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ON A PROBLEM FOR AN ELASTIC INFINITE SHEET STRENGTHENED
BY TWO PARALLEL STRINGERS WITH FINITE LENGTHS
THROUGH ADHESIVE SHEAR LAYERS

A. V. KEROBYAN

Chair of Mechanics, YSU, Armenia

The article considers the problem for an elastic infinite sheet (plate), which
is strengthened on two parallel finite parts of its upper surface by two parallel
finite stringers with different elastic properties. The parallel stringers are located
asymmetrically with respect to the horizontal axis of the sheet and deform
under the action of horizontal forces. The interaction between the infinite sheet
and stringers takes place through thin elastic adhesive layers. The problem
of determining unknown shear stresses acting between the infinite sheet and
stringers is reduced to a system of Fredholm integral equations of second kind
with respect to unknown functions, which are specified on two parallel finite
intervals. It is shown that in the certain domain of the change of the characteristic
parameters of the problem this system of integral equations in Banach space
can be solved by the method of successive approximations. Particular cases
are considered, the character and behaviour of unknown shear stresses are
investigated.
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Introduction. The problems of loads transfer from two finite elastic stringers
(overlays) to an elastic infinite strip and to an infinite sheet (or half-plane) through
adhesive layers, when two stringers are arranged on the same line, with different
approach to the solution are considered in [1,2]. The paper [3] considers the prob-
lem for an infinite sheet with two finite stringers when only one of the stringers is
connected through an adhesive layer. In [4-7] , using various approaches, problems
are investigated for various elastic bodies, which are strengthened by a single finite
stringer through adhesive layer. In [8, 9], transfer of loads from a finite number of
finite elastic stringers to an elastic infinite sheet (or half-plane) and to an infinite
strip through adhesive layers is considered. Some contact problems for an elastic
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infinite sheet strengthened by elastic stringers are considered in [10]. In this article,
a problem is considered for an elastic infinite sheet, which is strengthened on two
parallel finite parts of its upper surface by two parallel finite stringers having different
elastic properties. The interaction between infinite sheet and stringers is assumed to be
carried out through thin adhesive layers with different physical-mechanical properties
and geometric configuration.

Statement of the Problem and Obtaining the System of Integral Equations.
Let an elastic infinite plate (sheet) of small constant thickness £, the Young’s modulus
E and the Poisson’s ratio v, which is in a generalized plane stress state (xQy is its
middle plane), on its upper surface along y = b (b > 0) and y = —d (d > 0) parallel
lines on the [a;,b1] (b1 > a;) and [c1,d}] (di > c1) finite intervals is strengthened by
two finite stringers with modulus of elasticity equal to E| and E», respectively. It is
supposed that the stringers have a rectangular cross-sections with small areas F; = bjh
and F, = b3 hy, respectively, where by (b} < b1 —ay), b; (b; < di — c) are the widths
of the stringers and /1, &, are their small constant thicknesses. The interaction between
infinite sheet and stringers is realized through thin, uniform, elastic adhesive layers
with Young’s modulus Ey, Poisson’s ratio V¢, and small constant thickness /. The
problem is to specify the law of distribution of unknown stresses acting between the
sheet and the stringers, when the concentrated forces P and Q are applied at one end
points of the stringers x = b; and x = d, respectively, and are directed along the Ox
axis (see Figure).

(E,v)

ay $ b by

It is assumed that for the stringers the model of uniaxial strain state in combina-
tion with the model of contact along the line is realized [1 1, 12], and for the adhesive
layers there are the pure shear conditions [4]. In the case of such assumptions, it is
accepted that only tangential (shear) stresses act between sheet and stringers [ 1-9].

Taking into account the above assumptions [ 1—12], the differential equations for
the equilibrium of the stringers on finite intervals [a;,b;] and [c;,d;] will be written in
the following form:

d*uV  p(x)

_ <x<b |
dx2 E1F1’ ar > X~ oj, ()
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du” 4 <, @)
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with the following boundary conditions:

dulV) _0 du) P 3)
dx Y dx N E]F] ’
x=ay x=b
| e 0 @)
dx =i ’ dx —d, E2F2 '

Here u'") (x) = u" (x,b) and u® (x) = u?) (x, —d) are the horizontal displace-
ments of the points of the stringers at y = b and y = —d parallel lines, on the [a;,b/]
and [cy,d;] finite intervals, respectively, p(x) = b5t (x,b), T (x,b) is the shear
stresses, acting under of the stringer on the [a;,b] finite part, g(x) = b37?) (x, —d),
7 (x, —d) is the shear stresses, acting under of the stringer on the [c|,d;] finite part.

On the other hand, in view of above assumptions, let write the horizontal
displacements u; (x,b) and us(x, —d) of the points of the elastic infinite plate (sheet),
when tangential (shear) forces with intensity p(x) and g(x) act on the [a;,b;] and

[c1,d;] finite intervals of its upper surface along y = b and y = —d parallel lines,
respectively, in the form:
b LY 1 ! C d i N C d
0(:6) = 2 | (10 +C) poldst g T (NG9 Chatoas. g
ar <x < by,
d L 1 ! C d L7 N C d
(=) = e ] (I + ) alos o f V= + Ol
cr <x<dji,
where )
1 b+d
N(X):ln — ZK( + ) 3
2+ (b+d)? x*+(b+d) (7)
4Eh _1+v

*

TGy “T3ov
C is arbitrary constant.

Without going into details, we only note that the horizontal displacement u(x,y)
of the points of an infinite sheet, arising in the upper half-plane, when tangential forces
act on its surface along the line y = —d (d > 0) with intensity T(x) (—eo < x < o0), is
given by the formula:

oo

B 1 . 1 _ K(y+d)2
u(x’y)_n'A*/[l VEa—s2++d)? (x=sP+0+d)?

—oo

7(s)ds+ const,

—co < x < oo, 0<y<oo,

Now, assuming that each differential element of the adhesive layers is in a
condition of pure shear [1-9], the following contact conditions are obtained:

uD (x) = uy (x,b) = K p(x), ay <x< by, (8)
u® () —up(x,—d) =k3q(x), 1 <x<d, 9)
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where k7 = hk/bijk, J=1,2, Gy = Ex/2(1+ v¢), Gy is the shear modulus of adhesive
layers, p(x) = bit) (x,6) = bjGey " (x.b). q(x) = b37? (x, ~d) = B3GeY” (x, )
and }/,El)(x, b), ,Ez) (x,—d) are the shear deformations of the adhesive layers, on the
[a1,b1] and [cy,d,] finite intervals, respectively.

Further, by virtue of (8) and (9), equations (1) and (2) can be written in the
form:

dzu(l) 1
dx? 77/214( )(x) = *yz”l(va)’ ap <x< b, (10)
2.,(2)

ddI:.Z _azu(z)(x) = —azuz(x, —d), C1 SXSdU an

with the boundary conditions (3) and (4), respectively.

Here ’}’2 = 1/]{TE1F1, (Zz = 1/k;E2F2.

The solutions to the boundary value problems (10) and (3), (11) and (4) we
obtain in the form:

by

W) =l @)+ 7 [ Gles)m(sb)ds, @ <x<b, (12)
ai
d;

u® (x) = u(()z) (x) + a? /K(x,s) up(s,—d)ds, ¢ <x<d, (13)

C1

where u(()l)(x) and u(()2) (x) are the general solutions of the homogenous equations

corresponding to equations (10) and (11), respectively, with the boundary conditions
(3) and (4), respectively, and have the following form:

D (x) = Pcosh[y(x—ay)] uO) () = Qcosh[a(x—cy))]
0 ’}/E1F1 sinh[}/(bl —al)] ’ 0 ok F, sinh[a(d1 — Cl)] .

In equations (12) and (13)

by dj
ug)(x) = )/Z/G(x, s)uy(s,b)ds and ul? (x) = Otz/K(x,s) uy(s,—d)ds

C1

are the particular solutions of (10) and (11), with zero boundary conditions correspond-
ing to conditions (3) and (4), respectively, G(x,s) and K(x,s) are Green’s functions:

B 1 cosh[y(x—by)]cosh[y(s—a1)], x>,
Glx,s) = ysinh[y(b; —ay)] { cosh[y(x—aj)]cosh[y(s—b1)], x<s;
B 1 coshla(x—dj)|coshla(s—c1)], x>,
K(x,5) = osinhfo(d; —c¢)] { cosh[o(x—cy)]cosh[a(s—dy)], x<s.

It is obvious, that the functions G(x,s) and K(x,s) are continuous functions and
G(x,s) = G(s,x) and K(x,s) = K(s,x).
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Further, by virtue of (12) and (13), according to (8) and (9), we obtain the
following equations:

1

Tp(0)+ui(x,b) = 7 / Gx,s)ui(s.b)ds+u)(x), ar<x<by, (14)

ai

d
k5q(x) +uz(x,—d) = OZZ/K(X,S) uy(s,—d) ds—i—u(()z)(x), g <x<d;. (15)

1
Now, by virtue of (5) and (6), from (14) and (15), we obtain the following
system of integral equations:
b d

p(x)+n_AtkT Z(ln \x1s|+c> p(s)ds+/(N(x—s)+C)q(s)ds =

by

= mﬁki‘ ]G(x,s) / <ln’sil‘+C> p(t)dt+j(N(s—t)+C) q(t)dt| ds+

a

a; <x<by, (16)

d

q(x)+7ml*k§ /(l P ) ds+/ (x—35)+C) p(s)ds| =

€1
dj dy

_ ﬂ:fk; [xts | [ <ln ]sit\ +c> glt)dr + / (N(s—1)+C) plt)dt | ds+

C1 C1

e CISXSdl-
2

It should be noted that the spectrum of the symmetric second—order differential
operator D = —d? /dx? 4 y*I with the domain of definition being twice continuous
differentiating functions, satisfying the boundary conditions (d u) / dx) q=0and
(au'V /dx) _, =0, are eigenvalues A, = y* +n’7*/(b—a)* (n=0,1,2,...) with
corresponding eigenfunctions cos[nw(x—a)/(b—a)] (n=0,1,2,...).

It is known [13], that symmetric quite continuous integral operator B:

B = [ Glx.s) 9s)ds.

which acts in the space L(a,b) is an inverse of the operator D.
Hence, we have:
nu(s—ap) s — (b1 —ay)? cos nu(x—a) 7
by —a (b1 — ay)*y* +n*nm? by —a; (17)
n=0,1,2,...

by
J G(x,s)cos

ap
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/szcos[mr(s—cl)]ds:( (di —c1)? Cos[nﬂ(x—cl)}j

d—cy d; —C1)2(X2—|-n271'2 dy —c (18)
n=0,1,2,...,
_ nm(x—ap) nm(x—cy)
where the functions cos | ———=| (n = 0,1,2,...) and cos
by —a di—ci

(n=0,1,2,...) form full orthogonal systems in the spaces L(a;,b;) and Ly(c;,d;),
respectively.

Further, after replacing the variables x, s and ¢ by ax, as and at, respectively,
where a > 0 is the coordinate of one of the end points of stringers, we get the system
(16) as follows:

Bi [ B

B
x)+5%/1n’xit|(p1 (t)dt—ayzgi/ /G(ax,as)ln |sit| ds | ¢(t)dt+
o aq a1

m m / Bi
45 / Ni(x—1) @2 (8) di — ay’S. / / Glax,as)Ny (s —1)ds | @2(t)di—
& &\
(1)
—““‘)kf“x)zo, a <x <P (19)
1
m / m 1
+52/1n dt—aOC252/ /K(ax,as)lnwds (Pz(t)dt+
G —
ﬁl m
45 / Ny(x— 1) @1 (1) di — a08, / / K(ax,as)Ni(s—1)ds | @1(1)di—
B a \§
2
_L*(aX):Ov élSXSTIb
ks
since, according to (17) and (18), we have also the following equalities
Bi 1 m
/G(ax,as) ds = P /K(ax, as)ds = ek (20)
a &

Here
=<2 - .
¢1(x) = ap(ax), @2(x) =aq(ax), &;=a/mkGA",  j=1.2,
1 k(b +d.)?
X2+ (by+d,)? X+ (b +d.)?

oy =ay/a, pr=>bi/a, & =c1/a, m =di/a, b, =Db/a, d.=d/a.

N(ax) = In % FNi(x), Ni(x)=In
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One can represent the system of integral equations (19) in the following form:

1 m
X)+8) [Hin)oi(0)d+8] [ Hawnen)di= folw). @ <x<

a &

m 1
0:x)+8; [ Mi(x.0)9:(0)dr +8; [ Mo(x.0) (1)t =qo(w). & <x <,

& o
2D
where
Hi(x,t) =1In —ayz/G ax,as)
\X—l! T
ﬁ]
Hy(x,t) = Ny (x—1) —ay? /G(ax,as)M (s—1t)ds,
a
M 1
M =1 - 2/1{ In——
1(x, 1) =1n P aao. (ax,as)In P ds,
1
m
My (x,t) = Ny(x—1) —a(xz/K(ax?as)Nl (s—1t)ds,
&
Fol) = au(()])(ax) _ Paycoshlay(x — ay)]
’ ki sinhlay(Bi — )]

(x) = au(()z) (ax)  Qaoccoshlac(x—&;)]
0% K sinhlaa(m —&)]

It is obvious that the functions fy(x) and go(x), are integrable functions on the
segments x € [ay,B1] and x € [, M1], respectively.

Note that the system of integral equations (19) or (21) are obtained by changing
the order of integration, the validity of which follows from the Fubini’s theorem [13].
This theorem will often be used below without special mention.

Now let us consider several particular cases that are directly obtained from

the system of integral equations (21). In the case gi = 52 =0, from system (21) we
obtain the solution of the corresponding problem for the case of a rigid sheet (i.e when
E — o) in the form @; (x) = fo(x), x € [, B1] and @2(x) = go(x) x € [E1,m1]. In the
case of one finite stringer defined on the segment [a;,b;| or on the segment [c;,d ],
instead of system (21), we will obtain the Fredholm integral equation of the second
kind with respect to an unknown function ¢; (x) defined on the segment [, ;] in the
following form:

01(x)+ 8] [ Hilr) gi(0)dr = folx), o <x< P, 22)

ag
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or with respect to an unknown function ¢, (x) defined on the segment [&;, 1] in the
form

m
0:6) 48, [ Mi(en) @a(t)dr = qox), & <x<m 23)
&
respectively.
Note that the system of integral equations (21) was obtained without using the
stringers equilibrium conditions:

Bi m
/p(ax) dx=P/a, /q(ax) dx=Q/a. (24)
i &

In the system (21), the conditions (24) are satisfied automatically, since the
following equalities hold:

By m
[hwa=pr  [ad=o.
a &

These can be easily verified by integrating the first equation of (21) from ¢ to
B1 and the second equation from &; to 1)1, then changing the order of integration in
the resulting double integrals and taking into account the equalities

Bi Bi m m
/Hl(x,t)dx:O, /Hz(x,t)dxzo, /Ml(x,t)dxzo, /Mz(x,t)dxzo,
0] o é] é]

which follow from (20).

Thus, solving the problem is reduced to solving the system (21) of Fredholm
integral equations of the second kind with squarely integrable kernels in two variables
and with right-hand sides, which are the solutions of the problem in the case of rigid
sheet. From the system (21) it is easy to see that at the end points of the stringers
x= oy, x =P and x = &, x = 1y, the values of ¢;(x) and @, (x), respectively, are
finite.

Investigation of the Solvability of the System of Integral Equations (21).
Now write the system (21) in the following form

®+S¢ = go, (25)
where

<2 2
6151] 51512

=2 -2
62S21 52S22
Bi m
S11Q1 :/Hl(x7t) Qi(t)dt, si2¢r Z/Hz(xjf)%(f)df,

o) él
8, m (26)

521 Q1 :/Mg(x,l‘)(pl(l‘)dl‘, S22([)2:/M1(x,l‘)q02(l‘)dt.

o &
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Further, consider operator equation (25) in Banach space with elements

- < 253 >’ where x| (z) € Ly(a, B1), x2(z) € L2(&1,M1), and with norm:

111 = max {11 (2l ) - 122 -

L, is a space of square integrable functions.

Operators s11 and sy, act in the spaces Ly (a1, B1), L2(&1,11) respectively, and
operators s and sp; act in the following form: sy5 : Ly(&1,1m1) — La(ou, B1), s21 :
Ly(ou,Br) — La(&1,m1).

Obviously, the operator S acts in the B space and is a Fredholm operator.
A sufficient condition for inversion of operator I + S is the condition ||S]| < 1.
In this case, the solution of operator equation (25) is written in the form

¢=(+S)""g0=Y (~1)"5"g0.
m=0
Now let’s determine the values of parameters of the problem, for which the
condition ||S|| < 1 is satisfied, where

=2 =2
111 = max {8 (lsia I+ l1si2ll), 8 szl +lisa2ll) }
Therefore, the condition ||S|| < 1 will be satisfied, if

=2 =2
&y (Il +llsizll) <1, &5 (lsanll + [ls22]) < 1. 27)
From (26), by virtue of Cauchy—Bunyakovski inequality, we get:

1

Bi B 5 2
Isill <cir, eri = | [ [ Hi(x,t)dxdt |

o 0
1

n1 B s 2

s12]] < c12, cro= | [ [ Hy(x,t)dxdt |
& o . (28)
Bim 5 2

ls21]] < ca1, o1 = | [ [ M5 (x,t)dxdt | ,

a1 g
i

mm ) 2
HSzz” < cp, €= f JM] (x,t)dxdt .
& &
Obviously, the expressions for ¢;; (i, j = 1,2) are difficult to calculate, but they
can be estimated. It was found out in [9] that the following estimates take place:

Bi Bi : mm >

c11 < //ln2 lx—tldxdt | , cn< //ln2 |x—t|dxdt |
o1 01 | & & | (29)
m B 2 Bim 2

)

cr2 < //Nf(x—t)dxdt o< //le(x—t)dxdt

gl o a1 §1
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The estimates (29) for ¢ and ¢, can be obtained also in the form

m B 2
< //m + (b +d.)] dxar |+
S
n B 5 2
K (b, + d,)* //[(x—t)2+(b*+d*)2 dxdt | |
&«
1
) Bi m 2
e < //mz [(x—t)er(b*er*)z] dxdt | +
o &
Bim 5 2
k(b +d,) // =04 (b +d)?] dxdr
a1 &

Then the conditions (27) will be realized, if

<2 -1 <2 -1
01 <(cri+ecn) =c, 6;<(c21+cn) =c,
where c| and c¢; are positive numbers less than unity.
Note also that from the condition of solvability of the integral equations (22)

and (23), we obtain the following estimates for the parameters gi and 3;;

=

Bi B 2 mm -
51<7 //ln2|x—t|dxdt and 52<— //1n2|x—t|dxdt :
o1 0 & &

respectively.

The values of unknown shear stresses @; (x) and ¢, (x) at the end points x = @,
x = B1 and x = &, x = 1y of stringers, respectively, can be obtained from system (21).

Conclusion. Thus, in this article, we have presented an effective solution to
the problem of changing the distribution law of unknown shear stresses specified on
two parallel finite intervals. The problem is reduced to solving a system of Fredholm
integral equations of the second kind with right-hand sides being the solutions of the
problem in the case of a rigid sheet.

Note that the solution of the problem under consideration can be also reduced
to solving a system of singular integro-differential equations of the second kind with
Cauchy kernels and the corresponding boundary conditions. Its solutions can be
constructed using Chebishev’s orthogonal polynomials of the second kind [1].
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Ytipowynp tipupnipjudp b qpupptip wnwaqujut b Gppusuthwljub phnipu-
gntin mbbkgnn wpphbgtipbbpny: Uwih hnphgniwud wowbgph Gugpiwdp
uppnphbgbpbtipp nuuwynpywd b ng hwdwswth b nidnpiwghwh o Ghpuplynd
hptitlg dwyptipnnid jhpunywd hnphgniwjud mdtiph wgntignipyub pwy: Waytipe
uwih b uppphbigiptiph dhelt thnjuwqntignipymp hpugnpdynud £ wyp hahludt-
hiwbhyuyub b Gpypusuthwljub phnpwgpbp nidbgnn Jusni uwhph stipgptiph
dhongny: Wthwjyyp onputhnn jupnuddtiph npnpdwd juinhpp hwbgligud £ hpwp
gniquhtin ytpowynp dhowjuyptinpnid tipnt wmhwpp $mblghwbbiph tjugpiudp
dptinhnidh tpypnpn utinh htpbgpuy hwjwuwpdotph hwdwlwuwpgh neddwbn:
8nyg L yipdwd, np juinph phnipwgnphs wwpwdtipph thnthnfudwi npng phpnypnud
wyn hwmjuwuwpnudttiph hwdwupgp APwbwhih pupuwonejub dte Jupbih £ nidty
hwonpnujul Unipuynpmpymbitph dtpnnny: Yhpupyud b npny dwubunp
ntiyptp b yupqupwijwd L gniquhtin yipowynp pinudwubpnd gnponn wb-
hwyp pnpunhnn puwpnmudiph Juppp b pbnyep:

A. B. KEPOIIAH

OB OJIHOI1 3AJTAYE J1JId YIIPYT'OI1 BECKOHEYHOII IIJIACTUHHI,
YCIJIEHHOI IBYMS ITAPAJIJIEJIBHBIMI CTPITHI'EPAMI KOHEYHBIX
JIJINH IIOCPEICTBOM JIMIIKNX CABUTI'OBBIX CJIOEB

PaccmarpuBaerca 3amatia yrupyroit 6eCKOHETHOM ILIACTUHBI, KOTOPasl Ha
KOHEYHBIX YYaCTKaX CBOel BepxHeEll IIOBEPXHOCTH YCUJICHA JIBYMd IapaJliesb-
HBIMU CTPUHI'€PAMU KOHEYHON JIMHBI C PA3JIMYHBIMU MOJYJISMU YIIPYIOCTHU U
reoMeTPUIECKUMH XapakTepucTukamu. CTpUHTEPHI PacHOIOKeHb HeCHMMET-
PHUYHO OTHOCUTEIHBHO TOPU30HTAJIBLHON OCH IIACTUHBI U J1ePOPMUPYIOTCS TIO/T
JeficTBueM TOPU30HTAJIBHBIX CHJI, IPUJIOKEHHBIX Ha €€ KOHIaX. KOHTaKTHBIE
CBA3KUA MEXKJly IIJIACTUHOU M CTPUHIEPAMHU OCYIIECTBJIAIOTCA HOCPEACTBOM
OJIMHAKOBBIX TOHKWX, JIUIIKUX CJIOEB C JIPYTUMHU (PUIUKO-MEXAHUICCKUMU U
reoMeTPUYECKIMY XapaKTepucTukamMu. B pabore 3aja4a onpeie/ieHrs 3aKOHA
pacupeeseHnsl HEU3BECTHBIX KacaTe/IbHbIX HallPAXKEHUN, IefCTBYIOMUX
MeXK Ty O€CKOHEYHOM IJIACTHHONW M CTPUHIEpaMHU, CBEJIEHa K PEIIeHNIO CHCTEMbI
HHTEIrPaJIbHBIX ypaBHenuit Ppenrosbma BTOPOro Pojia ¢ JIBYyMsi HEU3BECTHBIMUI
GYHKIUSIME, OIPEIe/IEHHBIMI Ha ABYX HaPaJLJIEJbHBIX KOHEUHBIX HHTEPBAJIAX.
ITokasbiBaeTcst, 9TO B OIpeIeTeHHON 00/acTH U3MEHEHUs XapaKTePHBIX
napaMeTpoB 3aJladd IIOJydeHHasd CUCTeMa WHTEeIPAJbHBIX ypaBHEHUN B
0aHAXOBOM IPOCTPAHCTBE MOXKET OBITH PEIlleHa METOJAOM ITOCJIEI0BATETbHBIX
npubImKenuii. PaccMOTpeHbl HEKOTOPBIE YaCTHBIE CIyYar U BhIsICHEH XapaKkTep
U II0BEJIeHNE HEU3BECTHBIX KaCcaTeJIbHBIX HAIIPA2KEHUH, JIeICTBYIOIIUX HA IIapaJl-
JICJIbHBIX KOHEYHBIX YYaCTKaX.



