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In this paper we obtain some conditions for the existence of locally-balanced
2-partitions with an open (with a closed) neighborhood of some classes of
graphs. In particular, we give necessary conditions for the existence of locally-
balanced 2-partitions of even and odd graphs. We also obtain some results on
the existence of locally-balanced 2-partitions of rook’s graphs and powers of
cycles. In particular, we prove that if m,n > 2, then the graph K,,[JK, has a
locally-balanced 2-partition with a closed neighborhood if and only if m and
n are even. Moreover, all our proofs are constructive and provide polynomial
time algorithms for constructing the required 2-partitions.
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Introduction. Throughout this paper all graphs are finite, undirected, and have
no loops or multiple edges. Let V(G) and E(G) denote the sets of vertices and edges
of a graph G, respectively. The set of neighbors of a vertex v in G is denoted by
Ng(v). Let Ng[v] = Ng(v) U{v}. The degree of a vertex v € V(G) is denoted by
dg(v) and the maximum degree of vertices in G by A(G). A graph G is even (odd) if
the degree of every vertex of G is even (odd). We use the standard notations C, and
K, for the simple cycle and the complete graph of n vertices, respectively. A graph is
a power of cycle, denoted C%, if V (CX) = {vo,...,vy—1} and E (C¥) = E;U--- UE,
where E; = {V;V(j1i) (mod n) : 0 < j <n—1}. Clearly, Ck is a 2k-regular graph.

Next we define Cartesian products of graphs. Let G and H be graphs. The
Cartesian product GLIH of graphs G and H is defined as follows:

V(GOH) =V (G) xV(H),
E(GOH) = {(u1,v1)(uz2,v2): (ug =up Aviva € E(H))V (vi =va Aujup € E(G))}.

The Cartesian product K,,,[ 1K, is called a rook’s graph. The terms and concepts
that we do not define can be found in [1}2]].
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A 2-partition of a graph G is a function f: V(G) — {0,1}. A 2-partition f of
a graph G is locally-balanced with an open neighborhood if for every v € V(G),

€ NGO): £u) = 0} = {u € No(v): f(uw) =1} <1,
where Ng(v) = {u € V(G): uv € E(G)}. A 2-partition f’ of a graph G is locally-
balanced with a closed neighborhood if for every v € V(G),
|{u € Ngv]: f'(u) =0} —[{u € Nol]: f'(u) =1}[| <1,
where Ng[v] = Ng(v) U {v}.
We introduce some terminology and notation.
If ¢ is a 2-partition of a graph G and v € V(G), then define #(v), #[v] and ¢*(v)
as follows:

#(v) =[{ueNo(v): @(u) =0} —[{ueNe(v): @(u) =1},
#] = {u € No[]: @(u) =0} —[{u € No[v]: o(u) =1},

* -1, if (P(V) =0,
" (v) _{ 1, ife(v)=1.

Clearly, ¢ is a locally-balanced 2-partition with an open neighborhood (with a
closed neighborhood) if for every v € V(G), [#(v)| < 1 ([#[v]| < 1).

The concept of locally-balanced 2-partition of graphs was introduced by
Balikyan and Kamalian [3]]. Locally-balanced 2-partitions of graphs can be consi-
dered as a special case of equitable colorings of hypergraphs [4]. Berge [4]] obtained
some sufficient conditions for the existence of equitable colorings of hypergraphs.
In [5H8]], it was considered the problems of the existence and construction of proper
vertex-coloring of a graph for which the number of vertices in any two color classes
differ by at most one. In [9]], 2-vertex-colorings of graphs, were considered for which
each vertex is adjacent to the same number of vertices of every color.
In particular, Kratochvil [9] proved that the problem of the existence of such
a coloring is NP-complete even for the (2p,2q)-biregular (p,q > 2) bipartite graphs,
i.e. bipartite graphs where all vertices in one part have degree 2p and all vertices
in the other part have degree 2q. In [J3]], Balikyan and Kamalian proved that the
problem of existence of locally-balanced 2-partition with an open neighborhood of
bipartite graphs with maximum degree 3 is NP-complete. In 2006, the similar result
for locally-balanced 2-partitions with a closed neighborhood was also proved in [[10].
In [[11412], the necessary and sufficient conditions for the existence of locally-balanced
2-partitions of trees were obtained. In [13]], the authors obtained the necessary and
sufficient conditions for the existence of locally-balanced 2-partitions of complete
multipartite graphs. Recently, Gharibyan and Petrosyan [14] considered locally-
balanced 2-partitions of grid-like graphs. In particular, they proved that for any
n € N, the n-dimensional cube Q, has locally-balanced 2-partitions, and the torus
C,UC, (m,n > 3) has a locally-balanced 2-partition with an open neighborhood if
and only if m - n is even.

Main Results. We begin our considerations of locally-balanced 2-partitions
with even and odd graphs.
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Theorem 1. Let G be an even graph with n vertices and
k=min{q:v € V(G),dg(v) = p29,where p is odd and q € N}.
If G has a locally-balanced 2-partition with an open neighborhood, then
[{v:veV(G),ds(v) = p2*, where p is odd}| is even.

Proof. Let V(G) = {vi,...,v,} and dg(v;) = ¢;2", where ¢; is odd and
r,€e N1 <i<n) Also, let ¢ be a a locally-balanced 2-partition with an open
neighborhood of G.

Suppose, to the contrary, that [{v:v € V(G),dg(v) = p2*,where p is odd}| is
odd. Let us consider a vertex v € V(G). Since G is an even graph, it is easy to see
that

#(v) = 0. (1)
Let us take the sum of (1)) for all vertices v € V(G). Then
i{#(vi) =0. )
In this sum each vertex appears it’s :i;gree time. We can rewrite (2) as follows:
Xn‘idg(v,-) ~0*(v;)) =0. (3)
i=
Let us take out 2 from the sum, we obtain
2"i12"' i 9" () = 0. @)
i—
Let us divide two sides of the equality by 2*. Then, we obtain
i{z’f “qi- 9" (vi) =0. ®)
From (5) we obtain that the nuI;ber of vertices for which r; = 0 is even, which is a
contradiction. O

Corollary . Every2r-regular graph of odd order has no locally-balanced
2-partition with an open neighborhood.
Theorem 2. Let G be an odd graph and

k=min{qg:v e V(G),dg(v)+ 1= p29 where p is odd and q € N}.
If G has a locally-balanced 2-partition with a closed neighborhood, then
{v:veV(G),ds(v) + 1 = p2* where p is odd}| is even.

Proof. It can be proved using the same technique as in the proof of
Theorem 1. g

Next we consider rook’s graphs. For these graphs we prove the following
results.

Theorem 3. If m,n > 2, then the graph K,,1]K,, has a locally-balanced
2-partition with a closed neighborhood if and only if m and n are even.

Proof.LetV(K,OK,) ={vij:1<i<m,1<j<n}.



12 H. A. GHARIBYAN

First we construct a locally-balanced 2-partition with a closed neighborhood
of K,,L1K,,. Let us define a 2-partition o of K,,[ 1K}, as follows: for 1 <i < m and
1<j<n,let

a(vi;) = { 0, %fi+j%s even,
J 1, ifi+ jisodd.

It is not difficult to see that ¢ is a locally-balanced 2-partition with a closed
neighbourhood of K,,[1K,,.

For each 2-partition ¢ of K,,,[ 1K, let us construct an appropriate m X n matrix
T = (i j)mxn in the following way:

lij= (p*(vl-j).
Clearly, if for each v;; € V(K,,LUK,),
n m
— 1 <#vj] = Z tig+ Z trj+ti; <1, (6)
k=1 k] k=1 k#i

then ¢ is a locally-balanced 2-partition with a closed neighbourhood of K,,[J1K},. So,
if we can construct such a matrix for which the statement (6) will be true, then we
can construct an appropriate, partition which will be a locally-balanced 2-partition
with a closed neighbourhood. It is easy to see, that if we have some matrix for which
the statement () is true, then after changing some columns or rows with places the
statement (6] will stay true. After this we will continue our investigation only with a
matrix T.

We now show, that if m or n is odd, then the graph has no locally-balanced
2-partition with a closed neighbourhood.

Suppose, to the contrary, that there exists a locally-balanced 2-partition with a
closed neighbourhood y of Ky, + 1K, (m > 1,r > 2).

Let us construct a matrix T = (#i ;) am+1)x, With #;j = y*(vi;) and consider
two cases.

Case 1. There is some row where all elements have the same sign.

