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We consider equations of associativity and transitivity. We obtain necessary
conditions for the solution of these equations for right quasigroup operations,
generalizing the classical quasigroup case.
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Introduction and Preliminaries. Functional equations are equations in which
the unknown (or unknowns) are functions. They have applications both in mathema-
tics and in other disciplines, particularly in economics and social sciences (see [1–
7]). The solution problem to functional equations with right quasigroup operations
is stated in [8]. Let (Q; ·) be a groupoid and a ∈ Q. Denote by Ra(La) the map of
Q to Q such that Ra(x) = xa(La(x) = ax) for all x ∈ Q. A groupoid (Q; ·) is said to
be a right (left) quasigroup, if for each a and b in Q there exists unique element x(y)
in Q such that x · a = b(a · y = b), i.e. in this case any right(left) translation of the
groupoid (Q; ·) is a permutation of the set Q. Right quasigroup with right identity is
called right loop. Associative right loop is called right group.

The following Lemma is an analogue version of the corresponding Albert
theorem for quasigroups and division groupoids [9–11].

L e m m a 1. Every right quasigroup is principally isotopic to some right
loop.

P r o o f . Let Q(·) be a right quasigroup and a be its element. Let’s consider
(R−1

a ,1,1) principal isotopy, where 1 is the identity mapping of the Q:

x+ y = R−1
a x · y.

Q(+) is a right quasigroup. Also, Q(+) has right identity, which is a:

x+a = R−1
a x ·a = Ra(R−1

a x) = x.

So, Q(·) is principally isotopic to right loop Q(+).
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Let T be a ternary operation on the set Q. The left, middle and right translations
of the ternary operation T on Q are defined by:

λxy = µxz = ρyz = T (x,y,z).

We denote the set of all functions from Q to Q by τQ. Let α and β be equivalence
relations on Q. Let us define the following relations:

(x,y,z)α1(u,v,w) iff x = u and (y,z)α(v,w),

(x,y,z)α3(u,v,w) iff z = w and (x,y)α(u,v),

α�β = α1∨β3,

where ∨ means the supremum in the corresponding lattice.
T h e o r e m 1. [12, 13]. The general solution (on a nonempty set Q) of the

generalized associativity equation

A(x,B(y,z)) =C(D(x,y),z) (1)
is given by the following equalities:

A(x,y) = ( f y)x,
B(x,y) = P(x,y),
C(x,y) = (gx)y,
D(x,y) = R(x,y),

(2)

where:
(i) P and R are arbitrary groupoids on Q;
(ii) f : Q→ τQ and g : Q→ τQ are arbitrary functions such that:

f P(x,y) = ρxy, gR(x,y) = λxy, (3)
where λxy (ρxy) is the left (right) translation of an arbitrary ternary operation T on
Q satisfying:

kerP�kerR⊂ kerT. (4)
Main Results.
T h e o r e m 2. Let four operations A,B,C,D be right quasigroups on Q.

If these operations satisfy (1) for all x,y,z ∈ Q, then:
• there is a right loop (Q; ·) such that A and D are isotopic, B and C are

homotopic to (Q; ·), and
• there are mappings A1,A2,B1,B2,C1,C2,D1,D2 : Q → Q(A1,B1,C1,D1

are bijections) such that:
A(x,y) = A1x · y,
A2B(x,y) =C1D2x ·B2y,
C(x,y) =C1x ·B2y,
C1D(x,y) = A1x ·B1y,

(5)

and 
A1 =C1D1,
A2B1 =C1D2,
A2B2 =C2.

(6)
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P r o o f . Let p,q,r ∈ Q, b = B(q,r), d = D(p,q) and e = A(p,b). Let also:
A1x = ( f b)x = A(x,b) = RA,bx, A2x = ( f x)p = A(p,x) = LA,px,
B1x = P(x,r), B2x = P(q,x),
C1x = (gx)r =C(x,r) = RC,rx, C2x = (gd)x =C(d,x) = LC,dx,
D1x = R(x,q), D2x = R(p,x).

(7)

Since A,B,C,D are right quasigroup operations on Q, A1,B1,C1 and D1 defined by
(7) are bijections.

As in the proof of Theorem 1 we obtain (6) and the following equalities:

A(x,B1y) =C1D(x,y),

B(x,y) =C(D2x,y),

( f B2y)x = (gD1x)y.

Let us define an operation on the set Q by

x · y = ( f y)A−1
1 x = A(A−1

1 x,y).

According to Lemma 1, the groupoid (Q; ·) is a right loop and

A(x,y) = A1x · y.

