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ON LOCALLY-BALANCED 2-PARTITIONS OF BIPARTITE GRAPHS
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A 2-partition of a graph G is a function f : V(G) — {0,1}. A 2-partition f of
a graph G is a locally-balanced with an open neighborhood, if for every v € V(G),
|[{u € N6(v): f(u) =0} —|{u € Ng(v): f(u)=1}|| < 1. A bipartite graph is
(a,b)-biregular if all vertices in one part have degree a and all vertices in the
other part have degree b. In this paper we prove that the problem of deciding,
if a given graph has a locally-balanced 2-partition with an open neighborhood
is NP-complete even for (3,8)-biregular bipartite graphs. We also prove that a
(2,2k+ 1)-biregular bipartite graph has a locally-balanced 2-partition with an
open neighbourhood if and only if it has no cycle of length 2 (mod 4). Next,
we prove that if G is a subcubic bipartite graph that has no cycle of length 2
(mod 4), then G has a locally-balanced 2-partition with an open neighbourhood.
Finally, we show that all doubly convex bipartite graphs have a locally-balanced
2-partition with an open neighbourhood.
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Introduction. In this paper all graphs are finite, undirected, and have no loops
or multiple edges, unless otherwise stated. Let V(G) and E(G) denote the sets of
vertices and edges of a graph G, respectively. The set of neighbors of a vertex v in
G is denoted by Ng(v). The degree of a vertex v € V(G) is denoted by dg(v) and the
maximum degree of vertices in G by A(G). A bipartite graph G with a bipartition
(X,Y) is (a,b)-biregular if each vertex in X has degree a and each vertex in ¥ has
degree b. A bipartite graph G with bipartition (X,Y) is doubly convex, if all its
vertices from X can be numbered 1,2,...,|X| and all vertices from Y can be numbered
1,2,...,]Y] such that for every vertex of G the set of numbers assigned to neighbors is
an interval of integers. The terms and concepts that we do not define can be found

in[1,2].
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Graph partition problems play a crucial role in the current research. There
are many different applications of graph partition problems (VLSI design, parallel
computing, task scheduling, clustering and detection of communities in complex
networks), and there are many problems in graph theory which can be formulated
as graph partition problems (factorization problems, coloring problems, clustering
problems, problems of Ramsey Theory). For example, the problem of finding the
arboricity of a graph coinsides with the problem of decomposing of a graph into
minimum number of forests, the problem of determining chromatic number of a
graph is the problem of decomposing a graph into minimum number of independent
sets, and the problem of determining chromatic index of a graph is equivalent to the
decomposing of a graph into minimum number of matchings. Some other applications
of graph partition problems can be found in [3].

The concept of locally-balanced 2-partition of graphs was introduced by
Balikyan and Kamalian in 2005 [4]. Locally-balanced 2-partitions of graphs can
be considered as a special case of equitable colorings of hypergraphs [5]. Berge [5]
obtained some sufficient conditions for the existence of equitable colorings of hyper-
graphs. Ghouila-Houri [6] characterized unimodular hypergraphs in terms of partial
equitable colorings and proved that a hypergraph H = (V, E) is unimodular if and
only if for each Vy C V there is a 2-coloring o : Vo — {0, 1} such that for every e € E,
llena='(0)| = lena~"(1)|| < 1. The problems of the existence and construction of
a proper vertex-coloring of a graph, for which the number of vertices in any two color
classes differ by at most one were considered in [7—10] . It was considered in [1 1],
2-vertex-colorings of graphs, for which each vertex is adjacent to the same number
of vertices of every color. In particular, Kratochvil [11] proved that the problem
of the existence of such a coloring is NP-complete even for the (2p,2q)-biregular
(p,q > 2) bipartite graphs. Moreover, he showed that the problem of existence of
the aforementioned coloring for the (2,2¢g)-biregular (¢ > 2) bipartite graphs can be
solved in polynomial time. Gerber and Kobler [12, 13] suggested to consider the
problem of deciding, if a given graph has a 2-partition with nonempty parts such that
each vertex has at least as many neighbors in its part as in the other part. In [14], it was
proved that the problem is NP-complete. In [4], Balikyan and Kamalian proved that
the problem of existence of a locally-balanced 2-partition with an open neighborhood
of bipartite graphs with maximum degree 3 is NP-complete. In 2006, a similar result
for locally-balanced 2-partitions with a closed neighborhood was also proved [15].
In [16, 17], necessary and sufficient conditions for the existence of locally-balanced
2-partitions of trees were obtained. Balikyan [ 18] obtained the necessary and sufficient
conditions for the existence of locally-balanced 2-partitions of bipartite cactus graphs.
Gharibyan and Petrosyan [19] obtained necessary and sufficient conditions for the
existence of locally-balanced 2-partitions of complete multipartite graphs. Recently,
Gharibyan [20] studied locally-balanced 2-partitions of even and odd graphs. In par-
ticular, he gave necessary conditions for the existence of locally-balanced 2-partitions
of these graphs.

