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TRANSFER OF LOADS FROM A FINITE NUMBER OF ELASTIC
OVERLAYS WITH FINITE LENGTHS TO AN ELASTIC STRIP
THROUGH ADHESIVE SHEAR LAYERS

A. V. KEROBYAN *
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This article deals with the problem of an elastic infinite strip, which is
strengthened along its free boundary by a finite number of finite overlays with
different elastic characteristics and small constant thicknesses. The interaction
between the strip and the overlays is mediated by adhesive shear layers. The
overlays are deformed under the action of horizontal forces. The problem of
determination of unknown stresses acting between the strip and overlays are
reduced to a system of Fredholm integral equations of the second kind for a
finite number of unknown functions defined on different finite intervals. It is
shown that in the certain domain of variation of the characteristic parameter of
the problem this system of integral equations in Banach space may be solved
by the method of successive approximations. Particular cases are discussed and
the character and behaviour of unknown shear stresses are investigated.
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Introduction. In [|1,2]] we considered the transfer of loads from a finite number
of finite elastic overlays (stringers) to an elastic half-plane through adhesive layers.
Still earlier, in [3}4]] we considered a similar problem in the case of two finite elastic
overlays for both the elastic half-plane and the infinite strip. The article 5] addresses
the problem for an infinite plate (sheet) with two finite stringers, when only one of
the stringers is connected through an adhesive layer. Also recall the papers [6-9],
where different approaches were used to study similar problems for different elastic
bodies, which are strengthened by a single finite stringer through an adhesive layer.

In this article we are going to consider the problem for an elastic infinite strip
that is strengthened at finite intervals of its free boundary by an arbitrary finite number
of finite overlays with different elastic moduli and small constant thicknesses.
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Statement of the Problem and Obtaining the System of Integral
Equations. Let an elastic infinite strip (plane deformation, with Young’s modulus
E, Poisson’s ratio v and thickness H) be rigidly attached to non-deformable foun-
dation at its boundary y = —H and strengthened along its free boundary y = 0 at
the finite [a;,b;] (bj > aj, bj < aj;1) intervals by a finite number of finite overlays
(stringers) of small constant thicknesses h; (h; < b; — a;) and with elastic moduli
E; (hereinafter, the index j takes values in the range 1 to n, unless otherwise stated).
The interaction between the strip and the overlays is mediated by thin uniform elas-
tic adhesive layers with Young’s modulus E, Poisson’s ratio v; and small constant
thickness /. The problem is to determine the distribution law of unknown stresses
acting between the strip and the overlays, when concentrated forces P;, are applied at
one end points of overlays x = b;, and directed along the Ox axis (see Figure).

Figure.

The model of uniaxial strain state and the conditions of pure shear are assumed
for the overlays (stringers) [10] and the adhesive layers [6], respectively. It is also
assumed that only shear (tangential) stresses act between the strip and the overlays
[[1H9]I.

With such assumptions, let write the horizontal displacements u(x,0) of the
boundary points of the elastic strip in the form [3]):

b;
u(x,0) = ;/K(]stTi(s)ds, (1)

when on the [a;,b;] segments of its free y = 0 boundary there act shear (tangential)
forces with intensities 7;(x), respectively. In Eq. (I)
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S
A, 1 are Lame’s constants of elasticity of the material of the strip.
Now, assuming that each differential element of the adhesive layers is in a
condition of pure shear [1-9]], the following conditions are obtained:
u(j)(x)—u(x,O):k‘L'j(x), aj<x<bj, j=1n, (3)

K, (o)
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where k = h /Gy, G = Ex/2(1 4+ vi), Tj(x) = kalgj) (x). Gy is the shear modulus

of the adhesive layers, u/) (x) are the horizontal displacements of the points of the
(

elastic overlays on the [a;,b;] intervals, 7;(x) and }/kj ) (x) are the shear stresses and
the shear strains in the adhesive layers on the [a;, b;] intervals, respectively.

Further, taking into account the above assumptions [IH10], the equilibrium
differential equations for overlays on the [a;,b;] finite intervals will be written in the
following form:

d*ul)  1i(x)

dx2 = Ejhj, aj<x<bj7 jzlan; (4)
which, by virtue of (3)), can be written in the form:
d2ulh .

e —y]2~u<])(x) = —y]zu(x,O), a; <x<bj, 5)

where we have also the following boundary conditions:
=0, =1 (6)

dx dx Ejhj
x:hj

X=daj

Here y7 = 1 /kEjh;, j=1,n.
The solutions of the boundary value problems (5)) and (6) we obtaim in the
form:

bj
ul(x) = u(()j)(x) +yJZ/Gj(x,s)u(s,0)ds, aj <x<bj, 7
aj

where u(()j ) (x) are the general solutions of the homogenous equations corresponding

to Eq. (3) with the boundary conditions (6) and have the form
u (x) = —1J cosh[y;(x—a;)]
’ ViEjh; sinh[Y;(bj —a;)]

and G;(x,s) are Green’s functions [[11]:

)

Gj(x,s)

B 1 coshyj(x—bj)coshyj(s—aj), x>s,
~ y;sinh[y;(bj —a;)] | coshyj(x—a;)coshy;(s—b;), x<s.

It is obvious, that the functions G;(x,s) are continuous in both variables and
are symmetric with respect to permutation of variables G;(x,s) = G;(s,x).
Further, by virtue of (7)), from (3)) we obtain the following equations
bj
kti(x) +u(x,0) = }/Jz-/Gj(x,s)u(s,O)ds—i—u(()j)(x), aj<x<bj, j=1,n (8

aj

Now, by matching (1)) and (8), we get a system of integral equations with
respect to unknown shear stresses 7;(x), which are specified in different finite [a;, b;]
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intervals, in the form:
b;

n
Z K(|x—s|)ti(s)ds—
l:1

+

»M—*

’}/2 n Y b u(i)(x)
R L Gt | [KGs—imar| as =" =T, o)
aj ai

or, changing the order of integration in double integrals, in the form:

b;
1 n
x) + k;/l((\x—t])ri(t)dt—

b: T b; .
v ()
YJZ ; . _uy (%)
k;/ /G](x,s)K(s yas | w(oar =" o)

Further, note that according to (2) the kernel K(|x|) can be represented in the
following form:

K(|x]) = (1 ,A1|—C>+A1R<) (1)

20+1 2(1-v?)

where A| = and C is Euler’s constant. In R(x) is the regular

dyu  E
part of the kernel K (|x|) and has the form
> (Ax)>" 1 1 1 |Apx|)?n—!
1 l+—4++.+—_C ) =222
; [ 22m) \Ma T 2T T, 20— "
1/°°[(A1+\cy)Kn(o)—A1]emdo
24 . Al +|o] ’
since
K,(0) ~Ailc]™!, as |o] = co. (12)

Now, by virtue of (T1]), we can bring the system (10) to the form:

A ) 1 At

1 1

— In———-C ) t(t)dt + — R(x—1t)7;(¢t)dt—

+7rkl.§/(nA1|x—t] )T’() +nk;/ (=1)7()
a; ai

T b
_,}/JZA] Z bi /G( ) 1 ; —cld T'(t)dt— 13
Tk i=1 Js nA]‘s—t| S| (13)
a; aj
b; [ bj )
il )
_W; /G.,-(x,s)R(s—t)ds () dr ="
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Next, replacing the variables x, s and ¢ by ax, as and at respectively, where
a > 0 is the coordinate of one of the endpoints of a certain overlay, we obtain the
system (13)) in the following form:

+5ZZ/ln vl dt—f—SZZ/R x—1) i (6) di—

—a}/252 / /G ax,as) ’ds v; (t)dr—

t ﬁj ()
—a)/2522/ /G ax,as)R.(s—t)ds| yi(t)dt = auok(ax). (14)

One can represent the system of integral equations in the following form:

+8°) / Li(c)yi(t)dr = 3 (x), oy <x<Bj, j=Tn, (15
=1y

where
Li(x,t)=1In - +R.(x—1)—
Bj B;
1
a}/Jz/Gj(ax,as)ln| ds—ayjz/Gj(ax,as)R*(s—t)ds, (16)
Qj ’ &j
()
; auy’(ax)  Pjay; coshlay;(x — a;
fé])(x) _ % ) _ Pjay, [a;( i)l

ko sinhlay(Bj—ay)]
8% =aA,/mk, aj=aj/a, Bj =bj/a, y;(x) = atj(ax) , R.(z) = R(az),
R.(z) is a square integrable function.
Note that the system (I0) or (I3)) has been obtained by the changing the order

of integration, the validity of which follows from the Fubini’s theorem [11]], as well
as from the equalities