Hence, we get:

C(x,y) = (gx)y = (gD1D−1
1 x)y = ( f B2y)D−1

1 x = A(D−1
1 x,B2y) = A(D−1

1 x,B(q,x)) =

= A1D−1
1 x ·B2y =C1D1D−1

1 x ·B2y =C1x ·B2y,

A2B(x,y) = ( f B(x,y))p = A(p,B(x,y)) =C(D(p,x),y) =C1D(p,x) ·B2y =

=C1D2x ·B2y = A2B1x ·B2y =C1D2 ·B2y,

C1D(x,y) =C(D(x,y),r) = A(x,B(y,r)) = A(x,B1y) = A1x ·B1y =

C1D1x ·B1y = A1x ·B1y.

Thus, we obtained (5).
D e f i n i t i o n 1. A binary algebra (Q;Σ) is called right invertible

algebra, if every operation A ∈ Σ is a right quasigroup.
C o r o l l a r y 1. If the following associative hyperidentity

X(x,Y (y,z)) = Y (X(x,y),z) (8)

is valid in the non-trivial, right invertible algebra (Q;Σ), then every A ∈ Σ has the
following form:

A(x,y) = x · fA(y),

where Q(·) is a right group (cf. [14]).
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P r o o f . From the hyperidentity (8) it follows that each operation in Σ is
associative. Let X ∈ Σ be a right quasigroup. Then, according to the Lemma 1, X is
isotopic to the right loop Q(·) and the isotopy has the following form:

X(x,y) = αx · y. (9)

Let us prove that (Q; ·) is a right group. Lets take X = Y in (8) and use the equality
(9), we get

αx · (αy · z) = α(αx · y) · z, (10)

x(αy · z) = α(x · y) · z. (11)

Lets take z = 1 in the last equality (1 is the right identity of the right loop Q(·)),
we get

x ·αy = α(x · y). (12)

Taking into account (12), from (11) we get

x · (αy · z) = (x ·αy) · z
and since α ∈ SQ, we get x(yz) = (xy)z, i.e. Q(·) is a right group.

Taking y = 1,z = 1 in equality (11), we get

αx = x ·α1 = x · t,
where α1 = t ∈ Q, i.e. αx = x · t and the operation X has the following form:

X(x,y) = x · t · y. (13)

Lets fix the operations X and Y in (8) and consider it as a functional equation of
associativity. According to Theorem 2, we get

X(x,y) = αx · y = x · t · y,
Y (x,y) =C1x ·B2y.

Applying these equalities in (8) and considering also the associativity of the operation
(·), we get

αx ·Y (y,z) = Y (αx · y,z),

αx ·C1y ·B2z =C1(αx · y) ·B2z,

αx ·C1y =C1(αx · y),

x ·C1y =C1(x · y),

x ·C11 =C1x,

C1x = xq,

where q =C11 ∈ Q. We have

Y (x,y) = xq ·B2y = x · fY (y),

where q ·B2y = fY (y) and fY is a mapping from Q to Q. This proves the Theorem, as
Y is an arbitrary operation from Σ.
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C o r o l l a r y 2. Let three operations A,B,D be right quasigroups on Q.
If these operations satisfy the following equation of transitivity:

A(B(x,y),B(y,z)) = D(x,z) (14)

for all x,y,z ∈ Q, then
• there is a right loop (Q; ·) such that A is isotopic and B,D are homotopic to
(Q; ·), and
• there are mappings β ,γ,δ : Q→ Q and σ ,α ∈ SQ such that:

A(x,y) = αx · y,
δB(x,y) = βx · γy,
D(x,y) = σx · γy.

(15)

P r o o f . Since B is a right quasigroup, from the equality B(x,y) = t it
follows that x =−1 B(t,y).

Using the last equality, (14) can be written in the form

A(t,B(y,z)) = D(−1B(t,y),z).

We got the equality of general associativity. Then, according to Theorem 2,
A is isotopic, B,D are homotopic to right loop and the equalities in (15) are valid.

Analogue results may be obtained for left quasigroup operations as well.
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12. Krapež A. Generalized Associativity on Groupoids. Publications de l’Institut
Mathematique, 28 : 42 (1980), 105–112.
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AJ QVAZIXMBAYIN GORO�U�YUNNEROV ZUGORDAKAN

FUNKCIONAL HAVASARMAN MASIN

Qnnarkvum en zugordakan  tranzitivu�yan funkcional hava-

sarumner�: Stacva� en funkcional havasarumneri lu�man anhra�e�t

paymanner aj qvazixmbayin gor�o�u�yunneri hamar, oronq �ndhanrac-

num en qvazixmberi dasakan depq�:


