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We constract the exact solution of the Dirichlet problem in the Sobolev
space for two-dimensional elliptic equation considered on the half-plane.

MSC2010: 35J25.

Keywords: Sobolev spaces, trace of function, Dirichlet problem.

Problem Setup. Let S′(Rn) be the space of tempered distributions (slowly
growing). It is well known that the Fourier transform

û(λ ) = (Fu)(λ ) =
1

(2π)n/2

∫
Rn

u(x)ei(λ1x1+···+λnxn)dx,

where λ = (λ1, . . . ,λn), x = (x1, . . . ,xn), dx = dx1, . . . ,dxn, is a linear continuous
isomorphism on L2(Rn) and can be continuously extended to a topological isomor-
phism of the space S′(Rn) on itself (see, for exasmple, [1]).

Consider the Sobolev spaces

Hs(Rn) :=

u ∈ S′(Rn) :
∫
Rn

|û(ξ )|2 (|ξ |2 +1)s dξ < ∞

 ,

Hs(Rn
+) :=

{
u ∈ S′(Rn) : supp u⊂ R̄n

+, u = v on Rn
+

for some v ∈ Hs(Rn
+)
}
,

where s ∈ R, Rn
+ = {x = (x1, . . . ,xn) ∈ Rn : xn > 0}, |ξ |2 =

n
∑

i=1
ξ 2

i .

The space Hs(Rn) with the norm ‖u‖Hs(Rn) :=
∥∥(1+ |x|2)s/2 û

∥∥
Hs(Rn)

,

is a Hilbert space. The space Hs(Rn
+) with the norm ‖u‖Hs(Rn

+)
:= inf‖v‖Hs(Rn) ,

where the inf is taken over all continuations of u belonging to Hs(Rn), is also a
Hilbert space (see [1] or [2]).
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For a natural number s the Hilbert space Hs(Ω) of functions, where Ω ⊂ Rn,
coincides with the set of functions Dαu, where u ∈ L2(Ω), satisfies generalized
derivatives Dαu ∈ L2(Ω) for all 1 6 |α| 6 s. Here α = (α1, . . . ,αn), αi ∈ N∪{0},
|α|= α1 + · · ·+αn,

Dα =
∂ |α|

∂xα1
1 · · ·∂xαn

n
.

Fourier image of the space Hs(Rn) will be denoted by Ĥs(Rn),

‖û‖Ĥs(Rn) := ‖u‖Hs(Rn) .

Let D(R̄n
+) and D(Rn) be the sets of infinitely differentiable functions with a

compact support defined respectively on R̄n
+ and Rn.

It is known (see [1]) that D(R̄n
+) ⊂ H1(Rn

+) and the mapping u(x) 7→ u(x′,0)
(x = (x′,xn), x′ ∈ Rn−1) acting from D(R̄n

+) to D(Rn−1) can be continuously
extended to the operator T+ : H1(Rn

+)→ H1/2(Rn−1). For u ∈ H1(Rn
+) the functions

T+u commonly called trace of the function u.
Observe that (see [2]) any function u(x′,xn) ∈ H1(Rn) is continuous with

respect to x ∈ Rn and takes values in H1/2(Rn−1), i.e.∥∥u(x′,xn + yn)−u(x′,xn)
∥∥

H1/2(Rn−1)
−→ 0

as yn→ 0.
The papers [3–5] (see also [6]) investigated the diffraction problem of Som-

merfeld with boundary conditions of the first and second kind in the Sobolev space.
Our investigations are based on an explicit solution of the “weak” Dirichlet

problem of the equation
∆u+ k2u = 0, (1)

considered in the space H1(R2
+), where ∆ =

∂ 2

∂x2 +
∂ 2

∂y2 , k ∈ C and Imk > 0.

The latter claim to find the solution of Eq. (1) in H1(R2
+) with a given trace.

In this paper we solve an analogous problem for the equation

(∆+ k2 +β (y))u = 0, (2)

where Imk > 0 and β (y) =−2/ch2y.
Dirichlet Problem. Denote by t(λ ) = (λ 2−k2)1/2 the analytical branch of the

square root on the plane with an incision along the rays {±k± iω; ω > 0} tending
to +∞ as λ →±∞.

The next theorem allows us to restore the solution of Eq. (2) in the class
H1(R2

+) with a given trace.
T h e o r e m . If a function g belongs to H1/2(R), then Eq. (2) has a unique

solution in the space H1(R2
+), which satisfies to the boundary condition

u+0 (x) := u(x,+0) = g(x). (3)

This solution is given by the formula

u(x,y) =
1

2π

∞∫
−∞

e−iλx ĝ(λ )
(

1+
thy
t(λ )

)
e−t(λ )ydλ . (4)
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P r o o f . We apply the Fourier transform to Eq. (2) with respect to the
variable x. Let

v(λ ,y) :=
1√
2π

∞∫
−∞

eiλx u(x,y)dx. (5)

The function v satisfies to the following ordinary differential equation

d2v
dy2 (λ ,y)−Q(λ ,y)v(λ ,y) = 0, λ ∈ R, y > 0, (6)

where Q(λ ,y) = t2(λ ) + β (y) = λ 2 − k2 − 2/ch2y . It is easy to check that the
functions

v1(λ ,y) = (t(λ )− thy)et(λ )y,

v2(λ ,y) = (t(λ )+ thy)e−t(λ )y

with respect to the variable y form a fundamental system of solutions for Eq. (6).
Let function u ∈ H1(R2

+) be a solution of Eq. (2).
It is known (see [1]) that the function u belongs to H1(R2

+) if and only if the
following conditions hold:

∞∫
0

‖u(x,y)‖2
H1(Rx)

dy < ∞, (7)

∞∫
0

∥∥∥∥∂u
∂y

(x,y)
∥∥∥∥2

L2(Rx)

dy < ∞. (8)

The extension of (7) has the form

∞∫
0

∞∫
−∞

(1+ |λ |2)

∣∣∣∣∣∣ 1√
2π

∞∫
−∞

eiλxu(x,y)dx

∣∣∣∣∣∣
2

dλ dy =

=

∞∫
0

∞∫
−∞

(1+ |λ |2) |v(λ ,y)|2 dλ dy < ∞,

where the function v is defined by (5). Using Fubin’s theorem, we get
∞∫
−∞

(1+ |λ |2)
∞∫

0

|v(λ ,y)|2 dydλ < ∞.

From here, in particular, it follows that for almost every λ ∈ R
the function v(λ ,y) belongs to L2(Ry). Thus, we can state that for the solution
u ∈ H1(R2

+) of Eq. (2) the function v (which is the solution of Eq. (6)) defined by
formula (5) has the following form

v(λ ,y) = c(λ )v2(λ ,y) = c(λ )(t(λ )+ thy)e−t(λ )y. (9)

The equality
lim
y→0
‖u(x,y)−g(x)‖H1/2(R) = 0
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is equivalent to the equality
lim
y→0
‖v(λ ,y)− ĝ(λ )‖Ĥ1/2(R) = 0

and, thus, it follows from (9) that

c(λ ) =
ĝ(λ )
t(λ )

.

Thus we conclude, that if the solution of the problem (2), (3) exists, then it can be
uniquely represented by formula (4).

It remains to verify that for g ∈ H1/2(R) the function u, which is defined by
(4), belongs to H1(R2

+).
Define functions wi, i = 1,2,3:

w1(x,y) :=
1

2π

∞∫
−∞

e−iλxĝ(λ )e−t(λ )ydλ ,

w2(x,y) :=
1

2π

∞∫
−∞

e−iλx ĝ(λ )
t(λ )

e−t(λ )ydλ ,

w3(x,y) :=
1

2π

∞∫
−∞

e−iλxĝ(λ ) t(λ )e−t(λ )ydλ .

The function w1 is a solution of (1), (3) in the class H1(R2
+) (see [3], [5])

∞∫
0

‖w1(x,y)‖2
H1(Rx)

dy < ∞. (10)

Note that
|t(λ )|> Re t(λ ) =

=

√
λ 2− (Rek)2 +(Imk)2 +

√
(λ 2− (Rek)2 +(Imk)2)2 +4Rek · Imk >

√
2Imk.

Using the Parseval equality, we get
∞∫

0

‖w2(x,y)‖2
H1(Rx)

dy =
∞∫

0

∞∫
−∞

∣∣∣∣ ĝ(λ )t(λ )
e−t(λ )y

∣∣∣∣2 (1+λ
2)dλ dy6

6M1

∞∫
0

e−(2
√

2Imk)y
∞∫
−∞

|ĝ(λ )|2 dλ dy6
M1

2
√

2Imk
‖g‖2

L2(R) , (11)

where M1 = sup
λ∈R

1+λ 2

|t(λ )|2
. Since the function u defined by (4) satisfies the equality

u(x,y) = w1(x,y) + thyw2(x,y), it satisfies condition (7). It is easy to verify that
the generalized derivative

∂u
∂y

(x,y) =
1

2π

∞∫
−∞

e−iλx ĝ(λ )
(

1
t(λ )ch2y

− t(λ )− thy
)

e−t(λ )y dλ =

=
1

ch2y
w2(x,y)− thyw1(x,y)−w3(x,y). (12)
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Let

w̃k(λ ,y) =
1√
2π

∞∫
−∞

eiλxwk(x,y)dx, k = 1,2,3.

Then, using the Parseval equality, we get

∞∫
0

‖w1(x,y)‖2
L2(Rx)

dy =
∞∫

0

‖w̃1(λ ,y)‖2
L2(Rλ )

dy =
∞∫

0

∞∫
−∞

∣∣∣ĝ(λ ) t−t(λ )y
∣∣∣2 dxdy =

=

∞∫
0

e−(2
√

2Imk)y
∞∫
−∞

|g(x)|2 dxdy6
1

2
√

2Imk
‖g‖L2(R) ;

∞∫
0

‖w2(x,y)‖2
L2(Rx)

dy =
∞∫

0

‖w̃2(λ ,y)‖2
L2(Rλ )

dλ =

=
1

2(Imk)2

∞∫
0

e−(2
√

2Imk)y
∞∫
−∞

|ĝ(λ )|2 dλ dy6
1

4
√

2(Imk)3
‖g‖2

L2(R) ;

∞∫
0

‖w3(x,y)‖2
L2(Rx)

dy =
∞∫

0

‖w̃3(λ ,y)‖2
L2(Rλ )

dλ =

∞∫
0

∞∫
−∞

∣∣∣ĝ(λ ) t(λ )e−t(λ )y
∣∣∣2 dλ dy6

6M2

∞∫
0

∣∣∣ĝ(λ )e−t(λ )y
∣∣∣2 (1+λ

2)dλ dy6M2

∞∫
0

‖w1(x,y)‖2
H1(Rx)

dy < ∞,

where

M2 = sup
λ∈R

|t(λ )|2

1+λ 2 .

It follows from these inequalities and formula (11) that the conditions (8) hold.
The Proof is complete. �
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Sobol i tara�ow�yownowm:

А. Г. КАМАЛЯН, М. И. КАРАХАНЯН

О РАЗРЕШИМОСТИ ОДНОЙ ГРАНИЧНОЙ ЗАДАЧИ

В работе построено явное решение задачи Дирихле в пространстве
Соболева одного двумерного эллиптического уравнения, рассматривае-
мого на полуплоскости.