/G ax,as) 1 (17)
“?’J

which, in turn, follow from the equahtles [1L12]:

/G X8 cos[ b(—a] )]dS—

(bj—a;)? mn(x—a;)
= 22 2.2 08
(bj—aj)*y; +m’m bj—aj

}, m=0,1,2,..., (18)
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mm(x—a;)

where the functions cos [ ] ,m=0,1,2,... form full orthogonal systems

j—4aj
in the spaces L (a;,b;). Note [11] that the symmetric completely continuous integral
operator B:

b
Bo = [ Glx.5)9(s)ds

which acts in the space Ly(a,b), is an inverse of the operator D = —d* /dx* + y*1I.
Below the Fubini’s theorem will be used without special mention.
Also note that the system (T3] has been obtained without using the equilibrium
conditions imposed on the overlays

Bj
/l//j(x) dx =P;. (19)

In the system (I3), the conditions (T9) are satisfied automatically due to the
following relations

B;
/féj)(x) dx =P;.
a;j

These can be easily verified by integrating the equations (15) from o; to B,
then changing the order of integration in resulting double integrals and taking into
account the equalities

B;
/Lj(x,t) dx =0,
aj

which follow from (I8).

Thus, the solution of the problem is reduced to solving the system (I3) of
Fredholm integral equations of the second kind with kernels squarely integrable in
two variables and with right-hand sides which are the solutions of the problem in the
case of rigid base.

From the system (I3), it is easy to see that at the end points of overlays x = ¢;
and x = B; the values of unknown shear stresses y;(x) are finite.

Investigation of Solvability of the system of Integral Equations (I3).
Further, write system in the following form:

?+T ¢ = go, (20)
where
] fél) 52/(11 62](12 e 52](1"
12} féz) 52](21 52](22 e 62]{2,,
(p = : ) go = . ) T - : )
" fo(.") 8%y 8%k ... 6%%m
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Bi
kivi= [ Likovi@dr, ji=Ta. @)
o
Now consider Eq. in Banach space by dint of vector-functions
X
X5
X=| . |, whereX; € Ly(a;,J3;), and with the norm:
X,

X[ = maX{HXIHLZ(aI,ﬁl) ; HXZHLz(aQ,ﬁz)P"aHXHHLz(an,ﬁ”)}'

Ly (aj, B;) are spaces of square integrable functions, specified on the intervals (¢t;, ;).
Operators kj;, j,i=1,n, act as follows: kj; : Lo (0, B;) — La(atj, Bj).
Obviously, the operator T acts in the B space and is Fredholm’s operator. The

operational Eq. (20) in the B space can be solved by the method of successive ap-

proximations, if ||T|| < 1, where

I = max {82 ([lkutll + -+ [lktall) - 8 (Mt |+~ eunl]) }
That is, the condition ||7|| < 1 will be satisfied, if
& (kutll -+ kil) < 1, 8 (ke |+ + lkaal)) < 1.,
62(||kan T+t ||knn||) <l. (22)
Then the solution of Eq. (20) will be written in the form:

o=I+T)"g0=Y (-1)"T"g0.
m=0
Now determine the values of 82 parameter, for which the conditions (22) will
be satisfied. From (21)), by virtue of Cauchy—Bunyakovski inequality, we get:

Bi B/‘ 2
Kjil| < eji, eji= //Lﬁ(x,t)dxdt . ji=1,n. (23)

o O

The expressions for ej;, are difficult to calculate, so, we will estimate them.

As will be justified below, the following estimates take place:
1 1

Bi B; 2 Bi B 2
eji < //1n2|x—r\dxdt + //Rﬁ(x—t)dxdt , Li=Bj—aj. (24)
o O o O

First, let us get the estimate (24)) in the case of i = j. To this end, recall that
in the Eq. (I8), as mentioned above, the functions cos[mm(x—«;)/l;|, m=0,1,2,...,
constitute full orthogonal systems in the spaces L(o;,B;). Then, according to
Parseval’s equality, we have (since Lo = 0)

m=1

B

2 [=S)

lj/L§ (v,r)dx= Y L5, (1), o;<t<p (25)
o.
J
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where

B

T o
Linm (1) /L xtcos[m(ij)}dx m=1,2,...
J

o

Further, according to (18]), we have

where

Lim () = (1-"12[12') M (£), m=1,2,...,

}/12112 +m2n?