Without loss of generality we may assume that this is the first row and the
value of all elements is 1. Let us consider the vertex vy ;. Clearly,

-
—1<#p]=2m+1+Y ;<1
i=2
From this and taking into account that 2m -+ 1 > 3, we obtain

Xr‘,ti,j<—1 Vji=1,2m+1. (7)
Let us consider (2m —li—:i)—th column, from (7)) we obtain
iti,Zm—H <0. (8)
From (8) and taking j = 2m —l: ll in (6), we have
zmzi,,-zo Vi=T,r. 9)
=1

Let us sum (7)) with all j = 1,2m. We obtain
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2m r

Y Y u;<o. (10)

j=li=2
Let us sum (9) with all i = 2, r. We obtain

r 2m

ZZI,’JZO, (11)

i=2 j=1
which is a contradiction.
Case 2. Does not exist a row, where all elements have the same sign.
Without loss of generality we may assume that in the first row the number of
I’s is greater than the number of —1’s. We have

2m+1
Y u;>o. (12)
j=1
From (6] and (I2)) we obtain
r
Y ;<0 Vji=12m+1. (13)
i=2
There is an element with a value —1 in the first row. We can move that column
to the end. Taking into account that #; 3,11 = —1 and from (13)), we obtain
r
Zti,2m+1 <0. (14)
i=1
From (6) and (I4]we have
2m
Y ;>0 Vi=1r (15)
j=1
Let us sum over all j = 1,2m. We obtain
2m r
ZZti,jgo. (16)
j=1i=2
Let us sum over all i =2, r. We obtain
r 2m
Y Y u;>o0. (17)
i=2 j=1

If r is even, then we have the strict inequalities in @]) and @[) which is a
contradiction. It means that r is odd and r = 2/ + 1 for some / € N.

It is easy to see that (I6) and will be true if and only if there are equalities
in both statements and that will be if and only if there are equalities in and (19).
It means that number of 1’s and —1°s are equal in all rows or columns not taking into

account the first row and the last column. Hence,
r

Y 6i;j=0 Vj=172m, (18)
i=2
2m

Y uj=0 Vi=2r (19)
j=1
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Let us note that each element of the last column cannot be —1; otherwise, by
transposing the matrix T, we obtain a new matrix T’ with an odd number of rows,
where all elements of the last row have the same sign, which contradicts Case 1. So,
we may assume that there is an element with value 1 in the last column. Let ;) 2,41
be this element. Clearly iy > 1. Let us rearrange the columns of the matrix T to have
1-valued entries of the first row at the beginning of row. We will not change the place
of the last column. Then, we obtain the following matrix:

1 1 ... 1 —1 ... —1 -1
1 153 N N 1,j+1 ceo Dhom 1 2m+1
Lip—11 Tig—12 -+ Tig—1,j Tig—1,j+1 -+ lig—12m lig—12m+1

l‘,'071 15072 - tl’oJ l‘,'07j+1 - ti0,2m 1
Lig+1,1  tig+12 -+ ligr1j  lig+1,j+1 -+ lig+12m  lig+12m+1
Diy1,1r D12 oo Dy DI+l - DRIt12m DI 2m+ ]

Let us consider two cases.
Subcase 2A: ¢, | = —1.
We calculate #[v;,;| by taking into account and , we obtain

2m 2141
#[V,‘Ol] =11 +tigomr1 + Zti07j+ Z te1 —tig1 = l1+14+m—m+I[—-14+1=3,
=1 =2

which is a contradiction.

Sabcase 2B: 7;, | = 1.

Using the same technique as in Subcase 2A, we obtain that #;,» = #;,3 = ...
=t,; = 1, where j is the last column, which #; ; = 1. Now our matrix looks like:

lipgp=ha ligz=nh3 ... ligj=1,;

1 1 ... 1 —1 ... —1 —1
11 o ... D 0, j+1 cee Dhom D 2m+1
Lig—11  Tig—12 -+ Tig—1,j Tig—1,j+1 -+ lig—12m tip—1.2m+1

1 1 . 1 tio,jJrl . t,'072m 1
Lio+1,1 tig+12 -+ ligr1lj  lig+1,j+1 -+ Lig+12m  lig+12m+1
Div11 Bu+12 - Bus1j D+ - RA+12m D241 2m41

By (12) and taking into account that t1 5,41 = —1, we have

2m
Z I,j > 0.
j=1

Clearly,
{j:n,;=1j=12m}>m.

From this and taking into account that #;) » = t12,t;,3 =t 3,...,, j = t1,j, We obtain
|{] Dy, = 1, j= I,Zm}] > m.

which contradicts (T9). O
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Theorem 4. If m,n> 2 and either m and n are odd or m and n are even,
then the graph KUK, has no locally-balanced 2-partition with an open
neighborhood.

Proof. If m and n are odd, then, by Corollary , K,,[ 1K, has no locally-
balanced 2-partition with an open neighborhood.

Let us consider the case when m and n are even and m,n > 2. Suppose, to the
contrary, that there exists a locally-balanced 2-partition with an open neighborhood
¢ of K, 1K,,. Since K,,[ 1K), is Eulerian, we have

#(vi;)=0  Vi=1,m, Vj=1n. (20)

Let us sum (20) over all values of i and j we get

ZZ# vij) = (21)

i=1j=

In this sum each vertex appears it’s degree time. We can rewrite (21]) as follows:

ZZ(]) vij)-(m+n—2)=0.
i=1j=
Since m+n—2 > 0, we obtain

Y o (vij) (22)

1j=1

Ms

i

Let us now consider #(v;;):

#vij)= Y, 0 (vi)+ ¢*(w;) =0  Vi=1m, Vj=T,n (23)
k=1.ksj k=1,k#i

Let us sum |b over all j = 1,n, we have

n n m (24)
Y o' (vi)-(n=2)+ Y. Y 0" (w;)=0  Vi=1m
k=1 j=1k=1
By (24) and taking into account (22, we obtain
Z(p (vik)-(n—=2)=0 Vi=1,m
Sincen—2 >0, we have
n
Y o (ve) =0 Vi=1,m. (25)
k=1
Using the same technique and taking sum of over all i = 1,m, we obtain
m
Y o*(w;)=0  Vj=T1,n (26)
k=1

Without loss of generality we may assume that @*(v;) = 1. By , we have
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Y orvi)+o (vii) =0, Y o*(va)=—1 (27)
i=2 i=2

By (26)), we have
Y o)+ (vi1) =0, ) o (vij)=—1. (28)
=2 =2

Let us calculate #(v;;), taking into account and (28),
m n
#vi) =Y 0" (vir) + Y 0% (vij) = —2.
i=2 j=2

The latter contradicts to (20). O

Finally, we consider locally-balanced 2-partitions of cycles of powers. First of
all, let us note that if 7 is odd, then C¥ is a 2k-regular graph of odd order 7, hence, by
Corollary, C¥ has no locally-balanced 2-partition with an open neighborhood. On the
other hand, the following results hold.

Proposition . Ifnand (k or #} are even (n,k € N), then C* has a
locally-balanced 2-partition with an open neighborhood.

Proof. Letus consider two cases.

Case 1: n and £k are even.

For the proof of this case, we define a 2-partition A of C¥ as follows: for
0<i<n-—1,let

0, if i iseven,
Avi) = { 1, if i isodd.

It is not difficult to see that A is a locally-balanced 2-partition of C* with an

open neighborhood.

n
Case 2: n and r are even.

In this case we define a 2-partition y of C,'; as follows: we color vg,vi,...,vy—1
vertices sequentially, coloring the first k+ 1 vertices by 0, then the next k+ 1 vertices
by 1 and so on. It is easy to verify that y is a locally-balanced 2-partition of C* with
an open neighborhood. O

It is easy to see that the 2-partition A constructed in the proof of Proposition is
also a locally-balanced 2-partition with a closed neighborhood of CX.

lem(nk+1) |
T is odd (n,k € N),

then CX has no locally-balanced 2-partition with an open neighborhood.
Proof. Suppose, to the contrary, that there exists a locally-balanced 2-partition
with an open neighborhood ¢ of the graph C¥. Let as consider the following sum

Theorem 5. If nis even, k is odd and

k—1
Y o (vi)=1. (29)
i=0

Clearly, r # 0 (k is odd). Since ¢ is a locally-balanced 2-partition with an open
neighborhood of C¥, we have
k=1 2k

#v) =Y 0" (vi)+ Y, o*(v)=0. (30)

i=0 i=k+1



ON LOCALLY-BALANCED 2-PARTITIONS OF SOME CLASSES OF GRAPHS

17

For i € Z>(, we define an auxiliary function f(i) as follows:
k=1
FO) =Y 0" (v((ixj) mod n))-
j=0
By (30) we have

#(vi) = f(0) + f(k+1) =0,
#V 1) modn) = fk+1)+ f(2- (k+1)) =0,

#V(er1)-1) mod n) = f((r=1) - (k+ 1))+ f(r- (k+1)) = 0.
This implies that
f(0) =—f(k+1),
flk41)=—=f(2-(k+1)),

f(r=1)-(k+1)) = =f(r- (k+1)).

Using this, we can write the following statement:

f0)=1-fla-(k+1)),

where [ — 1, if a is even
1 —1, ifaisodd.
lem(n,k+1)

By and taking into account that is odd, we have

k+1

k+1
From this and taking into account that [cm(n,k+ 1) mod n = 0, we have

k—1
;)(P*(V(j mod n)) = f(o) = —f(lcm(n,k+ 1)) =

70) == (") e 1)) = = stemtonies 1),

€29

k—1 k—1
= Z (p*(v((j+lcm(n,k+l)) mod n)) = Z (P* (v(j mod n))'
Jj=0 Jj=0
k—1
This implies that Z ¢ (V(j mod n)) = 0, which contradicts . O
j=0
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W N UrpA3UL

A USLENP NLNG YU P LOGUL-NUIJUUU MusNJuo
2-S,ANNFULEP UWURL

Wu wphuwpubipnd uipugyti] G mbhpwdtiog, pujupun wyuwydwbbtp gpud-

Otph npnp nuutiph (nu-hujuwuwpuppnyud 2-pppnhndbtiph gnympyui hwdwn
pug (thwy) 2powluypny: Spymd b wihpudbop wuwydwddtp Yabyp b gnyq
gnuditinh (nju-hwjuuwpupnud 2-pnhnidtiiph gnynmipyut hwdwp: Ugpwug-
ybi) GO wle npnp wprynubpbtin bwjuwlbtiph gpuwdbtinh b ghytiph wugphswbbtph
Inqui-hwjuuwpupnyud 2-ippnhmdtitiph gnynipgut hwdwp: Gyugmgyt k, np
tiph m,n > 2, wmyu K,,00K, twjwlitph gpudpb nbh njup-hwjuuwpulpngud
2-yupnhnid thwyy opowuypny wyl b dhwyl wyh nhiypnid, tpb m-p U ~-p qnyq
L0 U unmgymu G0 ywhwbeynn 2-ppnhnudttipp puquuwinudwihb pupnnipeynil
niitignn wignphpdbtiph dhongny:
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A.T.TAPUB4dH

O JIOKAJIBHO-CBAJTAHCPOBAHHBIX 2-PASBUEHUNAX
HEKOTOPHIX KJTACCOB I'PA®OB

B macrosmeit pabore maroTcs HEOOXOAWMBIE W JOCTATOYHBIE YCJIOBUS
CyIIIECTBOBAHMSA JIOKAJIbHO-COAJIAHCUPOBAHHBIX 2-pas30MeHuil ¢  OTKPBITOI
(3aKpBITOIT) OKPECTHOCTBIO JIJIs HEKOTOPBIX KJaccoB rpados. B wacrHocTH, B
pabore JaHbI HeOOXOAUMBIE YCJIOBUSA CYyIECTBOBAHNSA JJOKAIbHO-COATAHCHPOBAH-
HBIX 2-pa30meHunii YeTHLIX U HEeYeTHBHIX rpacdoB. B pabore Takike mosydeHbI
HEKOTOPBIE Pe3yJIbTATHI CYIIECTBOBAHUS JIOKAJIHLHO-COAJIaHCHPOBAHHBIX 2-pas30u-
eHuil TaeHbIX TPadOB U PA3INIHBIX CTelleHel nKaa. B gacTHOCTH, B paboTe
JIOKa3aHO, 9TO ecaum m,n > 2, Tto najgeiiuniit rpad K,,[1K, nmMmeer JIOKAJIHLHO-
cOalTaHCUPOBAaHHOE 2-pa3dueHne ¢ 3aKPBITOH OKPECTHOCTBIO TOT/IA W TOJBKO
TOTJa, KOTZIa M U 1 — 9eTHBIE Jucja. Kpome Toro, Bce ImpeyIoyKeHHbIE TOKa3a-
TEJIbLCTBA, SIBJISIIOTCSI KOHCTPYKTHUBHBIMU U CTPOSIT Tpebyemble 2-pasOueHus: ¢
ITOMOIIBIO TTOJIMHOMUAJILHBIX aJITOPUTMOB.



