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In the article exact analytical and invariant solutions for both spinless and
half-spin relativistic charged particles in crossed constant electric and magnetic
fields, when H > E have been found. It is shown that in both cases the problem
reduces to that of quantum harmonic oscillator.
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Introduction. There are very few problems in quantum mechanics, the exact
solutions of which have been found in an analytical and invariant form. The most
notable ones are Gordon [1] and Volkov [2] solutions of the problem of quantum
relativistic particles with zero and half spin in the field of electromagnetic plane wave.
Afterwards, many authors examined the problem of relativistic electron in different
electromagnetic field configurations. Particularly, the configuration with non equal
absolute values of electric and magnetic fields was examined in [3[] and [4], but the
solutions in both cases were not represented in invariant form. The invariant solution
of the Dirac equation has many applications in some modern problems.

In this paper the dynamics of a particle in crossed constant electric and
magnetic fields in case of H > E is examined and the exact invariant solutions of
the Klein—Gordon and Dirac equations are found.

The crossed constant electric and magnetic fields configuration is described by
the four-vector potential of the form

At =d¢, (D

where ¢ = kxy, (k* > 0). Lorentz gauge condition results in k¥a, = 0.
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Scalar Particles. Taking into account the Lorentz gauge condition, Klein—
Gordon equation which describes the dynamics of a spinless particle can be written as
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Seek the solution of Eq. (2) in the form
iptky ipHxy

where p* is for the time being an arbitrary constant four-vector. Substituting (3)) in
Eq. (2) Klein—Gordon equation gets the form
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After changing the variable
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we get the following equation
U'+(r=2)U =0, (7

which is nothing but the Schrédinger equation of linear quantum harmonic oscillator.
Its physical solutions exist under the condition

Y=2n+1,n=0,1,2... ()

and have the form

1
Un(z) = WGKP(—ZZ/Z)H,,(Z), )

where H,(z) = (—1)"exp(z?/2)(d/dz)" exp(—z*/2) are the Hermite polynomials.

1
Particles with 2 Spin. We will proceed from iterated Dirac equation, which

has the form:

2 i
[ T

1
where otV = E(y“yv —y'y*). 7y is the set of Dirac matrices, Fyy is the

electromagnetic field tensor. Seek the solution of this equation in the form
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i
where (ﬁ) (s = £1) are two eigenvectors of the operator Z—eFqu“" with
c
N

eigenvalues
di
Ay =s—+\/ H?—E2, (12)
c

By substituting Eq. into Eq. (10) with changing the variable in same manner as
in Eq. (5) and introducing dimensionless quantity

- a*p)?  (pPky)? a2 \ V2
}/—<( u) +( kzu) PP miP—A S : (13)

(12
we get
W +(7—2)U =0, (14)

which, again, is nothing but the Schrédinger equation of linear quantum harmonic
oscillator. Its physical solutions exist under the condition

Y=2n+1,n=0,1,2... (15)
and have the form
1 2
Uun(2) = —————7 exp(—z"/2)Hy(2), (16)
(2mn) /7))

where H,(z) = (—1)"exp(z?/2)(d/dz)" exp(—z>/2) are the Hermite polynomials.

The energy spectrum is discrete and is implicitly given by Eq. (I5). To
calculate the exact expression for energy spectrum, we take the frame, where the
electric field is directed along the y axis, and the magnetic field is directed along the
z axis. With such a specification of the coordinate system, the four-vector potential
takes the form

A =dhg, g =kx = (-2, (17)
C
where
1 H
k“:C<1,E,O,0> , a" = (0,0, —cE,0). (18)

Taking into consideration Eqgs. (12)), and (I8)), we get the energy spectrum:

2 g2 g2
E H”—-F
<gm _Px > = (p§c2+m2c4 —(2n+s+1) dicy/ H? —E2) ;19

H H?

where s is the spin projection number with values s = 4+1 and s = —1. For E =0
Eq. (I9) reduces to the well known result 3] for the energy spectrum of a half spin
particle in a magnetic field:

el =pi+mic* — (2n+s+1) dicH. (20)



INVARIANT SOLUTION OF THE DIRAC EQUATION IN THE CROSSED ELECTRIC... 141

Main Result. The invariant solution of relativistic particle in crossed electro-
magnetic field configuration when H > E was exactly found. It is shown that for both

1
spinless particles and for particles with 3 spin the energy spectrum is discrete.
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N & MESLNUBUL, UL W 2 E-8WL

1hOUYD SUUUUNUUWL PLJUCPhUELS LOFSNFUL 4NN,
ELEUSMUUUL bJ UUGLhUWLUUL YSSEANFY (H > E)

Wpuwpwbpnd huyppbwptpJud Gh Spgphyp wbwghiphy b hJuphwinn
[nonuidiip hoswtiv qpn, wjbwbu £ Yau uyhbng ntjywphyhupujui thgpwnpygud
duubhyotph hwdwp, hwugpugpmb ppwgdnn  Galpgppuut U duqbhuwlub
nuonpbtpnud, H > E-h phypnud: 8nyg £ yppjud, np tpne gypnud £ jpiinhpp
ptinynmud £ pqubnpuwyhtt hwpdntihy oughpjugpnph hwjuuwpdwbn:



