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ON SOLVABILITY OF A NONLINEAR DISCRETE SYSTEM
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In this paper a special class of infinite nonlinear system of algebraic
equations with Teoplitz matrix is studied. The mentioned system arises in
the mathematical theory of the spatial temporal spread of the epidemic. The
existence and the uniqueness of the solution in the space of bounded sequences
are proved. It is studied also the asymptotic behavior of the constructed solution
at infinity. At the end of the work specific examples are given.
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Introduction and Statement of the Problem. In this paper we study the
following infinite nonlinear algebraic system of equations

xn =
∞

∑
j=−∞

an− jg(x j), n ∈ Z, (1)

with respect to the unknown infinite vector x = (. . . ,x−1,x0,x1, . . .)
T (T denotes

the transposition), where the conditions on the sequence {an}∞
n=0 and the function g

are listed below.
We assume that infinite matrix A = (an− j)

∞

n, j=−∞
satisfies the following

conditions

an > 0, ∀ n ∈ Z,
∞

∑
n=−∞

an = 1, (2)

∞

∑
n=−∞

|n|an <+∞, ν(A) =
∞

∑
n=−∞

nan > 0, (3)

and the function g satisfies:

a) the function g(u) is determined on the R+, is increasing on the interval [0,η ]
and g ∈C[0,η ];

b) the function g(u) is strictly-convex up on the interval [0,η ] and g(0)=0, g(η)=η;
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c) there exist ε > 0 and c̃ > 0 such that g(u)≥ g′(0)u− c̃u1+ε , u ∈ [0,η ];
d) g′(0) is defined, 1 < g′(0) < +∞, and there is a number η > 0 such that

g(u)≤ g′(0)u, u ∈ [0,η ].

The system (1) arises in the discrete diffusion model for the geographical spread
of epidemics, as well as in the age-structured non-local delayed reaction-diffusion
theory (see [1–5]).

In the case a−n = an, this system (and its two-dimensional analogue) is well
studied in the work [6], where alternating and bounded solutions are constructed under
some restrictions on nonlinearity. In the present paper, under essentially different
restrictions on the nonlinearity of g and on the matrix A, existence and uniqueness
theorems of a positive and bounded solution are described. The asymptotic behaviour
of the constructed solution at ±∞ is described. At the end of the paper specific
examples of nonlinear g are given.

Auxiliary Facts. Consider the following discrete analogue of the Diekmann
function (see [1])

L(λ ) := g′(0)
∞

∑
j=−∞

a jq−λ j, q > 1, λ ∈ [0,+∞). (4)

Hereinafter, we will assume the convergence of the series (4) and its termwise differ-
entiability.

Observe that L(0) = g′(0)
∞

∑
j=−∞

a j = g′(0)> 1. Under condition (3) we have

dL(λ )
dλ

∣∣∣
λ=0

=−g′(0)
∞

∑
j=−∞

a j jq−λ j · lnq
∣∣∣
λ=0

< 0, (5)

and due to the continuity of the function
dL(λ )

dλ
there exists a number λ0 > 0

such that
dL(λ )

dλ
< 0 for any λ ∈ [0,λ0].

From (5) it follows that
d2L(λ )

dλ 2 = g′(0)
∞

∑
j=−∞

a j j2q−λ j · (lnq)2 > 0 (it can also be +∞).

Therefore, the function L(λ ) is convex. We assume that

L(λ0)< 1. (6)

Hence, according to the Boltzano–Cauchy theorem, there exists a unique number
σ0 ∈ (0,λ0) such that

L(σ0) = 1. (7)

From the properties of the function L(λ ) it follows that

L(σ0 +δ )< 1 (8)

for each δ ∈ (0,λ0−σ0). Consider the following sequence

Ln = max{ηqσ0n−Mq(δ+σ0)n,,0}, n ∈ Z, (9)
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where M > η , δ ∈ (0,λ0−σ0) are parameters. Notice that Ln = 0, if n≥ 1
δ

logq
η

M
,

n ∈ Z. It is easy to verify that for any δ ∈ (0,min{λ0−σ0,σ0ε}) the inequality
L1+ε

n ≤ η
1+εq(δ+σ0)n, n ∈ Z, (10)

holds.
Solvability of System (1). Consider the following iteration for system (1):

x(p+1)
n =

∞

∑
j=−∞

an− jg(x
(p)
j ), n ∈ Z, p = 0,1,2, . . . ,

x(0)n =

{
ηqσ0n, n ∈ Z\Z+,

η , n ∈ Z+,

(11)

where Z+ := {0,1,2, . . .}.
First of all observe that

x(p)
n ↓ with respect to p, n ∈ Z, (12)

x(p)
n ≥ 0, n ∈ Z, p = 0,1,2, . . . (13)

Let n ∈ Z+. Then, taking into account the monotonicity of the function g, as well as
conditions b), (2) and (3), from (11) we obtain

x(1)n ≤
∞

∑
j=−∞

an− jg(η) = η = x(0)n , n ∈ Z+.

Now let n ∈ Z\Z+. Then, taking into account conditions (2), (3), a)−d), from (11)
we get

x(1)n =
∞

∑
j=−∞

an− jg(x
(0)
j ) =

0

∑
j=−∞

an− jg(x
(0)
j )+

∞

∑
j=1

an− jg(x
(0)
j )

=
0

∑
j=−∞

an− jg(ηqσ0 j)+
∞

∑
j=1

an− jg(η)≤ ηg′(0)
0

∑
j=−∞

an− jqσ0 j +η

∞

∑
j=1

an− j

= ηg′(0)
∞

∑
i=n

aiqσ0(n−i)+η

n−1

∑
i=−∞

ai

= ηg′(0)qσ0n

(
∞

∑
i=−∞

aiq−iσ0−
n−1

∑
i=−∞

aiq−iσ0

)
+η

n−1

∑
i=−∞

ai

≤ ηqσ0nL(σ0)−ηqσ0n
n−1

∑
i=−∞

aiq−iσ0 +η

n−1

∑
i=−∞

ai

≤ ηqσ0n−η

n−1

∑
i=−∞

aiqσ0 +η

n−1

∑
i=−∞

ai ≤ ηqσ0n = x(0)n .

Hence, x(1)n ≤ x(0)n for n ∈ Z\Z+. It is obvious that x(1)n ≥ 0, n ∈ Z. Assuming that
x(p)

n ≤ x(p−1)
n , n ∈ Z, and x(p)

n ≥ 0, n ∈ Z, for some natural p, in light of (2) and the
monotonicity of function g, from (11) we obtain

x(p+1)
n ≤

∞

∑
j=−∞

an− jg(x
(p−1)
j ) = x(p)

n ,
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x(p+1)
n ≥

∞

∑
j=−∞

an− jg(0) = 0.

Thus statements (12) and (13) are proved.
Let us rewrite the successive approximation formula (11) in the form

x(p+1)
n =

∞

∑
i=−∞

aig(x
(p)
n−i), n ∈ Z, p = 0,1,2, . . . ,

x(0)n =

{
ηqσ0n, n ∈ Z\Z+,

η , n ∈ Z+.

(14)

Using the monotonicity of the zero approximation, on can easily check by induction
that

x(p)
n ↑ with respect to n, n ∈ Z, p = 0,1,2, . . . (15)

We claim that for M >max
{

η ,
c̃η1+εL(δ +σ0)

g′(0)(1−L(σ0+δ ))

}
and δ ∈ (0,min{λ0−σ0,σ0ε})

it holds the inequality

x(p)
n ≥ Ln n ∈ Z, p = 0,1,2, . . . (16)

We will prove it by induction with respect to p.
The inequality (16) for p = 0 follows from the definition of the zero approxi-

mation. Assume that (16) is fulfilled for some natural p. Then, in view of conditions
a)−d), (2), (3) and (10), from (11) we obtain

x(p+1)
n ≥

∞

∑
j=−∞

an− jg(L j)≥ g′(0)
∞

∑
j=−∞

an− jL j− c̃
∞

∑
j=−∞

an− jL
(1+ε)
j

≥ g′(0)
∞

∑
j=−∞

an− j

(
ηqσ0 j−Mq(σ0+δ ) j

)
− c̃

∞

∑
j=−∞

an− jL
(1+ε)
j

= ηqσ0ng′(0)
∞

∑
i=−∞

aiq−σ0i−Mq(σ0+δ )ng′(0)
∞

∑
i=−∞

aiηq−(σ0+δ )i−c̃
∞

∑
j=−∞

an− jL
(1+ε)
j

≥ ηqσ0nL(σ0)−Mq(σ0+δ )nL(σ0 +δ )− c̃
∞

∑
j=−∞

an− jL
(1+ε)
j

≥ ηqσ0n−Mq(σ0+δ )nL(σ0 +δ )− c̃η
(1+ε)

∞

∑
j=−∞

an− jq(σ0+δ ) j

= ηqσ0n−Mq(σ0+δ )nL(σ0 +δ )− c̃η(1+ε)

g′(0)
L(σ0 +δ )q(σ0+δ )n

≥ ηqσ0n−Mq(σ0+δ )n.

Thus it follows from (12), (13), and (16) that the sequence of vectors
{

x(p)
}∞

p=0

(where x(p) = (. . . ,x(p)
−1 ,x

(p)
0 ,x(p)

1 , . . .)T ) has a limit as p→+∞. Namely,

lim
p→∞

x(p) = x. (17)
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So the limit vector x = (. . . ,x−1,x0,x1, . . .)
T satisfies the initial system of (1), and the

coordinates of the limit vectors satisfy

Ln ≤ xn ≤ x(0)n , n ∈ Z. (18)

From (15) it follows that the coordinates xn, n ∈ Z, of the limit vectors x are
increasing with respect to n ∈ Z. Observe that

lim
n→−∞

xn = 0. (19)

Indeed, last statement immediately follows from the inequalities

ηqσ0n−Mq(σ0+δ )n ≤ xn ≤ ηqσ0n, n <
1
δ

logq
η

M
, n ∈ Z.

We will prove below that

lim
n→+∞

xn = η . (20)

Since xn ↑, n ∈ Z, from (18) it immediately follows that 0 < λ := lim
n→+∞

xn ≤ η .

Taking the limit of both sides of (1) as n→+∞, from conditions a)−d) and
the limit property of the convolution type discrete operators we get

λ = g(λ ), λ ∈ (0,η ].

However the last is possible only when λ = η .
Now we prove that the constructed solution x has the following additional

properties
h−x ∈ l1,

where h = (. . . ,η ,η , . . .)T and x = (. . . ,x−1,x0,x1, . . .)
T ; so we will prove that

∞

∑
n=0

(η− xn)<+∞. (21)

Since lim
n→∞

xn = η and xn ↑, n ∈ Z, there exists a number n0 ∈ N, such that for n≥ n0

we have xn ≥
η

2
. Fix a number n0. Obviously,

n0−1

∑
n=0

(η − xn) is finite. So we can

consider the following quantity
N

∑
n=n0

(η− xn), (22)

where N > n0 is an arbitrary number. In light of (1)–(3), a)−d), from (22) we have
N

∑
n=n0

(η− xn) =
N

∑
n=n0

(
η−

∞

∑
j=−∞

an− jg(x j)

)
=

N

∑
n=n0

∞

∑
j=−∞

(η−g(x j))an− j

≤
N

∑
n=n0

η

0

∑
j=−∞

an− j +
N

∑
n=n0

∞

∑
j=1

(η−g(x j))an− j

= η

N

∑
n=n0

∞

∑
i=n

ai +
N

∑
n=n0

∞

∑
j=1

(η−g(x j))an− j
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≤ η

∞

∑
i=0

iai +
N

∑
n=n0

n

∑
j=1

(η−g(x j))an− j +
N

∑
n=n0

∞

∑
j=n+1

(η−g(x j))an− j

≤ c1 +
N

∑
n=n0

n

∑
j=1

(η−g(x j))an− j +
N

∑
n=n0

(η−g(xn+1))
∞

∑
j=n+1

an− j

≤ c1 +
N

∑
n=n0

n

∑
j=1

(η−g(x j))an− j +
N

∑
n=n0

(η−g(xn))
∞

∑
j=n+1

an− j

=c1+
N

∑
n=n0

(η−g(xn))
−1

∑
i=−∞

ai+
N

∑
n=n0

n0−1

∑
j=1

(η−g(x j))an− j+
N

∑
n=n0

n

∑
j=n0

(η−g(x j))an− j

≤ c1 +η

∞

∑
n=n0

n0−1

∑
j=1

an− j +
N

∑
n=n0

(η−g(xn))
−1

∑
i=−∞

ai +
N

∑
n=n0

n

∑
j=n0

(η−g(x j))an− j

= c1 + c2 +
N

∑
n=n0

(η−g(xn))
−1

∑
i=−∞

ai +
N

∑
j=n0

(η−g(x j))
N

∑
n= j

an− j

= c+
N

∑
n=n0

(η−g(xn))
−1

∑
i=−∞

ai +
N

∑
j=n0

(η−g(x j))
N− j

∑
i=0

ai

≤ c+
N

∑
n=n0

(η−g(xn)),

where

c1 := η

∞

∑
i=0

iai <+∞, c2 := η

∞

∑
n=n0

n0−1

∑
j=1

an− j <+∞, c = c1 + c2.

From this it follows that
N

∑
n=n0

(g(xn)− xn)≤ c. (23)

Now we consider the line passing through the points (xn0 ,g(xn0)) and (η ,η)

y =
η−g(xn0)

η− xn0

u+η
g(xn0)− xn0

η− xn0

.

Since xn0 ≤ xn ≤ η for n≥ n0, then by the convexity of the function g we get

g(xn)≥
η−g(xn0)

η− xn0

xn +η
g(xn0)− xn0

η− xn0

, n≥ n0, n ∈ Z. (24)

From the last inequality it follows that

g(xn)− xn ≥ xn

(
η−g(xn0)

η− xn0

−1
)
+η

g(xn0)− xn0

η− xn0

= (η− xn)

(
g(xn0)− xn0

η− xn0

)
.

Since g(u)> u on (0,η), then

g(xn0)− xn0

η− xn0

> 0. (25)
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Taking into account (23) and (25), we come to the following inequalities

g(xn0)− xn0

η− xn0

N

∑
n=n0

(η− xn)≤
N

∑
n=n0

(g(xn)− xn)≤ c.

Now, taking the limit of both sides of this inequality as N→+∞, we obtain
∞

∑
n=n0

(η− xn)<+∞.

So the following theorem holds.

T h e o r e m 1. Let conditions (2), (3), a)−d) and (6) are satisfied. Then the
system (1) has a bounded, nonnegative, nontrivial solution x = (. . . ,x−1,x0,x1, . . .)

T ,
such that

• xn ↑ on n ∈ Z;

• lim
n→−∞

xn = 0, lim
n→+∞

xn = η ;

•
∞

∑
n=0

(η− xn)<+∞.

Uniqueness of Solution. We prove uniqueness of the solution in the following
class:

M= {x = (. . . ,x−1,x0,x1, . . .)
T : Ln ≤ xn ≤ x(0)n , n ∈ Z}.

Assume to the contrary that system (1) has two different solutions

x = (. . . ,x−1,x0,x1, . . .)
T , x̃ = (. . . , x̃−1, x̃0, x̃1, . . .)

T ∈M.

Then it is easy to see that the sequence

q−(σ0+δ )n|xn− x̃n|, n ∈ Z,

is bounded.
Since Ln = 0 when n≥ 1

δ
logq

η

M
, n ∈ Z, by virtue of the definition of x(0)n for

n≥ 1
δ

logq
η

M
, n ∈ Z, it holds

q−(σ0+δ )n|xn− x̃n| ≤ 2ηq−(σ0+δ )n ≤
(

M
η

)1+ σ0
δ

.

Now let n <
1
δ

logq
η

M
, n ∈ Z. Then due to x, x̃ ∈M, we obtain

−Mq(σ0+δ )n ≤ xn− x̃n ≤Mq(σ0+δ )n

or
q−(σ0+δ )n|xn− x̃n| ≤M.

Thus
α := sup

n∈Z
q−(δ+σ0)n|xn− x̃n|<+∞.
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Since the function g is convex on [0,η ], we obtain

|g(xn)−g(x̃n)| ≤ g′(0)|xn− x̃n|, n ∈ Z. (26)

Taking into account (26), from (1) we get

|xn− x̃n| ≤
∞

∑
j=−∞

an− j|g(x j)−g(x̃ j)| ≤ g′(0)
∞

∑
j=−∞

an− j|x j− x̃ j|q−(σ0+δ ) jq(σ0+δ ) j

≤ g′(0)α
∞

∑
j=−∞

an− jq(σ0+δ ) j = g′(0)αq(σ0+δ )n
∞

∑
i=−∞

aiq−(σ0+δ )i

= αq(σ0+δ )nL(σ0 +δ ),

from which it follows that

q−(σ0+δ )n|xn− x̃n| ≤ αL(σ0 +δ ), n ∈ Z. (27)

From (27) we conclude that
α ≤ αL(δ +σ0). (28)

From (8) we have that L(δ +σ0) < 1 if δ ∈ (0,min{λ0−σ0,σ0ε}) , and then from
(28) it follows that α = 0. Therefore xn = x̃n, n ∈ Z ⇒ x = x̃.

Thus the following theorem holds.

T h e o r e m 2. Under the conditions of Theorem 1, system (1) has a unique
solution in M.

Let us list some examples of nonlinear function g :
I) g(u) = γ(1− e−u), γ > 1, u≥ 0;
II) g(u) = γ(u−u1+ε), u≥ 0, γ > 1, ε > 0.
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MI O� GAYIN DISKRET HAMAKARGI LOWELIOW�YOWN�

HAMA�ARAKI TARAMAN TESOW�YAN MEJ

Tvyal a�xatanqowm hetazotvowm � Tyoplicyan matricov hatowk

dasi o� g�ayin anverj hanraha�vakan havasarowmneri hamakarg: Di-

tarkvo� hamakarg� �agowm � hama�araki tara�a�amanakayin ta-

ra�man ma�ematikakan tesow�yan mej: Apacowcvowm en sahmana�ak

hajordakanow�yownneri dasowm low�man goyow�yan  miakow�yan �eoremner:

Hetazotvowm � na ka�owcvo� low�man asimptotik varqn anverjow�yow-

nowm: A�xatanqi verjowm bervowm en kira�akan n�anakow�yown owneco�

�rinakner:

М. О. АВЕТИСЯН

О РАЗРЕШИМОСТИ ОДНОЙ НЕЛИНЕЙНОЙ ДИСКРЕТНОЙ
СИСТЕМЫ В ТЕОРИИ РАСПРОСТРАНЕНИЯ ЭПИДЕМИИ

В данной работе исследуется специальный класс системы нелиней-
ных бесконечных алгебраических уравнений с матрицами Теплица. Ука-
занная система возникает в математической теории пространственно-
временного распространения эпидемии. Доказываются теоремы существо-
вания и единственности решения в пространстве ограниченных последова-
тельностей. Исследуется также асимптотическое поведение построенных
решений в бесконечности. В конце приводятся специальные прикладные
примеры.

https://doi.org/10.1134/S0081543819050225
https://doi.org/10.1090/mosc/286
https://doi.org/10.1007/s11253-020-01755-4

