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VIBRATIONS OF PIEZOELECTRIC LAYER OF CLASS 6 mm WITH
RIGIDLY CLAMPED AND FREE EDGES UNDER INITIAL CONDITIONS
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The paper considers the problem of vibration of a piezoelectric layer of the
class 6 mm with initial conditions in the form of impact of an external electric
field or displacement, when one edge is rigidly grounded and the other is free.
The layer displacement and internal electric field are determined.
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Introduction. The propagation of electroelastic waves from a piezoelectric
material of the class 6 mm is considered in [1-3] on the basis of the hyperbolic
equations of the electromagnetic field without using quasistatic approximations.

In [4], the problem of controlling the displacements of piezoelectric plates with
the help of an electric field is considered.

In [5-8], magnetoelastic waves with initial conditions in the form of an initial
deflection, an initial magnetic field, or an electromagnetic impulse are investigated.
An infinite conducting plate in a constant longitudinal magnetic field with initial
conditions is investigated in [5, 6]. In one case, the initial displacement is specified,
and in the other, the initial impulse.

The propagation of one-dimensional magnetoelastic waves in an ideally
conducting medium is studied in [7]. The initial conditions are set in the form
of an initial magnetic impulse. Various problems of controlling with the mechanical
system are considered in the monographs [9, 10].

In this paper, the problem of shear vibration of a piezoelectric layer of class
6 mm with the initial conditions in the form of impact of an external electric field and
displacement of the layer, when one edge is rigidly grounded and the other is free. It is
necessary to determine the initial impact of the external electric field and displacement,
at which at the preferred moment of time we obtain the expected displacement of the
layer.
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Problem Setting. Let a piezoactive layer made of a material of class 6 mm with
the Cartesian coordinate system occupies an area 0 < x <[, —oo <y < oo, —oo < 7 < oo,
The equation for propagation of purely shear electroelastic waves can be written in
the following form [1-3]:

0E, OE, *w 0E, OJE; 0H;
culw = e1s ((9x+8y> B A T T TR
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where w is the elastic displacement in the direction of the axis z; E;, E; are components

of the electric field strength along the directions of the axes x and y; Hj is the

component of the magnetic field in the direction of the axis z; U is the magnetic

permeability; caq is the shear modulus; p is the elastic materia% densigy; €11 is the
d

dielectric constant and ey is the piezo module material; A = 55 +t3553
ox?  dy

is Laplace

operator.
Let’s consider the one-dimensional case when the equation (1) does not depend
on the coordinate y. Then the system (1) will be as follows

Cas 82w — e 8E1 —p 82w (9E2 S 8H3
dx? ox or?’ dx ot '’
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The second system in (2) serves to determine the components of the
electromagnetic field.
The boundary conditions are as follows:

x=0, w=0,
x=1, 0,=0, )
where 0, = C44<?9W —es5E.

Itis requirec)lc to find a solution to the first system in (2) that satisfies the boundary
conditions (3) and the initial conditions.

At the initial moment # = 0 of the final time interval, the following two variants
of the initial conditions are given

ow
(=0 wly= 0 20| =elr =B, @
From equation (2) for E| (x,7) we get
e;s dw
E(x,t)=—-2.2"
l(xv ) €11 Ox +Q(x)7

and from the first initial condition (4) we have

_ eis df
q(x) = Eolx) + = 5.
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Hence, for E|(x,t) we obtain

e d ow
Whence, for o,, we have
dw €% d
ze=C44(1+X)(%C—8E'd§—€15E07 (6)
e%s

where the following notation is adopted: y = -t
C44€1]
The first system of equation in (2), after eliminating E (x,), will be written in

the following form

’w ’w d eis df
1 — —p—=—F=ei5— |Ep+— — 7
caa(1+%) 92 Pat2 elde< o+€11 dx) (7N
with boundary conditions
x=0, w=0,
ow els df (®)
=1 1 — B sy =0
x=1,  ca(l1+2) ox e e 5E=0
and with initial conditions
aw
t=0, W‘IZO = f(x), P =g(x), E;=Ep(x). 9)
In the case of matching the boundary and initial conditions f(0) = 0,

2(0)=0.

The problem (7)—(9) requires solving an inhomogeneous equation with an
inhomogeneous boundary condition at x = /). Therefore, a direct application of the
variable separation method is impossible.

To make the boundary conditions homogeneous, a transformation is suggested:

2 X
u(r) =cu(1+2)w= 2 f —es JEIL: (10)
0
or
2 X
_ s
W) = s u+8“f+elsO/Eo(é)dc§ . (n

The function u(x,t), taking into account the matching condition and the
condition (9), must satisfy the following conditions

J
x=0, wu=0, x=1, o (12)
ox
Substituting equation (11) into equation (7), we obtain
02 1 92
u u_ 0.

o2 2 o
2o cud+2)

t ——

P

(13)
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The general solution of the homogeneous equation (13) with homogeneous
boundary conditions (12) can be obtained by the method of separation of variables in
the form

oo

u(x,t) = Z (Apsin(A,cit) + By cos(Aycit)) sin(A,x), A, = 7r+2?7m’
n=1

where A,, B, arbitrary constants to be determined from the initial conditiions. Ac-
cording to equation (11), for the elastic displacement function we obtain

(14)

B 1
X < E (A, sin(Aycet) + By cos(Aycit)) sin(Ax) + ?f+ eis on(g)d§> .
n=1 11 0

To satisfy the initial conditions (9), we expand the functions f(x), Eo(x), g(x)
inaraw:

flx)= i apsin(A,x), Ep(x) = i bycos(Anx), f(x)= i cpsin(A,x).  (16)
n=1 n=1 n=1

Equation (15) satisfying the initial conditions, gives a system of algebraic
equations for arbitrary constants

2

615 €1s _

Bn+87“an+zbn_c44(1+X)a”’ (]7)
Ay = caa(1+ x)cn.

Form here we get

" 1
Bn:c44an—iﬁbn, Ap=° VC““)(L 2P (18)

The electric field is determined according to equation (5) taking into account
equations (18) and (15).
Special Cases.
First Case. Consider the particular case Ey = 0, g = 0. It follows that
b, =0, ¢, =0, then we have B,, = casa,, A, = 0. For w(x,r) we obtain the following
1

w(x, 1) = m’;an (cos(Ancst) + x) sin(A,x). (19)

Let’s assume that at some time ¢, the layer displacement is equal to zero
w(x,t,) = 0, hence (cos(A,cit.) +x =0).
Then the electric field will be written in the following form

es -
Ei(x,t) = ————— ay (1 —cos(A,cit)) cos(Ayx). 20
In the case when the electric field E; (x,¢) is equal to zero, it explicitly does not

depend on ¥.
Second Case. Let the initial conditions be given in the following form

F(x)=0, g(x)=0, Eo(x) :nglbncos(),nx).
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By specifying the electric field at the initial moment of time, it is possible

to obtain the required value of the layer displacement. In this case B, = —%bn,
and for w(x,r) we get the following "
s, :
t Ancit Anx). 21
wiot)= 1 P Z —cos(Aycit)) sin(A,) @1
When Ej(x) = b; sin(A;x), at the point x = a, w(x,1), can be written as
1
wa,T)=——— B (I —cos(Ai¢,T))sin(Aa). (22)

caa(14+%) M
Here the electric field excites an elastic displacement. Let at the given moment
of time ¢ = T, displacement of layer be maximum or minimum at x = a.

T
At T* = —— the layer displacement will be maximum and the value will

7L]C

depend on the initiai electric field.

Based on equation (22), we can insist that varying the values of the electric field
we can obtain the expected displacement of the layer at the point a at the fixed moment
of time.

Third case. Let’s study the next case, f(x) = a;sin(d;x), Ep(x) =
by cos(A1x), g(x) = 0. In this case, satisfying the initial conditions, we’ll have:

A, =0,

B] = C440a1 — jbl, Bn :0, n;é 1.

e
A

The layer displacement will be written as follows:

1 62 .
w(x,t) = ca(l52) <<C44 cos(Ajct) + 811) a, + k—lbl(cos(llc, ) — )> sin(A,x).

Let’s assume that at a fixed moment of time ¢ = ¢, displacement of the layer is zero.
From there we’ll have

a — blej 1 —cos(Ajcity)

el
C44 COS(ll Ctt*) + 15
€11

From there we can obtain the value of the electromagnetic field, at which the
displacement of the plate at the fixed moment of time is equal to zero.

Conclusion. The problem of vibrations of a piezoelectric layer of class 6 mm
with the initial conditions in the form of the impact of an external electric field or
displacement, when one edge is rigidly grounded and the other is free, is considered.
The problem is solved based on the hypothetical equations of electromagnetic field
without using the quasi static approximation. The displacement of the layer and initial
electric field are determined. It is obtained that by varying the values of the initial
displacement and the initial electric field, one can obtain the expected value of the
layer displacement at the fixed moment of time.
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U. Jd. AELAFABLBUL, U U MUMBUL

UgoLUlLULYL MUBUULLENLNY. 6 mm YIUb M3GANELGUSMbU TLNSh
SUSULNFULELL, UNTS WULWLUSJUG bJd UQUS torsrh A26Mentu

Yhypwplyby £ 6 mm nuuh wybgnbilpphy obpg puiginuitipp ujqpwbu-
Jub yuwydwbbbph nhypnd hwtdhbtu uyqpubuljubt dpjuwdph jud ujgpubuluib
biyppulub nuowph, tpp 2tipgh dh Ggpp Yooy wdpulygdwd £, huly djnup wquig:
flnhpp nunidttwuhpyty £ fGgppudugqihuwub nuogph hhytippnpuwut hwjw-
uwpnudbtiph hhdwb ypw: Opnoyty Gb otipgph 6pgwdph b wpuwgpuphtt fEGyppuui
nwopph ubdnipymbbtpn:
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M. B. BEJIYBEKAH, A. A. ITAIIAH

KOJIEBAHUA ITBE30O3JIEKTPUYECKOI'O CJIOA 6 mm-KJIACCA
C 2KECTKO BAIIEMJIEHHBIM 1 CBOBOJIHBIM KPAAMU ITPU
HAYAJIBHBIX YCJIOBUAX

PaccmarpuBaerca  3ajsada KojeOaHWU  THE303JIEKTPUYECKOIO  CJIOS
6 mm-KJjiacca Ipu HAYAJILHBIX YCJIOBULAX B BUJIE BO3JIEHCTBUS BHEIITHETO JIEKTPHU-
YeCKOI'0 I10J1s1 UJIX IIepeMellleHus CJI0sl, KOTJla OJIMH ero Kpail KecTKO 3allleMJIeH,
a JIpyroit cBoboseH. 3ajiada PacCMATPUBAECTCS HA OCHOBE THIIEPOOJIMIECKUX
YPaBHEHUIl 3JeKTpOMAarHuTHOro moJist. OmpesieieHbl IIepeMenieHne Cjaosl 1
BHEIIIHEE JIEKTPUUECKoe I0JIe.



