ € Ay;

2.ifx € Vy, o € Types, then x € Agy;

3.if T € A x..xay—p]sti € Aoy, Where B, a; € Types,i=1,...,k, k> 1, then
T(t1,...,1) € Ag (the operation of application);
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4.if T € Ag, x; € Vo, where B, € Types, i # j = xi #xj, i,j=1,...,k,
k> 1, then Ax;...x;[T] € Al x...x—p) (the Operation of abstraction).

The notion of free and bound occurrences of variables as well as free and
bound variable are introduced in the conventional way. The set of all free variables
in the term ¢ is denoted by FV(t). Terms #; and t, are said to be congruent (which
is denoted by #; = 1,), if one the term can be obtained from the other by renaming
the bound variables. A term ¢t € Ay, a € Types, is called a constant term with value
ac oift~a(see[1.2]]).

Further, we assume that M is a recursive set and considered terms use variables
of any order and constants of order < 1, where the constants of order 1 are strongly
computable, monotonic functions with indeterminate values of arguments. A func-
tion f : M¥ — M, k > 1, with indeterminate values of arguments, is said to be strongly
computable, if there exists an algorithm, which stops with value f(m,...,m;) € M
for all my,...,my € M [1].

Aset{r1/x1,....tx/xi } (shortly {7/x}, where f =<1y, ...t >, X =< X1, ..., X >)
is called substitution, where #; € Ay, X; € Vo, 04 € Types, i # j = x;i Zxj,
i,j=1,...k, k>0. The notation t{t;/xy,...,tx/x;} (shortly t{7/x}) is called an
application of substitution {7/x} to the term 7 and denotes the term obtained by the
simultaneous substitution of the terms 71, ...,#; of all free occurrences of the variables
X1,...,X; into the term ¢. An application of substitution is said to be admissible, if
all free variables of the term being substituted remain free after the application of
substitution. We will consider only admissible applications of substitutions.

A term of the form Axi..x[t](t1,...,5), where x; € Vi, i # j = xi # xj,
TENA, t; € Ay, 0 € Types, i,j=1,....,k, k> 1, is called a B-redex, its convolu-
tion is the term t{7/x}. The set of all pairs (7o, 71 ), where T is a -redex and 7, is
its convolution, is called a notion of B-reduction and is denoted by . A one-step
B-reduction (—4) and B-reduction (——p) are defined in the conventional way. A
term containing no f-redexes is called a f-normal form. The set of all f-normal
forms is denoted by B-NF.

The §-redex has a form f(t1,...,1;), where f € [MK — M|, t; € Ay, i=1,...,k,
k > 1, its convolution is either m € M, in this case f(ty,...,t) ~ m or a subterm #;, in
this case f(t1,....tx) ~t;,i = 1,....,k. A fixed set of term pairs (7o, 7), where 1y is
a O0-redex and 7y is its convolution, is called a notion of §-reduction and is de-
noted by 8. A one-step d-reduction (— ) and d-reduction (——g) are defined in the
conventional way.

A one-step Bo-reduction (—) and Bd-reduction (——) are defined in the
conventional way. A term containing no f30-redexes is called normal form. The
set of all normal forms is denoted by NF.

Definition 1. The termt € A is said to be strongly normalizable, if the
length of each 8 d-reduction chain from the term 7 is finite.

Theorem 1. [3]. Every term is strongly normalizable.

Theorem 2. [3]. For every term t € A, if t =—p ¢',t -—5 1" and
i, € B —NF,thent =1".
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Canonical Notion of 5-Reduction, Church-Rosser Property. A notion of
d-reduction is called a single-valued notion of §-reduction, if & is a single-valued
relation, i.e. if (79,71) € 0 and (70, 72) € 8, then 7] = 1p, where 7, 71,72 € Ay.
A notion of d-reduction is called an effective notion of d-reduction, if there exists
an algorithm, which for any term f(t1,...t), f € [M* — M], t; € Ay,
i=1,...k, k> 1, gives its convolution, if f(t,...,#;) is a §-redex and stops with
a negative answer otherwise.

Definition 2. [2]. An effective, single-valued notion of §-reduction is
called a canonical notion of d-reduction, if

l.teB-NF,t ~m,meM\{L}=1t—>—sm;

2.teB-NF,FV(t)=0,t ~ L =1t ——s L.

Theorem 3. [2]. Let § be a canonical notion of §-reduction, then:

lLLi~mmeM\{L}=1t——m

2.t~ L, FV(t) =0 =1t —>— L.

Definition 3. The notion of §-reduction has the substitution property
(S-property), if from (f(t1,...,t;),T) € 8, where t1,....t,T € Ay, f € [MF — M],
FV(f(t1, ....,tx)) # @D, k> 1, and from the following properties

1. f(t1,....t) is not constant term and T =1¢;, 1 < j <k, or

2. f(ll,...,tk) ~ 1 and T=1tj, 1<j<k or

3. f(t1,..sty) ~ Land 7= L,
it follows that for each admissible application of substitution {7;/xi,...,7,/X,}
(shortly {T/X}), where 7; € Ag,,x; € Vi, &6 € Types,i # j = x; #xj, i,j=1,...,n,
n > 0, there exist terms r{,...,#; such that 1,{7/x} —=— 1{,...,4{7T/x} =— 1,
and (f(t],....13),t}) € 8 if t=1t; and (f(1],....11), L) € §if 7= L.

Definition 4. The notion of d-reduction has the inheritance property
(I-property), if from (f(t1,...,tx),T) € 8, where t{,....tx,T € Ay, f € [M*F — M|,
FV(f(ti,....,tx)) #@, k> 1 and t; = u, for some i (1 <i < k), where r is a redex and
from the following properties

1. f(t1,....t) is not constant term and T =1¢;, 1 < j <k, or

2. f(l],...,l‘k) ~ 1 and T=tj, 1< ] < k, or

3. f(t1,..sty) ~ Land 7= L,
it follows that there exist terms 7|, ...,#; € Ay such that t; —— 1], ...,y —=—1/,...,
te —— t and (f(ty,....1),1;) € 8 if T =t and (f(1],....1), L) € 0 if T = L, where
7’ is the convolution of the redex r.

Definition 5. The canonical notion of d-reduction has substitution and
inheritance property (SI-property), if it has S-property and I-property.

Definition 6. The notion of fd-reduction has the Church-Rosser pro-
perty (CR-property), if for every term t € Ay, € Types, if t —— t; and t —— 12,
t1,tr € A, then there exists a term ¢’ € Ay such thatty —— ¢  and t, —— 1.

Theorem 4. Fora canonical notion of §-reduction that has SI property the
notion of 3-reduction has the CR-property.

To prove the Theorem 4 first let us prove the Lemma 1.
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Lemma 1. For every canonical notion of d-reduction that has SI property
and for every term t € Ay, o € Types the following take place: if t — #;,t — 1o,
t1,tr € Ay, then there exists a term ¢’ € Ay such thatty —— ¢ and t, —— 1.

To prove Lemma 1 first let us prove the Propositions 1, 2, 3.

Proposition 1. Let 1y, T) be B-redexes and 7, be a subterm of 7. Then
there exists a term 7’ such that 7; —— 7" and 71 —— 7', where 7] and 1) are
convolutions of the redexes 7; and 7.

Proof.FromTheorem 1 it follows that there exist terms 7{,#, € B — NF such
that Tj;, —p 7] =—p t] and Ty, —g TI Y = t5. Then from Theorem 2 we get
t} =t = 7'. Therefore, 7] —— 7’ and 71 —— 7. O

Proposition 2. Let § be a canonical notion of §-reduction that has
S-property. Let 7; be a B-redex and T, be d-redex, where 7, is subterm of 7;. Then
there exists a term 7’ such that 7{ —— 7" and 71,7 —— 7', where 7] and 7, are
convolutions of the redexes 7; and 1, respectively.

