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M a t h e m a t i c s

ON THE 〈ρ j, Wj〉
GENERALIZED COMPLETELY MONOTONE FUNCTIONS

B. A. SAHAKYAN *
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We consider sequences {ρ j}∞
0 (ρ0 = 1, ρ j ≥ 1),

{
α j
}∞

0

(
α0 = 0,

α j = 1− (1/ρ j)
)
, {Wj(x)}∞

0 ∈W, where

W =
{{

Wj(x)
}∞

0

/
W0(x)≡ 1, Wj(x)> 0, W ′j(x)≤ 0, Wj(x) ∈C∞[0,a]

}
,

C∞[0,a] is the class of functions of infinitely differentiable. For such sequences
we introduce systems of operators

{
A∗a,n f

}∞

0 ,
{

Ã∗a,n f
}∞

0 and functions
{Ua,n(x)}∞

0 , {Φn(x, t)}∞

0 . For a certain class of functions a generalization of
Taylor–Maclaurin type formulae was obtained. We also introduce the concept
of 〈ρ j, Wj〉 generalized completely monotone functions and establish a theorem
on their representation.

MSC2010: 30H05.
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Introduction. First of all we note that in author’s works [1–5] and jointly
with prof. M.M. Dzhrbashyan works [6–8] there were obtained generalized formulas
of Taylor–Maclaurin type. In these papers there were introduced the concepts of
〈ρ〉, 〈ρ j〉, 〈ρ,λ j〉,〈ρ j, Wj〉 generalized absolutely monotone functions. The papers
study their problems of representation.

The papers [?, 3] introduced the following systems of operators {A∗n f}∞

0 ,{
Ã∗n f

}∞

0 and functions {Un(x)}∞

0 , {Φn(t,x)}∞

0 :

A∗n f (x)≡
n−1

∏
j=0

D j f (x), D j f (x) = D1/ρ j

{
f (x)

Wj(x)

}
, A∗0 f ≡ f , j ≥ 0, n≥ 1,

Ã∗n f (x)≡ D−αn

{
A∗n f (x)
Wn(x)

}
, n≥ 0,

(1)

where D1/ρϕ(x) ≡ d
dx

D−αϕ(x), D−αϕ(x) ≡ 1
Γ(α)

x∫
0

(x − t)α−1
ϕ(t)dt

(ρ ≥ 1, 1−α = 1/ρ).
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U0(x)≡ 1, U1(x)≡
1

Γ(ρ−1
1 )

x∫
0

ξ
1/ρ1−1
1 W1(ξ1)dξ1,

Un(x)≡ 1
n

∏
j=1

Γ(1/ρ j)

x∫
0

W1(ξ1)dξ1

ξ1∫
0

(ξ1−ξ2)
1/ρ1−1W2(ξ2)dξ2×·· ·×

×
ξn−1∫
0

(ξn−1−ξn)
1/ρn−1−1

ξ
1/ρn−1
n Wn(ξn)dξn, n≥ 2.

(2)

Φ0(t,x)≡
{

1, 0≤ t < x,
0, x≤ t < l,

Φ1(t,x) =


1

Γ(ρ−1
1 )

x∫
t

(x−ξ1)
1

ρ1
−1W1(ξ1)dξ1, 0≤ t < x,

0, x≤ t < l;

Φn(t,x) =



1
n

∏
j=1

Γ(ρ−1
j )

∫ x

t
W1(ξ1)dξ1

ξ1∫
t

(ξ1−ξ2)
1

ρ1
−1W2(ξ2)dξ2×·· ·×

×
ξn−1∫
t

(ξn−1−ξn)
1

ρn−1
−1
(ξn− t)

1
ρn
−1Wn(ξn)dξn, 0≤ t < x,

0, x≤ t < l, n≥ 2.

(3)

We assume ρ j ≥ 1 (ρ0 = 1), α j = 1 − 1/ρ j (α0 = 0), Wj(x) ∈ W
(see the annotation).

In the works [3, 4] it was obtained a certain class of functions that is a
generalization of the Taylor–Maclaurin type formula. The papers also introduce
the concept of 〈ρ j, Wj〉 generallized absolutely monotone functions and study their
problems of representations. We note that for Wj(x)≡ 1, j = 0,1, . . . , these systems

of operators {A∗n f}∞

0 ,
{

Ã∗n f
}∞

0 and functions

{
xλn

Γ(1+λn)

}∞

0

(
λn =

n

∑
j=1

1
ρ j

)
were

introduced in [1].
In [1] it was introduced the concept of 〈ρ j〉 generalized absolutely monotone

functions and studied their representation problems.
For ρ j ≡ 1( j ≥ 0),

{
Wj(x)∞

0 ∈W
}

these operators were introduced in [9].
For ρ j ≡ 1( j≥ 0), Wj(x) =X γ j−γ j−1−1 these operators were introduced in [10].
In the present paper we introduce the systems of operators

{
A∗a,n f

}∞

0 ,
{

Ã∗a,n f
}∞

0 ,
and functions {Ua,n(x)}∞

0 , {Φn(x, t)}∞

0 .
In this paper we obtain a generalization of the Taylor–Maclaurin type formula,

then we introduce the concept of 〈ρ j, Wj〉 generalized completely monotone func-
tions and study their representation problems. We note that for Wj ≡ 1, ρ j ≥ 1,
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j = 0,1, . . . , the concept of 〈ρ j〉 generalized completely monotone functions was
introduced in [5].

Preliminaries Information. Let f (x) ∈ L(0, l) (0 < l < +∞), α ∈ (0,+∞).
The function

0D−α f (x)≡ D−α f (x)≡ 1
Γ(α)

x∫
0

(x− t)α−1 f (t)dt

is called the Riemann–Liouville integral of order α of function f (x) with a lower
integration limit x = 0, and the function

D−α

l f (x)≡ 1
Γ(α)

l∫
x

(t− x)α−1 f (t)dt

is called the Riemann–Liouville integral of order α of function f (x) with an upper
integration limit x = l.

Let α ∈ [0,1),1− α = 1/ρ (ρ ≥ 1), f (x) ∈ L(0, l). Then the function

D1/ρ f (x) ≡ d
dx

D−α f (x) is called the Riemann–Liouville derivative of order 1/ρ of

f (x) with the initial point x = 0, and the function D1/ρ

l f (x) ≡ d
dx

D−α

l f (x) is called

the Riemann–Liouville derivative of order 1/ρ of f (x) with the upper limit x = l.
It is known that in all Lebesque points of f (x) lim

α→+0
D−α f (x) = f (x) (and

hence almost everywhere) and, therefore, [D−α f (x)]
α=0 = f (x) and D1 f (x) = f ′(x).

The operators D0 f (x) = f (x), D1 f (x) = f ′(x), D1/ρ f , . . . ,Dn/ρ f = D1/ρDn−1/ρ f ,
n ≥ 2

(
D1/ρ

l f , . . . ,Dn/ρ

l f = D1/ρ

l Dn−1/ρ

l f
)

are called Riemann–Liouville operators
of successive differentiation of order n/ρ of function f (x). For more information on
Riemann–Liouville operators see Chapt. IX, [11].

The Mittag–Leffler type function Eρ(z,µ) =
∞

∑
n=0

zn

Γ(µ +nρ−1)
,ρ > 0, is an

entire function of order ρ with an arbitrary value of parameter µ (see Chapt. VI,
§1, [11]).

For any µ > 0, α > 0 the following formula holds

1
Γ(α)

z∫
0

(z−ξ )α−1Eρ(λξ
1/ρ ; µ)ξ µ−1dξ = zµ+α−1Eρ(λ z1/ρ ; µ +α), (4)

where λ is a complex parameter and the integration is taken along the intercept
connecting the points 0 and z (see Chapt. III, (1.16), [11]).

Formula of Taylor–Maclaurin Type. Let the sequences {ρ j}∞
0 (ρ0 = 1),

{α j}∞
0 (α0 = 0),

{
Wj(x)

}∞

0 satisfy the conditions ρ j ≥ 1,α j = 1 − 1/ρ j,{
Wj(x)

}∞

0 ∈ W, j = 0,1, . . . , where W =
{{

Wj(x)
}∞

0

/
W0(x) ≡ 1, Wj(x) > 0,

W ′j(x)≤ 0, Wj(x) ∈C∞[0,a]
}
.
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We introduce the following systems of operators and functions:
{

A∗a,n f (x)
}∞

0 ,{
Ã∗a,n f (x)

}∞

0 , {Ua,n(x)}∞

0 , {Φn(x, t)}∞

0 :

A∗a,n f (x) =
n−1

∏
j=0

Da, j f (x) (n≥ 1), Da, j f (x) = D1/ρ j
a

{
f (x)

Wj(x)

}
(A∗a,0 f ≡ f , A∗a,1 f ≡ f ′(x), j ≥ 1),

Ã∗a,n f (x) = D−αn
a

{
A∗a,n f (x)
Wn(x)

}
, n≥ 0, x ∈ (0,a],

(5)

Ua,0(x)≡ 1, Ua,1(x)≡
1

Γ(ρ−1
1 )

a∫
x

(a−ξ1)
1/ρ1−1W1(ξ1)dξ1,

Ua,n(x)≡
1

n

∏
j=1

Γ(ρ−1
j )

a∫
x

W1(ξ1)dξ1

a∫
ξ1

(ξ2−ξ1)
1/ρ1−1W2(ξ2)dξ2×·· ·×

×
a∫

ξn−1

(ξn−ξn−1)
1/ρn−1−1(a−ξn)

1/ρn−1Wn(ξn)dξn, x ∈ (0,a], n≥ 2.

(6)

Φ0(x, t) =
{

0, 0≤ t ≤ x,
1, x < t ≤ a,

Φ1(x, t) =


0, 0≤ t ≤ x,

1
Γ(ρ−1

1 )

t∫
x

(t−ξ1)
1

ρ1
−1W1(ξ1)dξ1,

Φn(t,x) =



0, 0≤ t ≤ x,

1
n

∏
j=1

Γ(ρ−1
j )

t∫
x

W1(ξ1)dξ1

t∫
ξ1

(ξ2−ξ1)
1

ρ1
−1W2(ξ2)dξ2×·· ·×

×
t∫

ξn−1

(ξn−ξn−1)
1

ρn−1
−1
(t−ξn)

1
ρn
−1Wn(ξn)dξn, x < t ≤ a, n≥ 2.

(7)
We note that similar operators and functions were introduced in [?, 3, 4] for

Wj(x)≡ 1, ρ j ≥ 1, j = 0,1, . . . , in [1].
L e m m a 1. Let ϕ(x) ∈ L(0,a). Then the problem of Cauchy type

A∗a,n+1y(x) = ϕ(x), D−α j
a

{A∗a, jy(x)

Wj(x)

}∣∣∣
x=a

= 0, j = 0,1, . . . ,n, (8)

has a unique solution Y (x), which can be expressed in the form

Y (x) = (−1)n+1
a∫

x

Φn(x, t)ϕ(t)dt. (9)

We do not give the proof of Lemma 1 for not loading of work.
L e m m a 2. Let ρ j ≥ 1 (ρ0 = 1, α j = 1 − 1/ρ j (α0 = 1), j ≥ 1,

{Wj(x)}∞
0 ∈W. Then for any n≥ 1 the following relations holds:

1. A∗a,k
{

Ua,n(x)
}
= Ã∗a,k

{
Ua,n(x)

}
≡ 0, k ≥ n+1, x ∈ (0,a]; (10)
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2. Ã∗a,n
{

Ua,n(x)
}
= (−1)n, (11)

3. Ã∗a,k
{

Ua,n(x)
}∣∣∣

x=a
= 0, 0≤ k ≤ n−1. (12)

Using the definition of operators and functions, we get the proof of Lemma
with an easy calculation.

L e m m a 3. For any n≥ 0 in a sum of the form

Pn(x) =
n

∑
k=0

CkUa,k(x), (13)

the coefficients {Ck}n
0 may be determined for the formulas

Ck = (−1)kÃ∗a,k {Pn(x)}
∣∣
x=a, 0≤ k ≤ n. (14)

P r o o f . Assuming 0 ≤ j ≤ n, we apply the operator Ã∗a, j to the
function Pn(x). Then using (10)–(12), we obtain

Ã∗a, j {Pn(x)}=
n

∑
k=0

CkÃ∗a, j {Ua,k(x)}=C jÃ∗a, j
{

Ua, j(x)
}
+

n

∑
k= j+1

CkÃ∗a, j {Ua,k(x)} .

(15)
From (15) we get

Ã∗a, j {Pn(x)}
∣∣
x=a = (−1) jC j, i.e. C j = (−1) jÃ∗a, j {Pn(x)}

∣∣
x=a.

We denote by Cn+1
{
(0,a),〈ρ j, Wj〉

}
the set of functions f (x) satisfying

the following conditions:
1) the functions Ã∗a,k f (x), k = 0,1, . . . ,n, are continuous on [0, a];
2) the functions A∗a,k f (x), k = 0,1, . . . ,n,n+ 1, are continuous on (0, a) and

belongs to L(0, a).
It is easy to see that each function Ua,n(x), n = 0,1, . . . , and each polinom

Pn(x) =
n

∑
k=0

CkUa,k(x) belongs to the class Cn+1{(0,a),〈ρ j, Wj〉}.

T h e o r e m 1. If f (x) ∈Cn+1{(0,a),〈ρ j, Wj〉}, then for any n≥ 1

f (x) =
n

∑
k=0

(−1)kÃ∗a,k f (a)Ua,k(x)+Rn(x), (16)

where

Rn(x) = (−1)n+1
a∫

x

Φn(x, t)A∗a,n+1 f (t)dt. (17)

P r o o f . We put

Pn(x, f ) =
n

∑
k=0

(−1)kÃ∗a,k f (a)Ua,k(x) and f (x) = Pn(x, f )+Rn(x).

It is easy to see that

Ã∗a,k {Rn(x)}
∣∣
x=a = 0, k = 0,1, . . . ,n, and A∗a,n+1 {Rn(x)}= A∗a,n+1 f (x).



40 B. A. SAHAKYAN

We notice that the function Rn(x) satisfies the conditions of Lemma 1,
consequently

Rn(x) = (−1)n+1
a∫

x

Φn(x, t)A∗a,n+1 f (t)dt, i.e.

f (x) =
n

∑
k=0

(−1)kÃ∗a,k f (a)Ua,k(x)+(−1)n+1
a∫

x

Φn(x, t)A∗a,n+1 f (t)dt. �

〈ρ j, Wj〉 Generalized Completely Monotone Functions. We denote by
C∞{(0,a),〈ρ j, Wj〉} the set of functions f (x) ∈Cn+1{(0,a),〈ρ j, Wj〉} for any n≥ 0.
We say that f (x) is 〈ρ j, Wj〉 generalized completely monotone, if

1. f (x) ∈ {C∞(0,a),〈ρ j, Wj〉};
2. (−1)nA∗a,n f (x)≥ 0, n≥ 0, x ∈ (0,a].

(18)

We denote by {C∗∞(0,a),〈ρ j, Wj〉} the class of 〈ρ j, Wj〉 generalized
completely monotone functions. We note that in [5] in the case of Wj(x) ≡ 1,
ρ j ≥ 1 (ρ j = 1), j ≥ 1, it was introduced the concept 〈ρ j〉 generalized completely
monotone functions and studied their problems of representation. Note that in the
case of ρ j = 1,Wj(x) = xγ j−γ j−1−1 γ0 = 0 < γ1 ≤ γ2 < .. . , j = 1,2, . . . , in [12] it was
introduced the concept of regular monotone functions and studied their problems of
representation.

T h e o r e m 2. Let f (x) ∈C∗∞{(0,a),〈ρ j, Wj〉} and

lim
n→∞

n

∏
j=1

Wj(ϑx0)

Wj(a)

(
a−ϑx0

a− x0

)λn

= 0, (19)

where ∀x0 ∈ (0,a), x0 < ϑx0 < a
(

1 < ϑ <
a
x0

)
, λn =

n

∑
j=1

1
ρ j

. Then

f (x) =
∞

∑
k=0

(−1)kÃ∗a,k f (a)Ua,k(x))dx. (20)

P r o o f . Notice that from (16),(17) we have

f (x) =
n

∑
k=0

(−1)kÃ∗a,k f (a)Ua,k(x)+Rn(x),

where

Rn(x) = (−1)n+1
a∫

x

Φn(x, t)A∗a,n+1 f (t)dt.

First of all we note that (−1)kÃ∗a,k f (x)≥ 0, k ≥ 0, since

(−1)kÃ∗a,k f (x) = (−1)kD−αk
a

{
Aa,k f (x)
Wk(x)

}
≥ 0, k ≥ 0.

Notice that
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Rn(ϑx0) =

a∫
ϑx0

Φn (ϑx0, t)
{
(−1)n+1A∗a,n+1 f (t)

}
dt =

=

a∫
ϑx0

Φn (ϑx0, t)
Φn (x0, t)

Φn(x0, t)
{
(−1)n+1A∗a,n+1 f (t)

}
dt ≤

≤ max
ϑx0≤t≤a

{
Φn (ϑx0, t)
Φn (x0, t)

} a∫
ϑx0

Φn(x0, t)
{
(−1)n+1A∗a,n+1 f (t)

}
dt ≤

≤ max
ϑx0≤t≤a

{
Φn (ϑx0, t)
Φn (x0, t)

} a∫
x0

Φn(x0, t)
{
(−1)n+1A∗a,n+1 f (t)

}
dt =

= max
ϑx0≤t≤a

{
Φn (ϑx0, t)
Φn (x0, t)

}
Rn(x0)≤ max

ϑx0≤t≤a

{
Φn (ϑx0, t)
Φn (x0, t)

}
f (x0).

(21)

It is easy to see that

Φn(ϑx0, t) =
1

n

∏
j=1

Γ(ρ−1
j )

t∫
ϑx0

W1(ξ1)dξ1

t∫
ξ1

(ξ2−ξ1)
1/ρ1−1W2(ξ2)dξ2×·· ·×

×
t∫

ξn−1

(ξn−ξn−1)
1/ρn−1−1(t−ξn)

1/ρn−1Wn(ξn)dξn <

<
1

n

∏
j=1

Γ(ρ−1
j )

n

∏
j=1

Wj(ϑx0)

t∫
ϑx0

dξ1

t∫
ξ1

(ξ2−ξ1)
1/ρ1−1dξ2×·· ·×

×
t∫

ξn−1

(ξn−ξn−1)
1/ρn−1−1(t−ξn)

1/ρn−1dξn.

(22)

It is obvious that

1
n

∏
j=1

Γ(ρ−1
j )

t∫
ϑx0

dξ1

t∫
ξ1

(ξ2−ξ1)
1/ρ1−1dξ2×·· ·×

×
t∫

ξn−1

(ξn−ξn−1)
1/ρn−1−1(t−ξn)

1/ρn−1dξn =
(t−ϑx0)

λn

Γ(1+λn)
, n≥ 2.

(23)

From (22) and (23) we get

Φn(ϑx0, t)≤
n

∏
j=1

Wj(ϑx0)
(t−ϑx0)

λn

Γ(1+λn)
, n≥ 1, ϑx0 ≤ t ≤ a. (24)
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Further

Φn(x0, t)≥
1

n

∏
j=1

Γ(ρ−1
j )

n

∏
j=1

Wj(t)
t∫

x0

dξ1

t∫
ξ1

(ξ2−ξ1)
1/ρ1−1dξ2×·· ·×

×
t∫

ξn−1

(ξn−ξn−1)
1/ρn−1−1(t−ξn)

1/ρn−1dξn =
n

∏
j=1

Wj(t)
(t− x0)

λn

Γ(1+λn)
,

ϑx0 ≤ t ≤ a, n≥ 1.

(25)

From (24) and (25) we get

max
ϑx0≤t≤a

{
Φn (ϑx0, t)
Φn (x0, t)

}
≤ max

ϑx0≤t≤a

n

∏
j=1

Wj(ϑx0)

Wj(t)

(
t−ϑx0

t− x0

)λn

. (26)

From (21) and (26) we obtain

Rn(ϑx0)≤
n

∏
j=1

Wj(ϑx0)

Wj(a)

(
a−ϑx0

a− x0

)λn

f (x0)−→ 0, as n−→ ∞, (27)

consequently lim
n−→∞

Rn(ϑx0) = 0. Since x > ϑx0, Rn(x)< Rn(ϑx0),

we have lim
n−→∞

Rn(x) = 0, ∀x ∈ [ϑx0, a].

So f (x) =
∞

∑
k=0

(−1)kÃ∗a,k f (a)Ua,k(x), x ∈ (0, a]. �
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B. H. SAHAKYAN

〈ρ j, Wj〉 �NDHANRACVA LIOVIN MONOTON FOWNKCIANERI MASIN

Nerka a�xatanqowm trva� {ρ j}∞
0 (ρ0 = 1, ρ j ≥ 1),

{
α j
}∞

0(
α0 = 0, α j = 1− (1/ρ j)

)
, {Wj(x)}∞

0 ∈W hajordakanow�yownneri het, orte�

W =
{{

Wj(x)
}∞

0

/
W0(x)≡ 1, Wj(x)> 0, W ′j(x)≤ 0, Wj(x) ∈C∞[0,a]

}
,

asocacvowm �
{

A∗a,n f
}∞

0 ,
{

Ã∗a,n f
}∞

0 �peratorneri  {Ua,n(x)}∞

0 , {Φn(x, t)}∞

0
fownkcianeri hamakarger: A�xatanqowm oro�aki dasi fownkcianeri

hamar stacvel � �eylor{Makloreni tipi �ndhanracva� bana� , mtcvel �

〈ρ j, Wj〉 �ndhanracva� liovin monoton fownkciayi ga�a�ar�  

owsowmnasirvel � nranc nerkayacman harcer�:

Б. А. СААКЯН

ОБ ОБОБЩЕННОЙ ВПОЛНЕ МОНОТОННОЙ ФУНКЦИИ 〈ρ j, Wj〉

В настоящей работе с последовательностями {ρ j}∞
0 (ρ0 = 1, ρ j ≥ 1),{

α j
}∞

0

(
α0 = 0, α j = 1− (1/ρ j)

)
, {Wj(x)}∞

0 ∈W, где

W =
{{

Wj(x)
}∞

0

/
W0(x)≡ 1, Wj(x)> 0, W ′j(x)≤ 0, Wj(x) ∈C∞[0,a]

}
,

будут ассоциироваться системы операторов
{

A∗a,n f
}∞

0 ,
{

Ã∗a,n f
}∞

0 с системами
функций {Ua,n(x)}∞

0 , {Φn(x, t)}∞

0 . В работе для функций определенного
класса получена обобщенная формула типа Тейлора–Маклорена, введено
понятие обобщенной вполне монотонной функции 〈ρ j, Wj〉 и исследуются
вопросы их представления.