In this paper we study locally-balanced 2-partitions with an open neighborhood
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of bipartite graphs. In particular, we prove that the problem of deciding, if a given
graph has a locally-balanced 2-partition with an open neighborhood is NP-complete
even for (3,8)-biregular bipartite graphs. We also show that a (2,2k + 1)-biregular
bipartite graph (k € N) has a locally-balanced 2-partition with an open neighbourhood
if and only if it has no cycle of length 2 (mod 4). Next we prove that if G is a subcubic
bipartite graph that has no cycle of length 2 (mod 4), then G has a locally-balanced
2-partition with an open neighbourhood. Finally, we show that all doubly convex
bipartite graphs have a locally-balanced 2-partition with an open neighbourhood.

Main Results. Before we formulate and prove our main results, we introduce
some terminology and notation. If G is a connected graph, then the distance between
two vertices u and v in G will be denoted by dg(u,v). If ¢ is a 2-partition of a graph
G and v € V(G), then define #(v), and ¢*(v) as follows:

#(v)p = {u € No(v): @(u) =1} = [{u € No(v): ¢(u) = 0}],

* =1, if (P(V):O,
"’<V)_{ 1, if e(v)=1.

It is easy to see that
o= Y 0" (w).
ueNg(v)
A spanning subgraph F of a graph G is called an [a,b]-factor of G, if
a <dp(v) <b for all ve V(G). We will use the following result from the factor
theory.

Theorem 1. [2/]. Let k and r be integers such that 1 < k < r. Then every
r-regular graph (where multiple edges and loops are allowed) has a [k,k + 1]-factor.

We denote by V = {xj,...,x,} a finite set of variables. A literal is either a
variable x or a negated variable X. We denote by Ly = {x,X : x € V'} the set of literals.
A clause is a set of literals, i.e. a subset of Ly, and a k-clause is one which contains
exactly k distinct literals. A clause is monotone, if all of its involved variables contain
no negations.

We define a function NAE, : {0,1}" — {0, 1} in the following way:

0, if xij=xp=---=2x,,

NAEy(x1,%2, ., 4n) :{ 1, otherwise.

If ¢ is a monotone r-clause and x;,,X;,, .. .,X; € c, then define NAE,(c) as follows:
NAE,(c) = NAE,(xi,,Xiy, - - -, Xi, )

Let us consider the following

Problem 1 (NAE-3-Sat-E4).

Instance: given a set V = {xi,...,x,} of variables and a collection
C ={ci,...,cx} of monotone 3-clauses over V such that every variable appears
in exactly four clauses.

Question: is the formula f(xi,...,x,) = NAE3(c1) & --- & NAE3(cy) satisfied?
The following was proved [22].
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Theorem 2. [22]. Problem I is NP-complete.

Let us now consider the following

Problem 2.

Instance: a (3,8)-biregular bipartite graph G.

Question: does G has a locally-balanced 2-partition with an open
neighbourhood?

Theorem 3. Problem 2 is NP-complete.

Proof. It is easy to see that Problem 2 is in NP. For the proof of the
NP-completeness, we show a reduction from Problem 1 to Problem 2. Let I = (V,C)
be an instance of Problem 1. We must construct a (3,8)-biregular bipartite graph
G = (X,Y;E) such that G has a locally-balanced 2-partition with an open neighbour-
hood if and only if f(xi,...,x,) = NAE3(c1) & -+ & NAE3(cy) formula is satisfiable.
Let us construct a graph G in the following way:

X = {p17'°'7pn}a
Y = {q%vq%ucI%7q%7 cee 7q]1(7q]%}7
E={pq}pigi: 1<i<n1<j<kxec}.

It is not hard to see that the graph G can be constructed from V and C in
polynomial time, as we used only n + 2k vertices. We first suppose that (By,...,B,) is
a true assignment of f(xj,...,x,). We show that G has a locally-balanced 2-partition
with an open neighbourhood.

Let us define a 2-partition ¢ of G as follows: for every w € V(G), let

[ B if w=p;, where 1<i<n,
"’(W)_{ Imod2, if w=gl, where 1<j<k1<I<2. M

Let us show that ¢ is a locally-balanced 2-partition with an open neighbourhood.
Let us consider the vertices of the part X. Let p; € X (1 <i <n), where x; € ¢,
X; € Cjy, X € Cjy, Xi € ¢jy, 1 < j1, j2, J3, J4 < k. From this and taking into account (1),
we have

#(p)o = 97 (45,) + 9 (5,) + 9" (a},) + 9" (a7.)
+97 (a,) + 07 (4) + 9" (4),) + 9" (a],) = 0.

Let us now consider the vertices of the part Y. Let qﬂ- €Y (1<j<k 1<1<2),
where c¢; = {x;,,x;,,x;, }. This means NAE3(B;,, Bi,, Bi;) = 1. From this we get that
for1 <j<k, 1<1<2,

[#(a))ol = 10" (pi) + 0" (p) + @"(piy)| < 1.

Conversely, suppose that ¢ is a locally-balanced 2-partition with an open neigh-
bourhood of G. Let us define an assignment of f(xi,...,x,) as follows:
xi=a(p;) (1<i<n). LetcjeC (1 <j<k)andcj={x;,xi,,x;}. From this
and taking into account that ‘# (q}) ’ <1 anddg (q}) = 3, we obtain

o

NAE3 (x,-l ,x,'Q,xi3) = 1,
which implies that f(xi,...,x,) is satisfiable. O
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Next, we consider locally-balanced 2-partitions with an open neighbourhood
of (2,2k + 1)-biregular bipartite graphs. Before we move on we need the following
simple lemma.

Lemma. If ¢ is a locally-balanced 2-partition with an open neighbourhood
of a graph G, then for every v € V(G) with dg(v) = 2, we have ¢@(u;) # @(u2), where
vui,vip € E(G) (u) # up).

Proof. Suppose ¢ is a locally-balanced 2-partition with an open neighbour-
hood of G. Let us consider a vertex v € V(G), where dg(v) = 2. Then

#v)p =0=[u: ueNg(v), o(u) =1} —{u: ucNs(v), (u) =0}/,
hence [{u: u € Ng(v), o(u) =1} = |{u: u € Ng(v), (u) = 0}|. This implies that
¢ (ur) 7# @(uz). O

Theorem 4. A (2,2k + 1)-biregular bipartite graph G (k € N) with

bipartition (X,Y) has a locally-balanced 2-partition with an open neighbourhood if
and only if it has no cycle of length 2 (mod 4).

Proof. Without loss of generality we may assume that G is connected.
Next, assume that C = X;,, ¥}, ,Xiy, Yo - - - s Xig 1 Y jar1 » Xiy 18 @ cycle of length of 4r+2
(r > 1), where x;, € X and y;, € Y (1 <[ <2r+1). Suppose, to the contrary,
that there exists a locally-balanced 2-partition with an open neighbourhood ¢ of G.
By Lemma , we have

q’()’jz) # (p<yj(lmod (2r+1))+1) (1 <I<2r+ 1)' (2)
Hence
(P(yjl) = (P(yjs) == ¢(yj2r+1)v

which contradicts (2).

Now suppose that G has no cycle of length 4r+2 (r > 1). Let

Y® ={{y,y}: v,y €Y,y #y'}. We define a function f : X — Y2 as follows:
for every x € X, let

f(x) = uv, where u € Ng(x) and v € Ng(x).
Let us now construct a graph G’ (where multiple edges are allowed) in the
following way:
V(G) =Y,
E(G') contains all possible edges f(x), where x € X.
It is easy to see that G’ is a (2k + 1)-regular graph (where multiple edges are
allowed). By Theorem 1, G’ has a [k, k + 1]-factor H. Let y € V(G’) be a vertex. Now,

let us define a 2-partition ¢ of G by two steps as follows:
1. Forx € X, let

<P(X)={ 1, if f(x)€E(H),

0, otherwise.
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2.ForyeyY,let
1, if dg(y,y) mod4 =0,
o(y) = : . _
0, if dg(y,y) mod 4 =2.
Let us show that ¢ is a locally-balanced 2-partition with an open neighbourhood.
Let us first consider the vertices of Y. Clearly, for any v € V(G’),

[{u: wv € E(H)Y —[{u:uv ¢ E(H)}| < 1.
This implies that for any y € Y,
#(y)e| < 1.

Let us now consider the vertices of X. Suppose, to the contrary, that there exists
xo € X, where xoy;, ,xo0yi, € E(G), i, # yi, such that @(y;,) = @(y;,). This implies that

dg(y,yi,) mod 4 = dg(,yi,) mod 4. (3)

Let P; be the shortest path between the vertices y;, and y with the length r; and
P, be the shortest path between the vertices y and y;, with the length r,. From this and
taking into account (3), we obtain

(r1+r2) mod 4 = 0.

Let us consider a closed walk xg,P;,P>,xp. The length of the closed walk is
ri+r+2=4p+2 (p>1). It can be shown (by induction on the length of the
closed walk) that each such closed walk contains a cycle of length 4t +2 in G (t < p),
which is a contradiction. [

In [4], Balikyan and Kamalian proved that the problem of existence of
locally-balanced 2-partition with an open neighborhood of subcubic bipartite graphs
is NP-complete. Nevertheless, we are able to prove the following result.

Theorem 5. If G is a subcubic bipartite graph that has no cycle of length 2
(mod 4), then G has a locally-balanced 2-partition with an open neighbourhood.

Proof. Let G be a subcubic bipartite graph with bipartition (X,Y) that has no
cycle of length 2 (mod 4). Since G is bipartite, so we may construct independently a
2-partition of the part Y, then using the same technique, we may construct a 2-partition
of the part X. Let us define a set A C E(G) as follows: we take one edge incident to
each vertex x € X with dg(x) = 3.

Let us consider the graph G’ = G — A. Clearly, the graph G’ has no cycle of
length 2 (mod 4). Let us define a 2-partition ¢ of G'. Let y’ € Y be a vertex of a
component C of G'. For every y € V(C)NY, let

(y) = 1, ifdg(y,y’) mod 4 =0,
POI= 0, ifde(y,y) mod 4 =2.
Since C has no cycle of length 2 (mod 4), we obtain that ¢ is a 2-partition of

the component C of G’. Using the same method for partitioning the vertices of each
other component of G’, we define a 2-partition ¢ for the part ¥ of the whole graph G'.
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Using the same technique, we construct a 2-partition of the part X.
Let us show that ¢ is a locally-balanced 2-partition with an open neighbourhood.
We will show for vertices of the part X and by the same method it can be shown for
vertices of the part Y. Let x be a vertex of the part X. We consider three cases.

Case 1: dg(x) = 1.

Since dg(x) = 1, we have [#(x)y| = 1.

Case 2: dg(x) =2.

Let xyj,,xyi, € E(G). Clearly, there exists a component C’ of G’ such that
Yiy»Vi, € V(C'). Thus,

#(x)| =0.

Case 3: dg(x) =3.
Let xy;, ,xyi,,xyi; € E(G) and xy;, € A. Clearly, there exists a component C” of
G’ such that y; ,y;, € V(C”). Thus,
#(x)o| =" (vis)| = 1.
O
Finally, we consider doubly convex bipartite graphs and show that all these
have a locally-balanced 2-partition with an open neighbourhood.

Proposition. IfG is a doubly convex bipartite graph with bipartition (X,Y),
then G has a locally-balanced 2-partition with an open neighbourhood.

Proof. Let G be a doubly convex bipartite graph with bipartition (X,Y),
where all its vertices from X are numbered 1,2,...,|X| and all vertices from Y are
numbered 1,2,...,]Y|, so that for every vertex of G, the set of numbers assigned to
neighbors is an interval of integers.

Let us define a 2-partition ¢ of G as follows:

1) for every x € X, let

o(x) = { 1, if the number of x is odd,
0, if the number of x is even;
2)forevery y €Y, let
__J 1, if the number of y is odd,
o0) = { 0, if the number of y is even.
It is easy to see that @ is a locally-balanced 2-partition with an open neighbour-
hood of G. O
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W N\ \Urpe3ydL, M. W MESrNUSUWL

EAEUN\UUWLE APUSLELE LOAYUL-NEJUUU M TYSNYIUo 2-SANSNFULEND
UuubhuL

f:V(G) = {0,1} $muyghwb Yyngymu t G gpuwdh 2-pppnhnnt: G gpudbh
f 2-qppnhnudp ubwbkbp nhwy-hwjuwnwpuwlpnyjud pug spowljuypny, tiph
Yuiwywyub v € V(G)-h hwswp |[{u € Ng(v) : f(u) =0} — [{u € No(v) : f(u) =
I}H < 1: bpyynniwbdh gpudp Yubjwikbp (a,b)-bphhwdwubn, tph dh Ynnih
poinp ququplbph wuphwip a £, huy gnw Ynqih pninp ququplbphop’ b:
Wu wphowpubipnmd wmyyugnigynid k, np qppdud gpudh (njug-hwjuwuwpulpnyud
2-ppnhdwb gnymipywb julinhpp pug ppowlwyph piypnud NP-iphy L anybhuy
(3,8)-tpyhwiwute  tpyynnuwbh gpudpdtph hwdwp:  Whwpuipmd gnyg L
ppynud bwl, np (2,2k + 1)-tpghwdwube Gpyynniwdh gpudbp mbh  nljug-
hwjwuwpwlpnywd 2-ppnhnid wylt b Shwyb wyh nhiypnid, Get wyb sh wupmbw-
ynud 2 (mod 4) tpupnipyudp wwunpg ghly: Swenpnhy, wwywgnignid £, np bbpw-
lunpwiwpn tpyynniwdh gpudp, npp sh yupmbwlymy 2 (mod 4) tpupnpjudp
wuwpg ghy, mbh  niwi-hwjuuwpulzedwd 2-ppnhnud. pug - 2pgwljugpny:
Whiwypubph Jbpenud gnyg L yppynud, np pnpnp tpjuh nionmghly tplynndwbh
gnudpitinpn mukb (nu-hwjuuwpuwrnyud 2-npnhnid pug spowljuypny:

A.T. TAPUBAH, II. A. IIETPOCHH

O JIOKAJIbBHO-CBAJIAHCUPOBAHHBIX 2-PA3SBUEHUNAX
ABYJOJIBHBIX I'PA®OB

2-Pasbuenuem epaga G naswiaercs dyukuust f:V(G) — {0,1}. 2-Pa36u-
enne f rpada G HA3BIBAETCH AOKAALHO-COUAAHCUPOBAHHBIM € OMKPHIMOTU
oxpecmmocmp1o, e urs mo6oit sepumnsl v € V(G), |[{u € Ng(v) : f(u) =0} —
[{u € Ng(v) : f(u) =1}|| < 1. deynonbusiii rpad nassisaercs (a,b)-6upezynsp-
HbLM, €CJIM BCE BEPIITUHBI OJHOW JIOJI UMEIOT CTEIEHb ¢, & BCe BEPINUHBI JPYTOi
JOJTI MMEIOT cTelieHb b. B HacToset pabore JO0Ka3aHO, ITO 3a/ata CYIIeCTBO-
BaHUS JIOKAJIbHO-COAJIAHCUPOBAHHBIX 2-pa30ueHuil ¢ OTKPBITON OKPECTHOCTHIO
NP-nosnna gaxe B ciydae (3,8)-6uperyisipabix JiBy0/bHbIX rpados. Takxke
Jokazano, 9to (2,2k + 1)-6uperynspubiii AByI0AbHBIH rpad uMeeT JIOKAJIbHO-
cOalaHCUPOBaHHOE 2-pa30ueHne ¢ OTKPBITON OKPECTHOCTHIO TOTAA M TOJBKO
TOrJIa, KOTJIa OH HE COJEPKUT mpocToil k.1 ayiuabl 2 (mod 4). Kpowme Toro, B
pabore M0Ka3aHO, UTO ecjin CyOKyOUdIecKuil IBYI0IbHbI Ipad G He CONepKUT
POCTHIX IUKJIOB JIUHEL 2 (mod 4), To OH nMeeT JTOKAJIbLHO-COATAHCHPOBAHHOE
2-pasbueHne ¢ OTKPBITOM OKPECTHOCTHIO. B KOHIle pabOThI TOKA3aHO, UTO BCE
JIBOSIKOBBITIYKJIbIE JIBYIO/IbHBIE TPAdbl MMEIOT JIOKAJILHO-COATaHCHPOBAHHOR
2-pasbueHne ¢ OTKPBITON OKPECTHOCTBHIO.
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