Proof. Let 1) = Axy..x,[u](U1,..., Un), where U € A, W; € Aq;, Xi € Vo,
o; € Types,i # j = x;i Zxj, i,j=1,...,n, n > 1. The following cases are possible:

a) T ~m, where m € M\{L};

b) 7, ~ L and FV(1,) = @;

¢) T~ L and FV(1p) # @;

d) 17 is not a constant term.

If 7o ~ m, where either m € M\{L} or m = L and FV(1,) = @, then
T {fi/%} ~ m and from Theorem 3 we obtain 7,{fi/¥} —— m. Since T, —s T,
we have ) ~ 75 ~ m, and from Theorem 3 we conclude 7, —— m. Therefore, if
Tp = AX{ ... Xn [l | (115 ...y 1), We have from (1) it follows that T/ = p, {1 /%}:

T, = Ax; ...xn[yrz](yl, s lp)

B Ax; ---xn[#fg](lh: v ) = Tig
71 = ue, {01/%} = wli/ X, mm
%1 o X [ ] (B -oe s i)
wi/xhm = umfu/x} =7 (1)

If 71 = Axio.xu[p] (M1, ey ), 1 < i < n, then from (2) we have
¥ = W{H1 /X1, o iy X oy o X}

Ty, = Axq e xp (1] (ul, s Mig s ...,un)
B 8
T = u{ul/xl, ...,uirz/xi , ...,yn/xn} Axq o xy (1] (ul, s Migts ...,un) =Ty
) B
ﬂ{ﬂ1/x1 s Bigt /X ---uun/xn} =17

2)
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If either 7p ~ L and FV(1;) # @ or 1, is not a constant term, where
T = f(t1, .. tp), f € A sm)y i€ A, 1= 1,....,k, k > 1, then from S-property fol-
lows that there exist terms f{,...,#, such that r{ji/x} —— 1],....6{fi/%} =— 1]
and (f(t},...,t;),r) € 8, where r = L, if 7y = L, and r =17, if 7) =1¢; for some
Jj=1,...,k. Therefore, if 7; = Ax;...x,[ls, ] (U1, ..., Un), then from (3) it follows that
v = p{p/x}

Ty, = A 0y e, | (s ooes 1)

— _ B &
¥ = e (7/7) = W By, 21w X[ Gt e btn) = 71y
#{E/E}f{fif;’:) s g “TQ{E/T} = #{E/T}Tgmﬁ}
wp/x} =1 (3)

If 71 = Axp.xn[U](Wiyeey loyyey o), 1 < @ < n, then from (2) we get
T,Eu{.ul/xh"'7.uiré/xi7maun/xn}' O

Proposition 3. Let 0 be a canonical notion of §-reduction that has
I-property. Let 7; be a §-redex and 7, be a redex, where 17, is subterm of 7;. Then
there exists a term 7’ such that 7} —— 7" and 71 —— 7/, where 7] and 7; are
convolutions of the redexes 7; and 1.

Proof. Let 1y = f(t1,....t), where f € [M* — M],t1,....ty € Ay. The
following cases are possible:

a) 7| ~m, where m € M\{L};

b) Ty ~ 1 and FV(T]) = @;

¢) 7~ Land FV(1) # O,

d) 7j is not a constant term.

If 7; ~ m, where either m € M\{ L}, or m = L and FV(1;) = @, then from
T) — T, it follows that T ~ 7] ~ m, and from Theorem 3 we get T{ —— m. Since
T| = Tig, We have 1) ~ Tig ~ m. Therefore, from Theorem 3 it follows that
T, —— m. Therefore, T =m.

If either 7y ~ L and FV(7) # @ or 7; is not a constant term, where
T = f(tl,...,tjrz,...,tk), 1 < j <k, then from I-property it follows that there exist
terms #{,...,t; € Ay such that #; —— ti,...,tjfé ——> tj,.uty —— 1 and
(f(t],....t7),7) € 6, where t= L, if ff=L,and 1 =1/, if 71{ =1, 1 <i<k It
is easy to see that 7] —— 7, since if 7y = L, wehave t= L and 7] —»— 7. If 7] =1;,
then T =t/ and 7] =#; —— t/ = 7. Therefore from (4) it follows that v/ = 7:

T1T2 = f (tl’ sy thz, ey tk)
5 f(t cortigs oot
fty o ty)

!

T=T (4)

2
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A term ¢t with different fixed occurrences of subterms 7, 7>, where T; is not
a subterm of 7, and 7 is not a subterm of 7; and 7; € Ag,, @ € Types, i = 1,2, is
denoted by 77, ,. A term with the fixed occurrences of the terms 7y, 7, replaced by
the terms 7}, 7, respectively is denoted by 7/ o, where T; € Ag,,i = 1,2.

Proof of Lemma 1. Ifty =1, thent =t =1. If tj #1,, then
there exist 7, 7> € A redexes of ¢ such that r; = Ly and , = 1y where ’L’{ , Té are the
convolutions of 7; and 7, respectively. If 7; is not a subterm of 7, and 7, is not a
subterm of 7y, then (5) implies ' =t/ -

5)

Without lose of generality let us suppose that the redex 7, is a subterm of the redex
71. By Propositions 1, 2, 3 there exists a term 7’ such that 7{ —— 7’ and 714 —— 7'.
Therefore, 1| =ty —— ty, h =ty 4 ——tyandt =tp.

t=t

1'11_2

’ (6)

O

Lett € Ag,x € Types,andt =t; — ... = t,, n> 1, wheret; € Ay, i=1,...,n,
then the sequence f1,...,, is called the inference of the term #, from the term ¢ and n
is called the length of that inference. The inference tree of the term ¢ is an oriented
tree with the root ¢, and if a term 7 is some node of the tree and 7y,...,T;, kK > 0, is
all occurrences of f30-redexes in the term 7, then Tgfs--m Ty ArC all descendants of the
node 7, where 7/ is the convolution of 7;, i = 1,...,k.

The inference tree of every term ¢ is a finite tree (that follows from Konig’s
lemma). The height of an inference tree of the term 7 is the length of the longest path
from the root ¢ to a leaf. The set of all terms, whose height of the inference tree are
equal to n— 1, is denoted by A", n > 1.

Proof of Theorem 4. Lett e A(”),n >1,and t >— 1, t >— 1o,
where #1,to € A. Let us show that there exists a term ¢’ such that 1, —— ¢’ and
th —>—t. Ifn=1,thent e NFandt =1, =1, =¢'. Let n > 1 and we suppose that
CR-property holds for every term 7 € AW 1 < k < n, and show that it holds for the
term¢. Ift =t;,thenty -=— tandt' =1,. Ift =1, thent, ——t; andt' =1;. If 1) #¢
and 1, # 1, then there exist terms ¢{,#, € Asuch thatt — ] —»—t; andt — ), —— 1.
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Therefore from Lemma 1 it follows that there exists a term ¢’ such that #{ —— ¢’ and
t) —»—1'. Since t] —— 11,1, —— 1" and t; € A% 1 <k; <n— 1, from the induction
hypothesis it follows that there exists a term #{’ such that { —— ¢ and ¢’ —— 1{.
Since t —— 12, t, —— " and t; € A*2) |1 < ky <n — 1, from the induction hypothesis
it follows that there exists a term #} such thatt, —— 5 and ' ——¢//. Sincet’ —— 1,
/' —»— ) andt’ € A®) 1 < ks <n—1, from the induction hypothesis it follows that
there exists a term ¢ such that r{ —— " and #j —— ¢”. Therefore, t; —— ¢ and
th ——t". O

The Uniqueness of the 35-Normal Form.

Theorem 5. Forevery canonical notion of d-reduction the following holds:
Vi € AVI',i" eNF(t -— t';t -»— " = ' =¢") & canonical notion of
d-reduction has SI-property.

Proof.

Sufficiency. Let 0 be a canonical notion of §-reduction that has SI-property.
Therefore from Theorem 4 it follows that the notion of fd-reduction has
CR-property. Letz € A, t',t" € NF and t —— ', t —— 1" Therefore, there exists
aterm ¢’ such that ' —— ¢ and ¢ —— ¢"”. Since t',t" € NF, we have t' = " and
t" =¢". Therefore, t' =1".

Necessity. Let § be a canonical notion of d-reduction. Suppose that for every
term 7 the following takes place: if t —— ' and t —— 1", where ' ;1" € NF, thent' =
t". Suppose to the contrary that S-property does not hold for §. Therefore, there exists
(f(t1,....1),7) € 8, where t1,....,1x,T € Ay, f € [M¥ — M), FV(f(t1,...t)) # @,
k>1, and

1. f(t1,...,t) is anon constant term and T =¢;,1 < j <k, or

2. f(t1,..,tr) ~Land t=1;,1 < j<k,or

3. f(t1,..ty) ~ Land 7= L,
and there exists a substitution {7 /x1, ..., T, /X, }, Where T; € Ag,,x; € Vg, 0 € Types,
i# j=x;#xj, i,j=1,..,n, n>1, such that for every terms 7{,...,#; such that
t{T/x} —— t1,....,ti{T/X} —— 1 it follows that (f(t{,...,1;),t;) € & if T =t;, and
(f(r],-.r), L) g dift=1.

Let us show that, if ti,...,t,é € NF, then we get a contradiction for the term
lxl...xn[ f(tl, ...,tk)](fl, ey Tn).

D) If f(t1,...,%) is a non constant term and 7 =¢;, 1 < j <k, then we have:
AxteeXn[f (11, s )] (T oy T) =5 AX1 X [t](T1, 0oy Tn) —p L{T/X} =105
Axy ...x,,[f(tl , ...,l‘k)](Tl sy Tn) —B G {f/)f}, ...,l‘k{f/)?}) —— f(li, ...,t,’c).

If f(],....t;) is not a §-redex, then f(t],....t;) € NF. Since t} is subterm of
F(t1, 1), then £ Z f(ty,....1;), which is a contradiction. If f(t,...,7;) is a 6-redex,
then the following 2 cases are possible:

a) there exists i # j (1 <i < k) such that (f(¢],....1;),7}) € 8. Therefore

i
f(t},stp) —5tl. Since (f(ty,...,1;),17) & O, then #] # ¢, which is a contradiction.
b) (f(#,...,t;),m) € 8, where m € M. Therefore f(t},...,t;) —s m. Since

(f(#1,- ,10)1;) & 6, then ¢} # m, which is a contradiction.
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D If f(t1,....tx) ~ Land T=1j,1 < j <k, then we have:

Ax e Xn[f (1, oo )] (T oy T) =25 AXLe Xn[t](T1, o, Ta) —p 1{T/X} —— 15

Xt Xu[f (21, s )] (T, oy T) =g (O {T/E}, ot {T/X}) —— f(t], 0 10)-

If f(],....t;) is not a §-redex, then f(t],....t;) € NF. Since t} is subterm of
the term f(t},...,1;), then f(z],...,t;) # t}, which is a contradiction. If f(#],...,#;) is a
O-redex, then the following 2 cases are possible:

a) there exists i # j (1 <i < k) such that (f(¢],...,t;),t/) € 8. Therefore
f(t],sty) —stl. Since (f(t],...,1;),1;) & O, then ¢} # ¢, which is a contradiction.

b) (f(#],--1), L) € 6, then f(z1,...,1t) =5 L. Since (f(t],....;),t;) € 5, then
1 # 1, which is a contradiction.

3)If f(t1,...,tx) ~ L and T = L, then we have:

AX]...xn[f(tl,...,tk)](’ﬁ,...,’L'n) —s lxl...xn[J_](Tl,...,’Cn) —B 1;

lxl...x,,[f(tl,...,tk)](’n,...,’L’n) —B f(l]{f/)?},...,l‘k{f/)?}) —— f(li,...,l‘,’c).

If f(t],....t;) is not a 8-redex, then f(r{,...,t;) € NF. Since f(t],...,t;) # L,
then we have a contradiction. If f(r{,...,1;) is a §-redex, then there exists i (1 <i <k)
such that (f(t{,...,t;),t/) € 8. Therefore f(t{,...,t;) —st/. Since (f(t],....,t}), L) €6,
then #/ # L, which is a contradiction.

Now we suppose that I-property does not hold for 6, which means that there
exists (f(t1,...,tx),T) € 8, where f € [M* — M],t1,....tx,T € App, FV(f(t1,...,12)) #
@ and t; =y, for some i (1 <i < k), where ris a redex and

1. f(t1,...,t¢) is anon constant term and T =¢;,1 < j <k, or

2. f(t1,....tr) ~Land t=1;,1 < j <k, or

3. f(tyy.osty) ~ Land T= L,
and for every terms f{,...,#; such that 1y ——t],..., uw —— 1, ...,y —— 1; it follows
that (f(t],....1;),1;) ¢ 6 if T=1t;, and (f(1],....5), L) ¢ §if T= L.

Let us show that, if ti,...,t,’( € NF, then we get a contradiction for the term
f(tl,... ,[.Lr,...,lk).

D) If f(t1,...,1) is a non constant term and T =¢;,1 < j <k, then we have:

Sy s ti) =5 1 —— 105

Lyt = f(t1 s My oo ti) == f(1], 1.

If f(#],....t;) is not 8-redex, then f(#},...,t;) € NF. Since ] is the subterm of
the term f(t{,...,7;), then f(t{,...,t;) # ¢}, which is a contradiction. If f(t,....,t;) is
0-redex, then there exists i # j (1 <i <k) such that (f(#{,...,#;),#]) € 6. Therefore
f(t),ty) —s 1. Since (f(11,...,1;),1;) & 8, then t; # ), which is a contradiction.

) If f(t1,....tx) ~ Land T=1t;,1 < j <k, then we have:

f(tl, ooy Upy ...,l‘k) —stj—— l;-;

L, ety ti) = (1o My o ti) == f(1],01).

If f(#1,...,;) is not 8-redex, then f(t{,...,f;) € NF. Since ; is subterm of
the term f({,...,1;), then f(¢{,...,t;) # ¢}, which is a contradiction. If f(t,...,t;) is
d-redex, then the following 2 cases are possible:

a) (f(#],--1;), L) € 8, then f(t],....,1t) —s L. Since (f(t1,....5;),;) & &, then
1 # L, which is a contradiction.
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b) there exists i # j (1 < i < k) such that (f(1],...,t;),t{) € 6. Therefore
f(t],sty) —5tl. Since (f(t1,...,1;),17) & O, then #] Z ¢}, which is a contradiction.

3)If f(t1,...,tx) ~ L and T = L, then we have:

f(tl, ooy My ...,Ik) —s L

Tty oo ti) = f(t1 o o te) == (8], 007).

If f(11,...,1;) is not 8-redex, then f(r{,...,t;) € NF. Since f(11,...,t;) # L, we
have a contradiction. If f(#{,...,#;) is 6-redex, then there exists i (1 <i < k) such that
(f(r1,-.,1),1]) € 8. Therefore f(r{,....t;) —5 t.. Since (f(],....1;),L) & 8, we get
1/ # 1, which is a contradiction. O
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