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Mathematics

CONDITIONAL MOMENTS OF THE DISTANCE DISTRIBUTION TWO
RANDOM POINTS IN A CONVEX DOMAIN IN R?
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In this article we define two new integral geometric concepts: conditional
moments of the chord length distribution of a convex domain and conditional
moments of the distance distribution of two independent uniformly distributed
points in a convex domain. We also found a relation between these two
concepts.
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Introduction. Today, tomography is one of the rapidly developing areas of the
mathematics. Geometric tomography (the term introduced by R. Gardner in []1]) is
a field of mathematics engaged in extracting information about a geometric object
from data on its sections or projections to reconstruct the geometric object. The
reconstruction of a convex domain using random sections makes it possible to sim-
plify the calculation, since mathematical statistics methods can be used to estimate
the geometric characteristics of random sections. The integral geometric concepts
such as the distribution of the chord length, the distribution of the distance between
two random points in a convex domain D and many others carry some information
about D. In this article we define two new integral geometric concepts: conditional
moments of the chord length distribution of a convex domain and conditional mo-
ments of the distribution of the distance of two random points in a convex domain
in R%. We also find the relation between these two concepts.

By R? we denote the Euclidean plane, by S' the unit circle in the plane centered
at the origin. We denote by G the space of lines in the plane, and by N the set of
nonnegative integers. We use the usual parametrization of a line g € G, g = (p, 9):
p is the distance of G from the origin O; @ € S! is the direction normal to G.

It is well known (see [2]) that the invariant measure dg can be decomposed

dg=dp-do,

where d¢ is the element of the arc measure on S'.
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Definition 1. A compact convex set D C R? well be called a convex
domain.  We consider the random line g with normalized invariant measure

d
(Tg’ here L is the perimeter of the domain ) and we denote the length of the chord

DnNg by X(g). The conditional n-th moment of the distribution of the chord length
(with respect to condition X > u) we define as

1
In,u — Z / X(g)ndg' (1)
X(g)>u

Also by Fx (t) we denote the distribution function of X (g).

Definition 2. Fortwo independent uniformly distributed points Py,Ps in a
convex domain D we denote the distance between the points by r = |Py — P»|. The
conditional n-th moment of the distribution of the distance (with respect to condition
r > u) we define as

Jn7u = —= / I’ndpldpz, (2)

|Pi—P3|>u

where S is the area of D, dP, (i = 1,2) is the usual Lebesgue measure in R>. By F,(u)
we denote the distribution function of the distance of two uniformly distributed points
Py, P in a convex domain D.

The moments of the distribution of the chord length and the distribution of the
distance between two independent uniformly distributed points in a convex domain
was considered in [2].

Theorem 1. Let D be a convex domain and u > 0. For any n € N the relation
between the conditional moments of the distance distribution of two random points
in D and the conditional moments of the distribution of the chord length is

C 2L (T Lt Lny 3. ;
52 < n+3  n+2 (n+2)(n+3)>' )

The Proof of Theorem 1. Given pair of points (Pj,P;) in the plane. There are
two equivalent representations of the pair.

1. A pair of points (P;, P,) can be determined by the usual Cartesian coordinates

(P1,P2) = (x1,y1,%2,2)-
2. A pair of points (P;,P;) can be determined by the line g = (p, @) passing
through the points and two one dimensional coordinates (¢1,,), which determine P,
and P, on the line g. Thus

(P17P2) = (gatlvt2) = (pa(PathtZ)'
Note that as a reference point on g one can take the perpendicular of the origin O
onto g.
It is well-known that (see [2])

dPdP, = ’l‘z —l‘l‘ dgdt dt,.
We consider two points #; and #, chosen at random, independently and with a

uniform distribution on a segment of length X.
To prove Theorem 1, we need to prove the following lemma.
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Lemma . Foru<X andn € N we have

n+3 Xun+2 Xn+3
Hgndn =2 (L . 4
/ ' 1 n+3 n+2 +(n—|—2)(n—|—3) @

lt1—t2|>u

Proof. By symmetry we have

X—u
/ n+1dl1dl‘2 Z/dll/ 2—1‘1 Jr16111‘
[t —t2|>u 0 H+u

n+2 n+2 n—+3 X n+2 Xn+3
_2/ Yo =2( 2y )
n—|-2 n+2 n+3 n+2 (n+2)(n+3)

Proof of Theorem 1. For two points P; and P, we consider the line g
passing through the points. Using (E]) and taking into account (@), we have

Jnu = = / r"dP,dP, = / / P dndg =

|Pi—P>|>u g)>ulti—t|>u

_ 3 / (I/ln+3 B X(g)un+2 N X(g)n-i-?a ) dg—

s n+3 n+2 (n+2)(n+3)
X(g)>u
. 2L Io7ul/t"+3 Il,uun+2 In+37u (6)
S22\ n+3 n+2  (n+2)(n+3)/)

It is obvious that when u > Diam(D), both sides are 0.
Thus we obtained for all u > 0.
Corollary 1. Foru=0we get

2L Ini30
=5 (Grsie) 7

Note that (7) was found in [2]].
Corollary 2. Forn=0we get

2L I() uu3 I] ul/tz 13 u
Jou==5 | 5 —— - . 8
Ou= g2 ( 3 2 6 ®)
Taking into account
1
Jou= = dPdP, =1—F,(u), ©))

S2 Jipi—py|>u
we get the following theorem.

For the distribution function of the distance between two independent uniformly
distributed points in a convex domain we will have

Theorem 2.

Fu)=1-Jo,=1-

oL (Io® L I
(0’”” Lt +3> (10)

2\ 3 2 "6
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Representation for /,,. Now we are going to find representations for
IO,u>Il,u7]3,u-
1. For Iy, we have

ha=y [ dg=P(X(9)>0)=(1-P(X(g) Sw)=1-Fe(w). (1)
X(g)>u

Here Fx (t) is the chord length distribution a function.
2. For the derivative of I; , we have

’ Lo X

L u<X(g)<u+Au

r 1 o _
) =7 | [ Xode | = tim SR
X(g)>u

~ im uP(u < X(g) <u+Au)
Au—0 Au

= _qu (u)v (12)
where fx () is the density function of the chord length distribution of X (g).
Ay
Integrating and taking into account that /; o = T we get (see in [3]]):

u

Ly=——[vf(v)dv. (13)

We can see it in [4].
3. For the derivative of 15, we have

1 X
. ' i3 J X(g) dg
Loy =2 / X 3d — u<X(g)<u+Au _
(Bu) =7 ()" dg dim .
X(g)>u
3

. wPu<X(g) <u+Au) 3
. — . (14
Aim A w fx (u). (14)

352
Integrating and taking into account that 30 = A (see [2]), we get

0 u
Ly, = 35 /v3fx (v)dv. (15)

L
0
Finally, substituting (TT), (13), into (T7)), we obtain the following theorem.
Theorem 3. Let D be a convex domain and u > 0. The following relation
between the distribution function of the distance of two uniformly distributed points
of D and the chord length distribution function of D is valid:

L (2 zmsu? 8 / f
F(uy=1-—= ar_mou +f—u2/Fx(v)dv+/v2Fx(v)dv i (16)
0 0

s\ 3 L L
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For the density function f,(u«) of the distance of two uniformly distributed points
of D we obtain
u
L 2u/Fx (v)dv+u*F, (u) — u*F, (u) | —2Lu* +27Su | =
0

fr(u) = ?

u
1
= | 2Lu /Fx(v)dv —2Lu® +27Su | . (17)
0

Note that formula (I7) was obtained in [4] and [5]].
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N N ULYUSUL, Jd W ULusiuduaydy

EMPUUP NFNNFSHhU ShPNF3ENFU R?
ELUNE MUSUNUHUL UESEMh UPQBY. SEAUIMNNMNFE-8UWL AUSUTL
MUIBUTLUYUTL UNUBLSLED

Wyu hnnpJugnud dtilp uwhdwind kop hinpbgpuwy Gppusuthniiub tpyne tnp
hwuljugnpmbbtp memghy dwpdth yupuwhwlwb jwph Gpiupngejub yujdw-
twluwb dndtipbtin b nupnigh dupdomd Gpyne wotjuwp hwjwuwpuwsut pu2fugud
ytyptiph htiowynpnipyui dhot wuydwbwlub dndtinpbbtp: Snnpudnd, twl
gnijwd th wyu tipynt hwuljugnipynibtiph dholt Juwp:
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P. I APAM{H, B. A. MHAITAKAHAH

YCJIOBHBIE MOMEHTHI PACIIPEJIEJIEHN A PACCTOSAHNSA
MEZKIY IBYMS CJAVUANHBIMU TOYKAMH B BBIITYKJION
OBJIACTU R?

B sT0it cTarbe MBI OIpejielisieM JiBa HOBBIX MHTETrPAJIbHO-T€OMETPUIECKUX
MOHATHUS:  yCJOBHBIE MOMEHTBI PACIpPEJIeIEHNS JJUHBI XOPJbl BBITYKJIOHN
06JIaCTH W YCJIOBHBIE MOMEHTBLI PACIpEIe/ICHUS PACCTOSIHUA MEXKIY JIBYMs
HE3ABUCUMBIMU PABHOMEPHO PACIIPEIEIEHHBIMU TOYKAMHU B BBIIIYKJI0M 00/1aCTH.
Tak>ke B 3TOll cTaThe HaliJleHA CBA3b MEXKJIY STUMU JIBYMS IMOHATUSIMU.



