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The built-in functions of programming languages are functions with in-
determinate values of arguments. The built-in McCarthy functions car, cdr,
cons, null, atom, if, eq, not, and, or, are used in all functional programming
languages. In this paper we show the A-definability of the built-in McCarthy
functions as functions with indeterminate values of arguments. This result is
necessary when translating typed functional programming languages into
untyped functional programming languages.
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Built-in McCarthy Functions, as Functions with Indeterminate Values of
Arguments. Let N={0,1,2,...} be the set of natural numbers, each natural number
neN will be called an atom. Let us define the set of symbolic expressions, which we
denote by S-expressions [/1]].

1. neN = neS-expressions,

2. my,...,mgES-expressions, k>0 = (m;... my)ES-expressions and is called
a list.

If k=0, than the list () will be called the empty list. We denote the empty list
by the atom 0. Thus the empty list will be both an atom and a list.

Let M=S-expressions U {_L }, where L is the element which corresponds to in-
determinate value. A mapping @ : MK—M, k>1, is said to be function with indeter-
minate values of arguments. Let us define built-in McCarthy functions car, cdr, cons,
null, atom, if, eq, not, and, or, as functions with indeterminate values of arguments.
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car, cdr, null, atom, not : M—M, and for any meM we have:

mp, if m=(m;...mg), where my, ..., myES-expressions, k>1,
car(m) = ]
1, otherwise.
(my...myg), if m=(m;...my), where my,..., myES-expressions, k>1,
cdr(m) = .
, otherwise.
1, if m=0,
null(m) = < 0, if meS-expressions and m=£0,
1, ifm=L.
1, ifméeN,
atom(m) = ¢ 0,  if meS-expressions and m¢N,
1, ifm=1.

)
not(m) = null(m).
cons : M2—M, and for any mgp, meM we have:

(mpm;j...mg), if mgES-expressions, m=(mj...mg),
cons(mg, m) = where myp, ..., m;ES-expressions, k>0,

1, otherwise.

and, or, eq : M2—M, and for any m;, myEM we have:

mi, if IIl]IO7
and(m;,mp) = { my, if myES-expressions and m;£0,
J_, if mlzJ_.

my, if mi :O,
or(m,mp) = < my, if m;ES-expressions and m;£0,
1, ifm=L.

1, ifm;,myeN and m;=my,

eq(m;,my) =< 0, if m;,meN and m;#my,
1, otherwise.
if M3—M, and for any mp, mp, m3€M we have:
mp, if mjES-expressions and m;#0,
if(m,mp, m3) = < m3, if m;=0,
1, ifm=1.
Untyped A-Terms, $-Reduction, S-Equality. The definitions of this section

can be found in [2]. Let us fix a countable set of variables V. The set A of terms is
defined as follows:
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1. If X€V, then x€A,
2. If t), €A, then (t;tp) EA (the operation of application),
3. If xeV and t€A, then (Axt) €A (the operation of abstraction).

We use the following shorthand notations: a term (... (tjtp)...tg), where €A,
i=1,...,k, k>2, is denoted by tt,...tg, and a term (Ax; (Ax2(...(Axut)...))),
where x;€V,j=1,...,n, n >1, t€A, is denoted by Axxs.. .X,.t.

The notions of free and bound occurrences of variables in terms as well as
the notion of free variable are introduced in the conventional way. The set of all free
variables of a term t is denoted by FV(t). A term which does not contain free variables
is called a closed term. Terms t; and t, are said to be congruent (which is denoted by
tj=ty) if one term can be obtained from the other by renaming bound variables. In
what follows, congruent terms are considered identical.

To show a variable x of interest of a term t, the notation t[x] is used. The
notation t[7] denotes the term obtained by the simultaneous substitution of the term
7 for all free occurrences of the variable x. A substitution is said to be admissible if
all free variables of the term being substituted remain free after the substitution. We
will consider only admissible substitutions.

A term of the form (Ax.t[x]) T, where x€V, t,7€A is called a B-redex and
the term t[z] is called its convolution. A one-step f3-reduction (—p), B-reduction
(——p) and B-equality (=p) are defined in a standard way (see [2]). A term con-
taining no f3-redexes is called a normal form. The set of all normal forms is denoted
by NF, and the set of all closed normal forms is denoted by NF’. A term t is said
to have a normal form if there exists a term 7, such that TENF and t=g7. Of the
Church-Rosser theorem [2] it follows:

1. t=g7 and TENF = t——47,
2. t:ﬁfl, t:ﬁfz and 71,72€NF = 71=10.

If a term has a form Ax;...Xy.Xty...t,, where Xi,.... Xk, X €V, t1,... thnEA,
k,n>0, it is called a head normal from and x is called its head variable. The set of all
head normal forms is denoted by HNF. A term t is said to have a head normal form
if there exists a term 7, such that T€HNF and t=g7. It is known, that NFCHNF,
but HNFZNF (see [2]).

Proposition 1][2)]. LettcA, then: t does not have a head normal form
= for any TEA the term tT will not have a head normal form.

A term t with a fixed occurrence of a subterm 7; is denoted by t;,, and a term
with this occurrence of 7jreplaced by a term 7, is denoted by tg,.

Proposition 2|[2|]. Let t,T|,To€A, then: T1=pT2 = ty,=p tr,.

Consider the following equation: f=t[f], where feV, t[fleA, FV(t[f)C{f}.
The term 7 is a solution of this equation if T7=gt[7].
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Proposition 3 [2|]. The term Y(Af.t[f]) is a solution of equation f=t[f],
where Y=Ah.(Ax.h(xx))(Ax.h(xx)) is Curry fixed point combinator, h,x€V.

A-Definability of Built-in McCarthy Functions. We introduce notations for
some terms: I=Ax.x, T=Axy.x, F=Axy.y, Q=Ax.xx)(Ax.xx), [ =], [t1,...,&]=
Ax.xty[ty, ..., 4], where x,y€V, t;€A, i=1,....k, k>1. Itis easy to see that: It—gt,
Ttit,——pty, Ftib——pta, t,t;, t2€A, the term Q does not have a head normal form.

Let M=S-expressionsU{ L }. To each meM we associate the term m’eA
as follows: 0'=l, (n+1)=Ax.xFn’, where n€N; (m;...my)'=[m/’,..., m;’], where
m;ES-expressions, i=1,...,k, k>0; L'=Q. Itis easy to see, that if meS-expressions,
then m'eNF°, and if my,m;ES-expressions, m;#my, then m;’ and my’ are not
congruent closed normal forms.

Definition. We say that term ®cA A-defines (see [3,4|]) the function
@ : MM (k>1) as a function with indeterminate values of arguments, if for all
my,...,mgeM we have:

o(my, ..., my)=mand m#1 = CIDmll...mi(:Bm’,
omy,...,mg)=1L = <IDm/1. . .m;( does not have a head normal form.

Theorem. For functions car, cdr, cons, null, atom, if, eq, not, and, or
there exist terms Car, Cdr, Cons, Null, Atom, If, Eq, Not, And, Or, respectively,
which A-define them.

Proof. Let us show that the term Null=AXx.x(Axyz.z)TO'1" A-defines the
function null. To do this, show the following:

a) Null)'——gl'.
b) Null(n+1)'—— g0’, where neN.
¢) Nulllm(',...,m;']—— g0, where m;eS-expressions, i=1,...,k, k>1.
d) NullQ does not have a head normal form.
(@) Null)'=(Ax.x(Axyz.z)TO'1")I—gl(Axyz.z)TO'l' = g(Axyz.2) TO'l' = —pg1".

(b) Null(n+1)Y=(Ax.x(Axyz.z)TO'1")(n+1)' = g(n+1)'(Axyz.2)T0'l'=
(AxxFn')(Axyz.z)TO'l' = g(Axyz.2) Fn'TO'1'—— g TO'1'—— 0.

(©) Nulllmy',...,m|=(Ax.x(Axyz.2)TO'1)[m’, ..., m;']—p
[my’,...,m/1(Axyz.2)TO'I'=(Ax.xm;'[my’, ..., m')(Axyz.z)TO'l' =
(Axyz.z)mi'[my’, ..., m/]T0'l' = —T0'I'=—p0'.

(d) NullQ=(Ax.x(Axyz.z)T0'1")Q— pQ(Axyz.z)T0'1" and, according to Proposition 1,
the term NullQ does not have a head normal form.

Let us show that the term If=Axyz.(Nullx)Tyz A-defines the function if.
To do this, show the following:

a) If0'my'ms'—— gmjy’, where my, m3eM.

b) If(n+1)'my'm3’—— gmy’, where nEN, m;, m3eM.
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o) Iffur’, ..., w'Imy'my’——pgmy’, where u,;€S-expressions, i=1, ..., k, k>1,
mp, m3EM.
d) IfQm,'m3’, where m,, m3€M, does not have a head normal form.
(a) If0'my'ms3'=(Axyz.(Nullx)Tyz)0'my ' ms’—— g (Null0)Tmy'm3' —— g
1’Tmz’m3’5(lx.xFO’)Tmz’mg’—>ﬁ(TFO’)mz’m3’—>—>Bsz’m3’—>—>ﬁ 1'113/.
(b) If(n+1)'my'ms'=(Axyz.(Nullx)Tyz)(n+1)' my'm3'—— g
(Null(n+1)’)Tm2’m3’—>—>ﬁO’ng’mg’—>ﬁTmz’m3’—>—>l3m2’.
(© Iffut', ..., w'Imy'my' =(Axyz. (Nullx)Tyz)[1/, . . ., pi'Tmy'm3'—— g
(Null[[J]I, ceey ,uk’])Tmz’m3’—>—>ﬁO’Tmz'm3’%ﬁTmz’mg’%—mmz’.
(d) IfQm;y'm3'=(Axyz.(Nullx)Tyz)Qm;'ms’—— g (NullQ)Tm,'m3’ and, according
to Proposition 1, the term IfQm;'m3’ does not have a head normal form.

Let us show that the term Afom=Ax.If(Nullx)1'(False(xT)), where False=
AXx.x(Axyz.0)T1'F, A-defines the function arom. To do this, show the following:

a) Atom0/——gl’.

b) Atom(n+1)' ——p1’, where neN.

¢) Atom[my’, ..., m;']—— g0, where m;cS-expressions, i=1,... .k, k>1.
d) AtomQ does not have a head normal form.

(@) Atom0/=(Ax.If (Nullx)1"(False(xT))0'— g lf (Null0')1(False(0'T))—— g
If 11 (False(0'T))——pg1’

(b) Atom(n+1)'=(Ax.If(Nullx)1'(False(xT)))(n+1) =g
IF(Null(n+1Y)1(False((n+1) T))—— g If0' ' (False(n+1) T))——>
False((n+1)'T)= False((Ax.xFn')T)— g False(TFn')—— g FalseF=
(Axx(Axyz.0NT1I'F)F— gF(Axyz.0)TI'F——T1'F——g1".

(c) Atom[my', ..., m1=(Ax.If(Nullx)1"(False(xT)))[my’, ..., m']—p
If(Nullimy', ..., m 1" (False([m’, ..., m/]T))——p
If0'1 (False([my’, ..., m/1T))—— g False([m{', ..., m;/]T)=
False((Ax.xmy'[my’, ..., m')T)—gFalse(Tm;'[my’, ..., m;'])—— g False m,’.

There are three possible cases: cl) m;’=0, ¢2) m;'=(n+1)’, where neN,
c3) my'=[uy/, ..., u,'], where u;€S-expressions, i=1,...,s, s>1.

(cl) False0'=(Ax.x(Axyz.0")T1'F)I=gl(Axyz.0))T1'F—
(Axyz.0)TI'F—=—g0'.

(c2) False(n+1)Y=(Ax.x(Axyz.0))T1'F)(n+1)'—=g(n+1)'(Axyz.0)T1'F=
(Ax.xFn')(Axyz.0")T1'F— g(Axyz.0))Fn'T1'F —— 0" I'F—g1'F=
(AxXF0")F—g FF0'——0'.

(c3) False[py', ..., u/1=Axx(Axyz.0)TUF)[u1’, ..., us'1—p
(s u1Axyz.0)TUF=(Ax.xpy [0, . . ., ' D(Axyz.0)T1I'F—g
(Axyz.0)pi (o', ..., uITI'F——g0'1'F—=g1'F=
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(AX.XFO,)F—)l} FFO/—>—>ﬁ 0.

(d) AtomQ=(Ax.If (Nullx)l'(False(xT)))Q— gIf (NullQ)1' (False(QT))=
(AXyz.(Nullx)Tyz)(NullQ)1' (False(QT))—— g Null(NullQ)T1' (False(QT))=
AxX(AXyz2)TO' 1) NullQ)T1' (False(QT)) 5
(NullQ)(Axyz.z)TO'1'T1'(False(QT)) and, according to Proposition 1, the term
Atom£ does not have a head normal form.

Since not=null, then Not=Null.

Let us show that the term And=Axy.If (Nullx)xy A-defines the function and.
To do this, show the following:

a) And0'my'——g0’, where myeM.
b) And(n+1)'my’——gm,’, where neN, myeM.
¢) And[uy', ..., w'Imy'——pgmy’, where u;€S-expressions, i=1,...,k,
k>1, myeM.
d) AndQm,’, where my€M, does not have a head normal form.
(@) And0'my'=(Axy.If (Nullx)xy)0'my'—— g If (Null0')0'my' —— g If 1'0'my' —— g 0.
(b) And(n+1Y'my'=(Axy.Jf(Nullx)xy)(n+1)my'—— g I (Null(n+1))(n+1)my'—— 5
IfO’(n+1)’m2’—>%ﬁm2’.
(©) And[py’,..., ' Tmy'=(Axy I (Null)xy)[f1', . . ., i Tmp’ ——>p
FF(Nullfpy, .o DIy - i T == g IO [y, - g Tmy ' —— gy

(d) AndQmy'=(Axy.If (Nullx)xy)Qmy'—— g If (NullQ)Qm;'=
(Axyz.(Nullx)Tyz)(NullQ)Qmy'—— ﬁNull(NullQ)Tng’ =
(Ax.x(Axyz.z)TO'1")(NullQ)TQm;'— g (NullQ)(Axyz.z)TO'1'TQm;" and, accor-
ding to Proposition 1, the term AndQmj;’ does not have a head normal form.

Let us show that the term Or=Axy.If(Nullx)yx A-defines the function or. To
do this, show the following:

a) Or0'my’——gmy’, where mycM.
b) Or(n+1)'my'——pg(n+1)’, where neN, myeM.

¢) Oruy', ..., w'Imy' ——gluy’, ..., wi'], where p;€S-expressions,
i=1,...,k, k>1, myeM.

d) OrQm,’, where my€M, does not have a head normal form.
(@) Or0'my/=(Axy.If (Nullx)yx)0'my' —— g If (Null0 Ym0/ —— g If 1'my'0'—— gmy.

(b) Or(n+1)'my'=(Axy.If (Nullx)yx)(n+1)'my'—— g If (Null(n+1)")ymy' (n+1)' —— g
If0'my’' (n+1) ——pg(n+1)'.

(©) Orfuy, ..., w'Tmy'=(Axy If (Nullx)yx)[p 1, . . ., ' Tmy' ——g
F(Nullfpys Do/ [y i 1= —pf0'my [y 1= —p
TSN TP
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(d) OrQmy'=(Axy.If (Nullx)yx)Qmy'—— g If (NullQ)m;' Q=
(Axyz.(Nullx)Tyz)(NullQ)m,' Q—— ﬁNull(NullQ)Tmz’ Q=
(Ax.x(Axyz.z)TO'1")(NullQ)Tmy'Q— g (NullQ)(Axyz.z)TO'1'Tm,'Q and, accor-
ding to Proposition 1, the term OrQm;,’ does not have a head normal form.

Let us show that the term Car=Ax.If(Atomx)Q(xT) A-defines the function
car. To do this, show the following:

a) Car[m/,.. .,mk’]—>—>ﬁm1’, where m;€S-expressions, i=1,...,k, k>1.
b) Carn’, where n€N, does not have a head normal form.
¢) CarQ does not have a head normal form.

(@) Car[m(/,...,m'I=Ax.If(Atomx)Q(xT))[my’, ..., m']—p
If(Atom[ml’, ey mk’])Q([ml’, ey mk/]T)—>—>BIfO/Q.([II11/, ceey mk’]T)—>—>ﬁ
[my/,...,m/IT=(Ax.xm;[my’, ..., m/DT—gTm; [my’, ..., m']—=—pgmy’.

(b) Carn'=(Ax.If (Atomx)Q(xT))n'— slf (Atomn)Q(n'T)—— slf 1'Q(n'T)—— g
and the term Carn’ does not have a head normal form.

(©) Caer(?Lx.If(Atomx)Q(xT))Q—mIf(AtomQ)Q(QT)E
(Axyz.(Nullx)Tyz)(AtomQ)Q(QT)—— pNull(AtomQ)TQ(QT)=
(Ax x(Axyz.z)T0'1")(AtomQ)TQ(QT)— g (AtomQ)(Axyz.z)TO'I'TQ(QT)  and,
according to Proposition 1, the term Car€2 does not have a head normal form.

Let us show that the term Cdr=Ax.If(Atomx)Q(xF) A-defines the function
cdr. To do this, show the following:

a) Cdr[m//,...,m'l——g[my’, ..., m'], where m;€S-expressions,
i=1,...,k, k>1.

b) Cdrn’, where n€N, does not have a head normal form.

¢) Cdr€ does not have a head normal form.

(@) Cdrlm(/,...,m'I=(Ax.If(Atomx)Q(xF))[m{’, ..., m']—g
If(Atom[ml’, ceey mk’])Q([ml’, ceey mk’]F)—>—>ﬁIfO’Q([m1’, ceey mk’]F)—>—>ﬁ
[my/,...,m/ITF=(Ax.xm;'[my’, ..., m'])F—g
lel[mz/, ceey mk’]—>—>5 [mzl, ceey mk’].

(b) Cdrn’'=(Ax.If (Atomx)Q(XF))n’' = gIf (Atomn’)Q(n'F)——gIf 1'Q(n'T) = —5Q
and the term Cdrn’ does not have a head normal form.

(©) CerE(lx.If(Atomx)Q(xF))Q—mIf(AtomQ)Q(QF)E
(Axyz.(Nullx)Tyz)(AtomQ)Q(QF)— — pNull(AtomQ)TQ(QF)=
(Ax x(Axyz.z)TO'1")(AtomQ) TQ(QF)— g (AtomQ)(Axyz.z) TO'I'TQ(QF)  and,
according to Proposition 1, the term Cdr  does not have a head normal form.

Let us show that the term
Cons=Axy.If (And(Atomy)(Not(Nully)))Q(Ifx(Az.zxy)(Az.zxy))

A-defines the function cons. To do this, show the following:
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a) Consmg'[my’,...,m']——g[me’,my’,..., m;'], where m;€S-expressions,
1i=0,..., k, k>0.

b) Consm’(n+1)’, where meM, nE€N, does not have a head normal form.
¢) Consm'Q, where meM, does not have a head normal form.

d) ConsQ[my’,...,m'], where m;eS-expressions, i=1,...,k, k>0, does not
have a head normal form.

(a) There are two possible cases: al) k=0, a2) k>0.

(al) Consmy/[ 1=
(Axy.If (And(Atomy)(Not(Nully))Q(If x(Az.zxy)(Az.zxy)))mg[ ]——p
If (And(Atom[ 1)(Not(Null[ 1))QIfmgy'(Az.zmy'[ 1)(Az.zmg'[ ]))—>—>ﬁ
If(AndV0)Q[my' ) —— 10/ Qmy 1 —— [my'].

(a2) Consmg'[m/’,..., my 1=(Axy.If (And(Atomy)(Not(Nully)))Q
(Ifx(Az.zxy)(Az.zxy)))mqo'[my’, ..., m']——g
If (And(Atom[m{’, ..., my' ) (Not(Null[m{’, ..., m']))Q
(Ifmg'(Az.zmo'[my’, ..., m'(Az.zmg [my’, ..., m']))——p
If(AndO’1’)Q(Ifrno’(kz.zrn0’[m1’, e mk’])(lz.zmo’[ml’, ey mk’]))—>—>5
IfO/Q[n’l()/, ml’, ey mk’]—>—>ﬁ [m()/, m1’, ceey mk’].

(b) Consm'(n+1)'=
(Axy.If (And(Atomy)(Not(Nully))Q(If x(Az.zxy)(Az.zxy)))m'(n+1) ——p
If(And(Atom(n+1)’)(Not(Null(n+1)')))Q(Ifm'(lz.zm’(n+1)’)(lz.zm’(n+1)'))—>—>[g
If(And 1" 1)QUIfm (Az.z (n+1) )(Az.zm! (n+1) )= —5
IFUQUfm (Az.zm!(n+1)')(Az.zm'(n+1)))——pQ  and the term Consm'(n+1)
does not have a head normal form.

(c) Consm'Q=(Axy.If (And(Atomy)(Not(Nully)))Q(Ifx(Az.zxy)(Az.zxy)))m'Q——g
If (And(AtomQ)(Not(NullQ))Q(If m' (A z.200' Q)(Az.2m'Q))=
(AXyz.(Nullx)Tyz)(And(AtomQ)(Not(NullQ)))Q(If m'(Az.zm'Q)(Az.zm' Q) —— g
Null(And(Atom&Q)(Not(NullQ)))TQUIf m' (Az.zm’ Q)(Az.zm' Q)=
(Ax x(Axyz.z)TO'1")(And(AtomQ)(Not(NullQ)))TQ(If m'(Az.zm' Q)(Az.zm'Q))— g
And(AtomQ)(Not(NullQ))(Axyz.z)TO'1'TQUf m' (Az.zm/ Q)(Az.zm' Q)=
(Axy.If (Nullx)xy)(AtomS)(Not(NullQ2))(Axyz.z)TO' 1'TQ
(Ifm' (Az.zm' Q)(Az.zm'Q))——p
I (Null(AtomQ))(AtomQ)(Not(NullQ)) (A xyz.2)TO 1'TQ
Ifm' (Az.zm/ Q)(Az.zm' Q)=
(Axyz.(Nullx)Tyz)(Null( AtomQ))(AtomQ)(Not(NullQ)) (A xyz.z)T0'1'TQ
(Ifm' (Az.zm'Q)(Az.zm'Q))——p
Null(Null(AtomQ))T(Atom&)(Not(NullQ))(Axyz.z)TO' 1"'TQ
Ifm' (Az.zm/ Q)(Az.zm' Q)=
(Axx(Axyz.2)TO' 1")(Null(AtomQ)) T(AtomQ)(Not(NullQ))(Axyz.z)T0'1'TQ
(Ifm' (Az.zm'Q)(Az.zm'Q))—g
Null(AtomQ)(Axyz.z)T0'1"T(AtomQ)(Not(NullQ))(Axyz.z)



A-DEFINABILITY OF BUILT-IN MCCARTY FUNCTIONS AS FUNCTIONS ... 199

TO1UTQUfm' (Az.zm'Q)(Az.zm'Q))=

(Axx(Axyz.2)TO'1")(AtomQ)(Axyz.z) TO' 1'T(AtomQ)(Not(NullQ))(Axyz.z)
TO'1'TQUfm' (Az.zm'Q)(Az.zm'Q))— g

(AtomQ)(Axyz.z)TO'1'(Axyz.z)TO' 1I"T(Atom&)(Not(NullQ))(Axyz.z)
TOUTQUfm (Az.zm'Q)(Az.zm'Q))  and, according to Proposition 1, the term
Consm’Q does not have a head normal form.

(d) There are two possible cases: d1) k=0, d2) k>0.

(dn

(d2)

ConsQ| 1=

(Axy.If (And(Atomy)(Not(Nully)))Q(If x(Az.zxy)(Az.zxy))Q[ 1——p

If (And(Atom| [)(Not(Null[ )QUfQAz.2Q[ [)(Az.2Q[ 1)——p
If(AndV0)QUf Q220 1Y(A2.20Q[ 1))——5

IfOQUfF QA Z.zQ[ 1)(Az.2Q[ D)—=—plf QAz.2Q[ N(A2.2Q[ )=
(Axyz.(Nullx)Tyz)Q(Az.2Q[ 1)(A2.2Q[ )——p

(NullQ)T(Az.zQ[ 1)(Az.zQ[]) and, according to Proposition 1, the term
Cons€|[ ] does not have a head normal form.

ConsQ[my/’, ..., m;/1=(Axy.If (And(Atomy)(Not(Nully)))Q
(Ifx(Az.zxy)(Az.zxy)Q[my', ..., m']——p

If (And(Atom[my’, . .., my'T)(Not(Null[my’, . .., m;'])))

(IfQ(lz.zQ[ml', ey mk/])(lz.ZQ[ml’, ey mk/]))—>—>lg

If(And0' 1YQUIfQ(Az.zQmy ... . N(Az.zQ[my', ..., m]))—=—p
FOQUfQAz2QIm,...,m{ NAz2Q[m//, .., m{ ) ——p
IfQAz.zQm/, ..., mN(Az.zQ[m/’,...,m;])=
(Axyz.(Nullx)Tyz)Q(Az.zQ[my’, ..., m/'N(Az.zQ[my’, ..., m')——p
(NullQ)T(Az.zQ[m{',...,m')(Az.zQ[m’,...,m;'])  and, according to
Proposition 1, the term ConsQ[m,’, ..., m;'] does not have a head normal
form.

We define the auxiliary term Zero=Ax.If(Atomx)(Nullx)Q and show the
following:

a) Zero0'——pgl’.

b) Zero(n+1)'—— 0.

¢) Zerolm{’,...,m;'], where m;ES-expressions, i=1,...,k, k>1, does not

have a head normal form.

d) ZeroC2 does not have a head normal form.
(@) Zero0/'=(Ax.If (Atomx)(Nullx)Q)0' — gIf (Atom0')(Null0")Q—— g
IfU1Q——pgl.
(b) Zero(n+1)Y=(Ax.If (Atomx)(Nullx)Q)(n+1)" — g
If (Atom(n+1)")(Null(n+1))Q ——gIf1'0'Q —— g0’

(¢) Zero[m',...,my/|=(AX.If(Atomx)(Nullx)Q)[m/', ..., m;'] =
If(Atom[my’, ..., m/)(Nulllmy’, ..., m'])Q——glf0'0’'Q——pQ and the term
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Zero[m;’, ..., m;'] does not have a head normal form.

(d) ZeroQ=(Ax.If (Atomx)(Nullx)Q)Q— gIf (AtomQ)(NullQ)Q=
(7Lxyz.(Nullx)TyZ)(AtomQ)(NullQ)Q—>—>ﬁNull(AtomQ)T(NullQ)QE
(Ax.x(Axyz.z)T0'1")(AtomQ)T(NullQ)Q— g (AtomQ)(Axyz.z)TO' 1" T(NullQ)Q
and, according to Proposition 1, the term ZeroQ does not have a head normal
form.

Consider the equation:
f=Axy.If (Zerox)(If (Zeroy)1'0')(If (Zeroy)U (f(xF)(YF))),

where f,x,yeV. According to Proposition 3, the term

Eq=Y(Mxy.If (Zerox)(If (Zeroy)1'0)(If (Zeroy)0 (FXF)(yF))))
is a solution of this equation and

Eq=pAxy.If (Zerox)(If (Zeroy)1'0")(If (Zeroy)0'(Eq(xF)(yF))).
According to Proposition 2, we have:

Eqmy'my'=(Axy.If (Zerox)(If (Zeroy)1'0)(If (Zeroy)0' (Eq(xF)(yF))))m,;'my/,

where m;,mpEM.

Let us show that the term Eg A-defines the function eq. To do this, show the
following:

a) Eqni'ny’=gl1’, where n;,nyeN and n;=ny; and Egn;'ny'=g0’, where
ny,np€N and n;#nj.

b) Egm;'m;’, where m;eM and m; ¢N, or myeM and m¢N, does not have a
head normal form.

(a) The proof is by induction on n,.
Let n,=0, we show that i) Eq0'0'=g1" and ii) Egn;'0'=g0" if n; >0.

(i) Eq0/0/=
(Axy.If (gerox)(lf (Zeroy)1'0")(If (Zeroy)0' (Eq(xF)(yF)))0'0'——
If (ZeroO')(If (Zero0')1 ’0’)(If(ZeroO')O'(Eq(O’F)(O'F)))—>—>13
PV UV 1O I (Zero0)0' (Eq(OFYO'F))—— g If 1110/ —— g 1.
(i) Eqni'0'=p
(Axy.If (Zerox)(If (Zeroy)1'0')(If (Zeroy)0' (Eq(xF)(yF))))n;'0' ——
If (Zeron,")(If(Zero0")1'0")(If(Zero0")0'(Eq(n," F)(0'F)))——
IO/ (If (Zero0 ) 10 )(If (Zero0)O/ (Eq(n) F)(O'F))——
If (Zero0 )0/ (Eq(ny F)Y(O'F))—— g If 10/ (Eq(ny’ F)(O'F))—— 50
Let np>0. Assuming that the assertion is true for n,—1, we prove it for ny. We
show that i) Eq0'ny' =0’ and ii) Eqn;'ny'=g0" if n; >0 and n; #ny; Egn;'ny' =g 1’
if n; >0 and ny=nj,.
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(i)

Eq()’nz’: B

(Axy.If (Zerox)(If (Zeroy)1'0')(If (Zeroy)0'(Eq(xF)(yF))))0'ny’ —— g
If (ZeroO')(If (Zerony )10 )(If (Zerony')0' (Eq(0'F)(n2'F))—— g
IO 10 )(If (Zerony )0 (Eq(0'F)(n2'F)))—— g If 0'1'0/ —— g0

Eqnl’nz':

(Axy.If (ZEEOX)(If (Zeroy)1'0')(If (Zeroy)0'(Eq(xF)(yF))))ni 'ny' ——p

If (Zeron,")(If (Zerony ) 1'0')(If (Zerony )0/ (Eq(ny 'F)(n'F)))—— g
IfO'(IF0'1'0")(If (Zerony')O'(Eq(ni 'F)(n2'F)))——p

If (Zerony)0'(Eq(n'F)(n2'F))—— g If0'0'(Eq(ni 'F)(n2'F))——p
Eq(ny'F)(ny’F)=Eq((Ax.xF(n; — 1) )F)(Ax.xF(n,— 1) )F)—=—

Eq(FF(n; —1)")(FF(ny—1))——gEq(n;—1)'(ny—1)',  further we have:

if ny#ny, then, by the induction hypothesis, we have: Eq(n;—1)' (n,—1)'=g0';
if ny=ny, then, by the induction hypothesis, we have: Eq(n;—1)"(ny—1)'=g1".

(b) There are two possible cases: bl) m;eM and m;¢N, b2) m;eN, myeM and
m2¢N.

(bl) Eqm;'my'=g

(b2)

(Axy.If (Zerox)(If (Zeroy)1'0")(If (Zeroy)0' (Eq(xF)(yF)))m; 'my’ ——p

If (Zerom,")(If (Zeromy")1'0')(If (Zeromy )0 (Eq(m, 'F)(m2'F)))=
(Axyz.(Nullx)Tyz)(Zerom)(If (Zerom,')1'0')

(If (Zeromy")0' (Eq(m;'F)(my'F)))——p

Null(Zerom Y T(If (Zeromy")1'0/)(If (Zeromy' )0 (Eq(m{'F)(m;'F)))=
(Ax.x(Axyz.z)TO'1")(Zerom,") T (If( Zeromy')1'0')

(If(Zerom;y' )0/ (Eq(m;'F)(my'F)))—p

(Zerom ") (Axyz.z)TO' 1'T(If (Zerom, ) 1’0/ )(If (Zeromy )0 (Eq(m|'F)(m;'F)))
and, according to Proposition 1, the term Egm;'m;’ does not have a head
normal form.

We show that i) Eg0'm,’ and ii) Eq(n+1)'m;,’, where neN, do not have a
head normal form.

(l) EqO’mz’:ﬁ
(Axy.If (Zerox)(If (Zeroy)1'0')(If (Zeroy)0' (Eq(xF)(yF))))0'my’ ——g
If (ZeroO')(If (Zeromy") 1’0/ )(If (Zeromy')0' (Eq(0'F)(my'F)))—— g
If1'(If (Zeromy")1'0")(If (Zeromy' )0 (Eq(0'F)(my'F)))—— g
If (Zeromy')1"0'=(Axyz.(Nullx)Tyz)(Zeromy )1'0/ = — g
Null(Zeromy")T1'0'=(Ax.x(Axyz.z)T0'1")(Zeromy ) T1'0) —p
(Zeromy')(Axyz.z)TO'I'T1I'0Y  and, according to Proposition 1, the term
Eq0’'m;’ does not have a head normal form.

(1) Eg(n+1 )’mz’:ﬁ
(AXy.If (Zerox)(If (Zeroy)1'0')(If (Zeroy)0' (Eq(xF)(yF))))(n+1)'my’ ——g
If (Zero(n+1)")(If (Zeromy")1'0')(If (Zeromy )0/ (Eq((n+1) F)(my'F)))—— g
If0'(If (Zeromy")1'0")(If (Zeromy )0 (Eq((n+1)'F)(my'F)))——g
If (Zeromy")0'(Eq((n+1)'F)(m,'F))=
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(Axyz.(Nullx)Tyz)(Zerom;")0'(Eq((n+1)'F)(my'F))——g

Null(Zerom; )TO'(Eq((n+1)'F)(m;'F))=

(Axx(Axyz.2)T0'1")(Zeromy ) TO'(Eq((n+1)'F)(my'F))— g

(Zeromy')(Axyz.z)TO'1'T0'(Eq((n+1)'F)(my'F)) and, according to

Proposition 1, the term Eg(n+1)'m,’ does not have a head normal form.
Il
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U. W Lhah3UL

LEMMMIUS UTUWYUCNShh $SOFLUSHULECD A-NCNTELPNFE8AFLL,
nensU UreNrFUBLSLELE TLNNNS UNFELRLENNY. DNFLUSPULEN

Opwgpuynpiwb [Ggmbbph bGGpppud $mblighwmbbpp hwinhuwinmd b
wpgnuitilpbtiph wbnpny wpdtiptitipny $nibyghwittip: car, cdr, cons, null, atom,
if, eq, not, and, or tbpnnyud Uwljupiphh $miayghwdbpp ogipuugnpdymu L
pninp $mdyghntiwy dpwgpuynpiwd (kgnibtipnud: Wu wphiunpwiipnid wyjugnig-
Juwd k dtipnpud Uwyyupiphh $mbyghwdtiph A -npnpbijhnieymbp, npybu wpgni-
dtlnpbiph wonpny wipdtipbtinng $mbyghwdtp: Wu wpynibpd wihpudboy k
phyhqugywd  pmbyghnbwy  dpwgpuynpiwb  (kiqmibtipp  ng phyhqugyud
$nrihghntny dSpugpuynpdwd (Eqnibbph pupgiubnpumb dudubwl:



