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Introduction. In [1] it was presented the following method of constructing
Blaschke–Djrbashian type functions.

Let’s denote by Φ the class of analytic functions ϕ in the unit disc D, for which
ϕ(0) = 1, and the integrals

z∫
1

ϕ(t)
t

dt, 0 < |z|< 1,

are convergent, where the integral is taken along the curves laying inside the unit disc
D, which connect the points 1 and z and do not pass through the zero.

The following functions are introduced in [1] for ϕ ∈Φ :

bϕ(z) = bϕ(z,ς) = exp

{ b0(z,ς)∫
1

ϕ(t)
t

dt

}
= b0(z,ς)exp

{ b0(z,ς)∫
1

ϕ(t)−1
t

dt

}
,

where the function b0(z,ς) is the elementary factor of Blaschke product either for the
disc or for the half-plane, which is zero when either z = ς or the integration curve
does not pass through the origin.

In the case ϕ1(t) = (1− t)α , z,ς ∈ D, the functions bϕ1(z,ς) coincide with the
elementary factors of Djrbashian infinite product for the unit disc [2].

If ϕ(t) =
2(1− t)

2− t
, z,ς ∈ D, then the function bϕ(z) = b0(z)(2−b0(z)) coin-

cides with the elementary factors of Horowitz infinite product for the unit disc [3].
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For ϕ(t) =
(

1− t
1+ t

)2

, z,ς ∈ D, the function

bϕ(z) = b0(z)exp

{
2(1−b0(z))

1+b0(z)

}
coincides with the elementary factors of Korenblum infinite product for the unit
disc [4].

When

ϕ(t) =


αt(1− t)α

1− (1− t)α
, if 0 < |t|< 1,

1, if t = 0,

and 0 < α <+∞, z,ς ∈D, then the functions bϕ(z) = 1− (1−b0(z))α coincide with
the elementary factors of infinite product, which is considered in [5].

Let G = {z : Imz < 0} and b0(z,ς) =
z− ς

z− ς̄
, z,ς ∈ G .

In the case ϕ1(t) = (1− t)α , z,ς ∈ G, the functions bϕ1(z,ς) in the half-plane
coincide with the elementary factors of infinite product, which is considered in [6].

For ϕ2(t) =
(

1− t
1+ t

)α

, z,ς ∈ G, the functions bϕ2(z,ς) in the half-plane coin-

cide with the elementary factors of infinite product, which is considered in [7].
Let ς = ξ + iη and

m( f ,v) =
1

2π

+∞∫
−∞

log | f (u+ iv)|du (v < 0).

In this work we consider Φ0 subclass of Φ class
Φ0 = {ϕ ∈Φ, |ϕ(t)|= O(|1− t|ρ), t→ 1, |t|< 1, ρ > 0}.

For functions of Φ0 it holds the following lemma.

L e m m a .
1. If ϕ ∈Φ0, then

m(bϕ ,v) =

{
v−η , if v≥ η ,

0, if v < η .
(1)

2. If ϕ(t)≡ 1, then

m(b0,v) =

{
v, if v≥ η ,

η , if v < η .
(2)

The next theorem follows from the Lemma.

T h e o r e m 1. Let {zn}∞
1 ⊂G be any sequence of complex numbers satisfying

∞

∑
n=1
| Imzn|1+α <+∞ (3)

for a given α ∈ (−1,+∞), and Bϕ(z) =
∞

∏
n=1

bϕ(z,zn). Then:

1. If ϕ ∈Φ0 (α > 0), then m(Bϕ ,v) = ∑
Imzn≤v

(v− Imzn).
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2. If ϕ(t)≡ 1 (α = 0), then m(Bϕ ,v) = v ∑
Imzn≤v

1+ ∑
Imzn>v

Imzn.

3. If ϕ = ϕk (k = 1,2) (−1 < α < 0), then m(Bϕ ,v) =−∞.

C o r o l l a r y. Let a sequence of zeroes {zn}∞
1 ⊂ G satisfies the condition (3).

Then:
1. If ϕ ∈Φ0 (α > 0), then

lim
v→0

m(Bϕ ,v) =


∞

∑
n=1
| Imzn|, if

∞

∑
n=1
| Imzn|< ∞,

+∞, if
∞

∑
n=1
| Imzn|= ∞.

2. If ϕ(t)≡ 1 (α = 0), then lim
v→0

m(Bϕ ,v) = 0.

Then consider Fourier transforms of the functions log |Bϕk(z)| (k = 1,2). Let

Ω f (x,v) =
1√
2π

+∞∫
−∞

e−ixu log | f (u+ iv)|du,

where −∞ < x < 0, −∞ < v < 0 and γ(α,z) =
∫ z

0
tα−1e−tdt be an incomplete

gamma function.

T h e o r e m 2. Let a sequence {zk}∞
1 = {uk + ivk}∞

1 satisfies the condition (3).
Then:

1. Given −1 < α <+∞,

ΩBϕ1
(x,v)=

√
2π

x
e−xv

2Γ(1+α)

∞

∑
k=1

e(vk−iuk)xγ(1+α,2xvk)−
√

2π

x ∑
vk<v

e−ixuk sh
(
x(vk−v)

)
.

2. Given 0 < α <+∞,

ΩBϕ2
(x,v)=

√
2π

x
e−xv

2Γ(α)

∞

∑
k=1

e−ixuk γ(α,xvk)(exvk−1)−
√

2π

x ∑
vk<v

e−ixuk sh
(
x(vk−v)

)
.

Proofs of Results. To prove the results, let’s recall the following theorem,
which was proved in [8] and [9].

T h e o r e m 3.
1. Let a function f is analytic on G and f (∞) = 1. Then the function

h(x) =
exv0

√
2πix

+∞∫
−∞

e−ixu f ′(u+ iv0)

f (u+ iv0)
du (v0 < min

k
vk)

does not depend on v0 (−∞ < v0 < 0), is equal to zero whenever x > 0, and

Ω f (x,v) =
1
2
(
e−xvh(x)+ exvh(−x)

)
−
√

2π

x ∑
vk<v

e−ixuk sh(x(vk− v)),

where {ωk}∞
1 = {uk + ivk}∞

1 is the sequence of zeroes of the function f .
2. If log | f (u+ iv)| ∈ L1(−∞;+∞), then

1√
2π

+∞∫
−∞

log | f (u+ iv)|du =
1
2

lim
x→−0

h(x)−
√

2π ∑
vk<v

(vk− v).
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P ro o f o f t h e L e m m a.
If ϕ ∈Φ0, then |ϕ(b0(z,ς))|= O(|z|−ρ) as z→ ∞ (Imz < 0).
According to [10], if |1−b0(z,ς)|< 1 (z,ς ∈ G), then

| logbϕ(z,ς)| ≤
1

1+ρ
· |1−b0(z,ς)|1+ρ

1−|1−b0(z,ς)|
. (4)

Let z = u+ iv. Observe that

|1−b0(z,ς)|=
2|η |
|z− ς |

≤ 2|η |
|v|+ |η |

. (5)

If |v|> 2|η |, then it follows from (5) that

1−|1−b0|= 1− 2|η |
|z− ς |

≥ 1− 2|η |
|v|+ |η |

=
|v|− |η |
|v|+ |η |

>
1
3
.

Therefore, it follows from (4) that

| logbϕ(z,ς)| ≤
3

1+ρ
· 2

1+ρ |η |1+ρ

|z− ς |1+ρ
. (6)

Consider the function hϕ(x,ς) when v0 < η . We have

hϕ(x,ς) =
exv0

i
√

2πx

+∞∫
−∞

e−ixu
∂

∂u bϕ(u+ iv0,ς)

bϕ(u+ iv0,ς)
du.

It is easy to see that

(bϕ(z,ς))′

bϕ(z,ς)
= ϕ(b0(z,ς))

(b0(z,ς))′

b0(z,ς)
,

and therefore

hϕ(x,ς) =
1

ix
√

2π

+∞+iv0∫
−∞+iv0

e−ixz
ϕ(b0(z,ς))

∂

∂ z b0(z,ς)
b0(z,ς)

dz

=
2η√
2πx

+∞+iv0∫
−∞+iv0

e−ixz
ϕ(b0(z,ς))

1
(z− ς)(z− ς̄)

dz.

Thus we obtain

lim
x→−0

hϕ(x,ς) =
2η√
2π

lim
x→−0

+∞+iv0∫
−∞+iv0

e−ixz−1
x

ϕ(b0(z,ς))
1

(z− ς)(z− ς̄)
dz

=− 2η i√
2π

+∞+iv0∫
−∞+iv0

ϕ(b0(z,ς))
z

(z− ς)(z− ς̄)
dz = 0.

(7)

Observe that if ϕ(t)≡ 1, then it follows from the formula (see [11], p. 347)
+∞∫
−∞

e−ixu

β + iu
du = 2πeβx (for x < 0, Reβ > 0)
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that

hϕ(x,ς) =
2
√

2π

x
e−ixξ sh(xη),

lim
x→−0

hϕ(x,ς) = 2
√

2πη . (8)

From (4) and (6) it follows that log |bϕ(u+ iv,ς)| ∈ L1(−∞,+∞), and therefore,
taking into account (7) and (8), according to the second part of Theorem 3, we will
get the conditions 1 and 2 of Lemma.

P ro o f o f t h e T h e o re m 1. If |v| > 2|η |, then it follows from (4) and (5)
that

| logbϕ(z,ς)| ≤
1

1+ρ
· 2

1+ρ |η |1+ρ

(|v|+ |η |)ρ
· 1
|v|− |η |

<
1

1+ρ
· 2

2+ρ |η |1+ρ

(|v|+ |η |)ρ
· 1
|v|

<
1

1+ρ
· 2

2+ρ |η |1+ρ

|v|1+ρ
.

Therefore, if | Imz|> 2 max | Imzn|, then

| logBϕ(z)| ≤
∞

∑
n=1
| logbϕ(z,zn)| ≤

22+ρ

1+ρ

( ∞

∑
n=1
| Imzn|1+ρ

)
| Imz|−1−ρ .

The last inequality for the function | log |Bϕ2(z)|| is proved in [12].
If condition (3) is satisfied, then the infinite products of Blashchke type, which

are formulated in theorem, are convergent.
If α > 0 and ϕ ∈Φ0, taking into account (4), we will get the following formula

m(Bϕ ,v) = ∑
Imzn≤v

(v− Imzn), (9)

where v ∈ (−∞,0). It was proved in [10] that if −1 < α ≤ 0, then

|bϕk(z,ς)| ≤ |b0(z,ς)|, k = 1,2. (10)

Observe that the functions ϕ1 and ϕ2 belong to Φ0. If −1 < α < 0, then

lim
u→∞

log |bϕk(u+ iv,ς)|
u−1−α

= lim
u→∞

Re
ϕk(b0(u+ iv,ς)) ∂

∂u b0(u+ iv,ς)
(−1−α)u(−2−α)b0(u+ iv,ς)

6= 0.

From here it follows that if a sequence {zn}∞
1 ⊂G satisfies (3), then (2), (9) and

(10) imply the formulas stated in Theorem 1.

P ro o f o f t h e C o ro l l a r y. Denote by n(v) the number of zeros of the func-
tion Bϕ in the half-plane {w : Imw ≤ v}. It is shown in [13] that the condition

∞

∑
n=1
| Imzn|< ∞ implies lim

v→0
vn(v) = 0. Therefore,

∑
Imzn≤v

(v− Imzn) =

v∫
−∞

(v− t)dn(t) =
v∫

−∞

n(t)dt as v→ 0−−−−−−→
0∫

−∞

n(t)dt =
∞

∑
n=1
| Imzn|.
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P ro o f o f t h e T h e o re m 2. Let ϕ1(t) = (1− t)α . In this case

ϕ1(b0(z,ς)) =
(2iη)α

(z− ς̄)α
,

therefore

hϕ1(x,ς) =
(2iη)α+1

i
√

2πx

+∞+iv0∫
−∞+iv0

e−ixz

(z− ς̄)1+α(z− ς)
dz

=
exv0(2η)α+1i2(α+1)

√
2πx

+∞∫
−∞

e−iux

(β + iu)1+α(δ + iu)
du,

where β =−v+η− iξ , δ =−v−η− iξ .
Since Reβ , Reγ > 0, then from the formula (see [11], p. 349)

+∞∫
−∞

e−ipx

(β + ix)µ(δ + ix)
dx =

2πeδ p(−p)µ

Γ(1+µ)
µ((δ −β )p)−µ

γ(µ, p(δ −β )), (11)

where Reβ > 0, Reδ > 0, Re µ > 0 and p < 0, we get

hϕ1(x,ς) =

√
2πe(η−iξ )x

Γ(1+α)x
γ(1+α,2xη).

According to (7) and the first part of Theorem 3, we will get the first part of
Theorem 2.

For the function ϕ2 we have

ϕ2(b0(z,ς)) =
(iη)α

(z−ξ )α
,

and therefore

hϕ2(x,ς) =
2(iη)1+α

i
√

2πx

+∞+iv0∫
−∞+iv0

e−ixz

(z−ξ )α(z− ς)(z− ς̄)
dz

=
|η |αexv0

√
2πx

( +∞∫
−∞

e−ixu

(λ + iu)α(ρ1 + iu)
−

+∞∫
−∞

e−ixu

(λ + iu)α(ρ2 + iu)

)
,

where λ =−v− iξ , ρ1 =−v+η− iξ , ρ2 =−v−η− iξ .
From (11) it follows that

hϕ2(x,ς) =

√
2π

xΓ(α)
γ(α,ηx)e−iξ x(eηx−1).

The second part of Theorem 2 can be proved similarly.
Remark. From the results of the paper one can deduce the analogue results for

the Horowitz, Korenblum and Djrbashian and Shamoian products for the half-plane.
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KISAHAR�OW�YAN HAMAR BLYA
KEI TIPI ARTADRYALNERI ORO


HATKOW�YOWNNER

Hodva�owm stacvel en havasarak��ow�yan bana� er Blya�kei tipi

artadryalneri logari�makan mijinneri hamar  hetazotvel en nranc

sahmanayin ar�eqner�:
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НЕКОТОРЫЕ СВОЙСТВА ПРОИЗВЕДЕНИЙ ТИПА БЛЯШКЕ ДЛЯ
ПОЛУПЛОСКОСТИ

В статье получены формулы равновесия для логарифмических сред-
них семейства функций типа Бляшке и исследованы их предельные значения.
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