B
1 _ .
njm(t):/ In——+R,(x—1)|cos ma (x — 0;) dx, m=1,2,...
1] I

o

Therefore,
o Y 12 2 oo
L2 Xt - 55— nzm(t) < nzm(t)v
7 / Z:: ( lz—i—mZﬂz) J mgl J

aj<t<p;.

On the other hand, by virtue of Parseval equality, we will obtain

oo 2 ﬁ./' 1 2
2 = [ [In—— +R.(x— .
mZ::lnjm(t)< lj/[n\x—t]+ (x t)} dx
o

Finally, applying the Cauchy inequality, we get:

Bi B : Bi B 2
ejj < //lnzlx—t|dxdt + //Ri(x—t)dxdt
&j &j

The estimates (24) for ej;, j # i, one can obtain in a similar way.
Then the conditions (22) will be satisfied if

-1
n
2 _
< (Zejl) =e;j.
i=1

Therefore, we have obtained the condition of realization of (22)) in the form

8% < min (e, ea,...,e,), where e ; are positive numbers, less than unity.

The values of unknown shear stresses y;(x) at the end points x = ¢¢; and x = ;

of overlays one can obtain from system (13

It may be appropriate to note that comprehensive and deep numerical analysis
for the elastic half-plane in cases of n = 1,2 are presented in [1]]. Without going into
details, note that some still unpublished numerical results of analyzing the system
of integral equations (I3) with n = 1,2 in some particular cases with the matching
values of the characteristic parameters correspond to the calculated results presented

in [[1] (see Figs. 4, 5 and Fig. 7 in [1]]).
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Conclusion. To study the changes in the law of distribution of unknown shear
stresses depend on the characteristic parameters of the problem, this article presents
an effective solution to the problem in question. The problem is reduced to solving a
finite system of Fredholm integral equations of the second kind, which can be solved
by the method of successive approximations. The solution of the problem in question
can also be reduced to solving a finite system of singular integro-differential equa-
tions of the second kind with a Cauchy kernel and with certain boundary conditions.
Its solutions can be constructed using Chebishev’s orthogonal polynomials of second
kind using the method given in [3].

A brief account on the presented work has been reported at the IX International
Conference on the problem of dynamics of interaction of deformable media [|12)].
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u. Jd. L6rnesdL

Jeraudne dnd de0UANN JEMUPOLEMRS UNANFL UUNRD
CELSELD Ub03NY, ABALUTINCNFULEND PNRTLSAFUL
UNU2AUYUL CerShL

Thypwplwd b wnwdquijub widtpg stpgph Jtpwpbpjug fjubnhp, npb pp
wqup bgph Gpuybnipyudp nidinugywd £ puppbin wnwaquijud hunplniemnia-
otpnd U thnpp hwugqupmb hwugpmpymbbbpny, YGpowynp pyny Ytpownp
Gpyupnipyudp  Yepunhpbbpn):  Unwaquiub obpph b Jtpughpbbiph dhol
thnjuwugntignupynil ppugnpdynmd £ dhugpbivwly ugmbt stiptiph - thongny:
Jtpwnhpotipp pbdnpdwghwh &b Ghpwpyynud puwbg Swypbipnd Jhpunygwd
hnphgniwjub mdtph wgnbgnipjub pwly: Stipph b ybpunhpiotiph dholt gnpdnn
wbhwjp gnpunhnn jupnudtitiph npnpdwd juinhpp hwtiqtiguws E ypwppbp dhow-
Juyptipnud  npnpywd  Ytipowdnp pyny wthwpp dmblyghwibph  Glhugpdunip
dptinhnpdh Gpypnpn utinh hinplgpu hwjwuwpnmdbtph hwdwljupgh Mdtwbp:
8nyg L yinqud, np ubinph pimpwgphs wwpudtypptinh hiothnfunyeyut npnpwyh
phpnypend,  hmptgpuwuyhtt hwjwuwpnuitbph wyju hwdwlupgp  Pwbwhup
pupuwonijud dbhe Jupnn Loyl hwonpnujumt  dnypudnpnipynibiitiph
tnubwyny: dHYhypuwpgwo Gb dwubwynp ntiyptp b wupqupwijwd £ onpunhnn
[wnnudtiiph pupjuiwb ponypep b Juppp:



