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Introduction. In [1] it was presented the following method of constructing
Blaschke—Djrbashian type functions.

Let’s denote by @ the class of analytic functions ¢ in the unit disc D, for which
¢(0) = 1, and the integrals

[ o)
/(PTdt, 0<lz <1,
1

are convergent, where the integral is taken along the curves laying inside the unit disc
D, which connect the points 1 and z and do not pass through the zero.
The following functions are introduced in [ ] for ¢ € & :

bo(z,6) ) bo(z,6) () -1
b(p(Z)wa(ZaG)ZeXP{ / (ptdt}zbo(z,g)eXp{ / L2 dt},

t
1 1
where the function by(z,g) is the elementary factor of Blaschke product either for the
disc or for the half-plane, which is zero when either z = ¢ or the integration curve
does not pass through the origin.
In the case ¢; (1) = (1 —1)%, z,6 € D, the functions by, (z,¢) coincide with the
elementary factors of Djrbashian infinite product for the unit disc [2].

2(1—
If p(t) = (2_ tt)’ 2,6 € D, then the function by (z) = bo(z)(2 — bo(z)) coin-

cides with the elementary factors of Horowitz infinite product for the unit disc [3].
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2
For ¢(t) = <1+t> , 2,6 € D, the function
2(1—bo(z))
b =bo(z)expy ———————
(P(Z) O(Z) p{ 1 +b0 (Z)
coincides with the elementary factors of Korenblum infinite product for the unit
disc [4].
When | o
or(l—t
#7 if 0<|t] <1,
p(t)={1- (-0
1, if t=0,

and 0 < a < oo, 7,6 € D, then the functions by (z) = 1 — (1 —by(z))* coincide with
the elementary factors of infinite product, which is considered in [5].

Let G={z:Imz < 0} and by(z,¢) = Z_g, ,6€G.
7—

In the case @i (1) = (1 —1)%, z,¢ € G, the functions by, (z,¢) in the half-plane

coincide with the elementary factors of infinite product, which is considered in [6].
o
t

For ¢, (1) = <1—i—t> , 2,6 € G, the functions by, (z, ¢) in the half-plane coin-
cide with the elementary factors of infinite product, which is considered in [7].

Let ¢=&+in and

oo
m(f,v) = % /10g|f(u—|—iv)\du (v<0).

In this work we consider @ subclass of ® class
Do ={p @, |p(1)|=0(1-1"),t =1, Jt| <1, p>0}.
For functions of @ it holds the following lemma.

Lemma.
1. If € Py, then
m(bgo,v>={v LA (1)
0, if v<n.
2.Ifo(t) =1, then
] >
m(bo,v>={v’ yr=m )
n, ifv<n.

The next theorem follows from the Lemma.

Theorem 1. Let {z,}7 C G be any sequence of complex numbers satisfying

Y [Imz,|' "% < oo 3)

n=1
fora given o € (—1,4), and By(z) = Hb(p(z,z,,). Then:
n=1
L If @ €Dy (a0>0), then m(By,v)= Y (v—Imz,).

Imz,<v
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2.If (t) =1 (a=0), then m(By,v) =v Z 1+ Z Imz,.

Imz,<v Imgz,>v

3If o=@ (k=1,2) (-1 <a<0), then m(By,v) = —co.

Corollary. Let a sequence of zeroes {z,}7 C G satisfies the condition (3).
Then:
1. If € Dy (a >0), then

Y |Il‘l’lzn|, if Z |ImZn’<°°

limm(Bg,v) = el n=1
50 oo if X [Ima| =
2.1 9(t) = 1 (=), then limm(By.v) =0.

Then consider Fourier transforms of the functions log |By, (z)| (k= 1,2). Let

Qy(x,v) e ™ log|f(u+iv)|du,

-
where —o0 <x <0, —e0o<v <0 and y(o,z) = / 1*le7'dr be an incomplete
0
gamma function.
Theorem 2. Let a sequence {z;}T = {ux +ivi }{ satisfies the condition (3).

Then:
1. Given —1 < ot < o0,

VI e o= VIT w
Q - - 2 (vie—iug)x 1402 _ E —ixy oy ).
B‘P] ('x’ V) x 2F(1+a) k:l e Y( + Y ‘ka) x Vk<ve S (X(Vk V))
2. Given 0 < o < o0,
2r e & V2m ,
Q - XUk (o k1) — 2 —ixug oy _ )
B(Pz (X, V) X ZF(OC) k;] e ’}/( 7ka) (e ) X Vk<ve S (x(vk V))

Proofs of Results. To prove the results, let’s recall the following theorem,
which was proved in [8] and [9].

Theorem 3.
1. Let a function f is analytic on G and f(eo) = 1. Then the function

0 f ativg)
h(x) = e /eiix” u-+1ivg

du (v < Irgnvk)

B V27ix . flu+ivg)
does not depend on vy (—eo < vy < 0), is equal to zero whenever x > 0, and
1, . _
Qr(x,v) = E(e Wh(x) 4 eVh(—x)) — —= Z M sh(x (v —v)),

Vi <v
where { @y }T = {uy + ivi }T is the sequence of zeroes of the function f.
2. 1If 10g\f(u+iv)| € Li(—o0;+o0), then

r/logf u+zv)|du—f 11m h(x \/ﬁz (vk —v).

Vi <v
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Proof ofthe Lemma.
If ¢ € Oy, then |@(bo(z,6))| = O(|z| P) as z — oo (Imz < 0).
According to [10], if [1 —bo(z,6)| < 1 (z,6 € G), then
|< 1 . |1_b0(zag)|l+p
T l4p 1-[1=bo(z,¢)|
Let z = u+iv. Observe that

|[logby(z,6) “4)

2[n| 2(n]
1_17027(5 = S .
It =bo@ Ol = 201 < o)

If |v| > 2|n]|, then it follows from (5) that

2 2 _ 1
Db =1 2l 2l =l 1
lz—g| v+l v[+Inl " 3

Therefore, it follows from (4) that

(&)

3 21+p|n|l+p
| < : :
L+p fz—g['*P
Consider the function Ay (x, ) when vg < 1. We have

[logby(z,6) (6)

o0 b} .
&0 / o %b(p(u +ivo,G) du

IV27x by (u+ivo,6)

—o0

h(P(x> g) =

It is easy to see that

(by(z,6))’
b(P(Za g)

(bo(z,6))'

= plbo(z.9)

and therefore
o041V P
1 _; jbO(Zag)
e Xz b Z, Z
xV2m ¢(bo(z:6)) bo(z,6)

7°°+l'\)()
21‘] ~+oo4ivg
— —ixz b ,
N / e "o(bo(z.6))

*°°+l'V0

h<P(x’ g) =

o
(z—¢)(z—9)

Thus we obtain
21’] +°°+ivoe*ixz 1 )
li = li I
Jim ho(x,6) = 7= limy —0(bo(z,)) 4z
—oo+ivg
“+oo+ivy

<
/ (p(bo(z,g))mdz:&

(7)
2ni

T V2m .
—oo+1V(

Observe that if @(¢) = 1, then it follows from the formula (see [ 1], p. 347)

e —ixu
/ [:—i-iudu = 2meP*  (forx <0, ReB >0)
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that
242 ;.
ho(x.6) = === " sh(xn),
limoh(p(x, g) =2V2mn. (8)
X——

From (4) and (6) it follows that log|bg (1 +iv,g)| € Li(—o0, 4o0), and therefore,
taking into account (7) and (8), according to the second part of Theorem 3, we will
get the conditions 1 and 2 of Lemma. O

Proof of the Theorem 1. If |v| > 2|n|, then it follows from (4) and (5)
that
21+pm’1+p 1 1 22+p|n’1+p 1

< . . < .
SIEY: (W+mbe =Ml 1+p (V[+ M7 v
1 22+p|n|l+P

I+p  pfite

|10gb(P (Z7 g)

Therefore, if |Imz| > 2 max |Imz,|, then
o0 22+p o 1 1
[logBy(2)] < Y [1ogbo(z,2)| < T (L [tmz,|"*# ) [Tmz[ ="
n=1 1+ p n=1
The last inequality for the function |log|By, (z)|| is proved in [12].
If condition (3) is satisfied, then the infinite products of Blashchke type, which
are formulated in theorem, are convergent.
If ¢ > 0 and ¢ € dy, taking into account (4), we will get the following formula

m(By,v) = Z (v—1Imgz,), )

Imz,<v

where v € (—o0,0). It was proved in [10] that if —1 < & <0, then
‘b(Pk(Z7g)’ < ’bo(Z,g)‘, k=1,2. (10)
Observe that the functions ¢; and ¢, belong to ®y. If —1 < o <0, then
log|b ]
log|bg,(u+iv5)|

, @e(bo(u+iv,6)) Lbo(u+iv,g)
li = lim Re -
U—roo u—1-a U—yoo (—1 _a)u(*zfa)bo(u—kzv’g)

From here it follows that if a sequence {z, }{ C G satisfies (3), then (2), (9) and
(10) imply the formulas stated in Theorem 1. O
Proof of the Corollary. Denote by n(v) the number of zeros of the func-
tion By in the half-plane {w: Imw < v}. It is shown in [13] that the condition
Y [Imz,| <o implies limvn(v) = 0. Therefore,
=1 v—0
v v 0

= [(v=t)dn(t)= [ n asv—0 n :°° mz,|.
Y (v Imz,,)—/( £)dn(t) /(t)dt—>/ (0di = Y. |1ma,

Imz,<v

—oo —o0 —oo
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Proof of the Theorem 2. Let ¢;(t) = (1 —¢)%. In this case
(2in)*
b -
(pl( 0(Z7€)) (Z—@)O"
therefore
+-o04-ivg .
(2in>(x+l / e iz
he (x,¢) = — d
W)= | g™
—oo4-1V
exvo(zn)a-‘rliZ(a-‘rl) e e iux J
B NeTs /fﬁ+myﬂw5+m)%

where B = —v+n—i&, §=—v—n—i&.
Since Re B, Rey > 0, then from the formula (see [1 1], p. 349)
o0

e~ ipx 65 _

where Ref >0, Red >0, Reu >0 and p <0, we get
2e(n—i&)x
I'(l1+a)x

According to (7) and the first part of Theorem 3, we will get the first part of

Theorem 2.
For the function ¢, we have

he, (x,6) = Y(1+a,2xm).

(b0l =

and therefore
+oo+i\/0 .
2
g (x,¢) = D _dz
8= =& —9)z—3)

7°°+l'vg

+ oo -
_ |n|aexv0 / e xu _/ e—lXLl
V2 \J A+ i)*(pr+iu) S (A +iu)*(pa+iu) |
where A = —v—i&, pr=—v+n—i§, pp=—v—n—i§.
From (11) it follows that

% _
B (5,6) = o V(@M (™ 1),
The second part of Theorem 2 can be proved similarly. O

Remark. From the results of the paper one can deduce the analogue results for
the Horowitz, Korenblum and Djrbashian and Shamoian products for the half-plane.
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B crathe mosydennst hopMysibl PABHOBECHUS [IJIsT JIOTAPUMPMUATECKUX CPEJI-
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