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In this paper we generalize locally-balanced 2-partitions of graphs and intro-
duce a new notion, the locally-balanced k-partitions of graphs, defined as
follows: a k-partition of a graph G is a surjection f : V(G) — {0,1,... . k—1}.
A k-partition (k > 2) f of a graph G is a locally-balanced with an open
neighborhood, if for every v € V(G) and any 0 < i < j<k—1

[{ueNG(v): f(u)=i}|—[{ueNg(v): f(u)=j}[<1.

A k-partition (k > 2) f’ of a graph G is a locally-balanced with a closed
neighborhood, if for every v € V(G) and any 0 < i < j<k—1

[{u € N[v]: f'(u) = i}| = {u € N[v]: f'(u)=j}| <1.

The minimum number & (k > 2), for which a graph G has a locally-balanced
k-partition with an open (a closed) neighborhood, is called an /b-open (/b-closed)
chromatic number of G and denoted by x;)(G) (X[1)(G))- In this paper we
determine or bound the /b-open and /b-closed chromatic numbers of several
families of graphs. We also consider the connections of /b-open and /b-closed
chromatic numbers of graphs with other chromatic numbers such as injective
and 2-distance chromatic numbers.
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Introduction. In this paper all graphs are finite, undirected, and have no loops
or multiple edges, unless otherwise stated. Let V(G) and E(G) denote the sets of
vertices and edges of a graph G, respectively. The set of neighbors of a vertex v in
G is denoted by Ng(v). Let Ng[v] = Ng(v) U{v}. The degree of a vertex v € V(G) is
denoted by dg(v), the maximum degree of vertices in G by A(G), and the chromatic
number of G by x(G). A bipartite graph is (a,b)-biregular if all vertices in one part
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have degree a and all vertices in the other part have degree b. The terms and concepts
that we do not define can be found in [ 1, 2].

Graph partition problems are one of the well-known and prominent areas of
research in graph theory. There are different applications of graph partition problems in
VLSI design, parallel computing, task scheduling, clustering detection of communities,
cliques and cores in complex networks, etc. Moreover, there are many problems in
graph theory which can be formulated as graph partition problems (factorization
problems, coloring problems, clustering problems, problems of Ramsey Theory).
For example, the problem of finding the arboricity of a graph is the one of decomposing
a graph into minimum number of forests, the problem of determining of the chromatic
number of a graph is the problem of decomposing a graph into minimum number of
independent sets, and the problem of determining of the chromatic index of a graph
is the one of decomposing a graph into minimum number of matchings. Some other
applications of graph partition problems can be found in [3].

Locally-balanced 2-partitions of graphs were introduced by Balikyan and
Kamalian [4] in 2005 and were motivated by the problems concerning a distribu-
tion of influences of two different powers in a modelling system, which minimizes the
probability of conflicts. Locally-balanced 2-partitions of graphs can be also considered
as a special case of equitable colorings of hypergraphs [5]. In [5], Berge obtained
some sufficient conditions for the existence of equitable colorings of hypergraphs.
Ghouila-Houri [6] characterized unimodular hypergraphs in terms of partial equi-
table colorings and proved that a hypergraph H = (V,E) is unimodular if and only
if for each Vy C V there is a 2-coloring o : Vo — {0, 1} such that for every e € E,
llena™'(0)| = lena"(1)|| < 1. In [7-10], the problems of the existence and con-
struction of proper vertex-coloring of a graph, for which the number of vertices in any
two color classes differ by at most one were considered. In [1 1], 2-vertex-colorings
of graphs were considered, for which each vertex is adjacent to the same number of
vertices of every color. In particular, Kratochvil [11] proved that the problem of the
existence of such coloring is NP-complete even for the (2p,2g)-biregular (p,q > 2)
bipartite graphs. Moreover, he showed that the problem of the existence of the afore-
mentioned coloring for the (2,2¢g)-biregular (¢ > 2) bipartite graphs can be solved
in polynomial time. Gerber and Kobler [12, 13] suggested to consider the problem
of determining if a given graph has a 2-partition with nonempty parts such that each
vertex has at least as many neighbors in its part as in the other part. In [14], it was
proved that the problem is NP-complete. In [4], Balikyan and Kamalian proved that
the problem of existence of locally-balanced 2-partition with an open neighborhood
of bipartite graphs with maximum degree 3 is NP-complete. In 2006, a similar result
for locally-balanced 2-partitions with a closed neighborhood was also proved [15].
In [16,17], the necessary and sufficient conditions for the existence of locally-balanced
2-partitions of trees were obtained. In [18], Gharibyan and Petrosyan obtained the
necessary and sufficient conditions for the existence of locally-balanced 2-partitions of
complete multipartite graphs. Gharibyan [19] studied locally-balanced 2-partitions of
even and odd graphs. In particular, he gave necessary conditions for the existence of



98 A. H. GHARIBYAN, P. A. PETROSYAN

locally-balanced 2-partitions of these graphs. Recently, Gharibyan and Petrosyan [20]
investigated locally-balanced 2-partitions of bipartite graphs. In particular, it was
proved that if G is a subcubic bipartite graph that has no cycle of length 2 (mod 4),
then G has a locally-balanced 2-partition with an open neighbourhood.

In this paper we generalize locally-balanced 2-partitions of graphs and intro-
duce a new notion, the locally-balanced k-partitions of graphs. The problems of the
existence and construction of locally-balanced k-partitions of graphs correspond to the
problems concerning a distribution of influences of & different powers in a modelling
system, which minimizes the probability of conflicts. Moreover, the subjects of a
modelling system may or may not have an ability of self-defense. In this paper we
determine or bound the /b-open and /b-closed chromatic numbers of several families
of graphs. We also consider the connections of /b-open and /b-closed chromatic
numbers of graphs with other chromatic numbers.

Notation, Definitions and Auxiliary Results. In this section we introduce
some terminology and notation. If G is a connected graph, then the distance between
two vertices # and v in G is denoted by dg(u,v). If ¢ is a 2-partition of a graph G and
v € V(G), then define #(v), and ¢@*(v) as follows:

#(v)p = {u e No(v): @(u) =1} = {u € No(v): ¢(u) =0},

* _1’ if (P(V):O,
¢ <V):{ Lo @) =1.

It is easy to see that

#(v)p = Z )(p*(u).

ueNg(v
A k-partition of a graph G is a surjection f : V(G) — {0,1,...,k— 1}. A k-partition
(k> 2) f of a graph G is a locally-balanced with an open neighborhood, if for every
veV(G)andany 0 <i< j<k—1
[{ueNG(v): f(u) =i}| —[{ueNa(v): fu) =j}<1.

A k-partition (k > 2) f’' of a graph G is locally-balanced with a closed

neighborhood, if for every v € V(G) and any 0 <i < j<k—1
[H{u € Nalvl: f/(0) = Y|~ [{u € Nal): fw) = j}| < 1.

The minimum number & (k > 2), for which a graph G has a locally-balanced
k-partition with an open (a closed) neighborhood, is called an /b-open (Ib-closed)
chromatic number of G and denoted by x()(G) (X(G)). We set that
X(v) (K1) = Xup) (K1) = 2. Clearly, for any graph G,

2 < xup)(G) < [V(G)| and 2 < 2 (G) < [V(G)].

If ¢ is a k-partition of a graph G and v € V(G), then for any i € {0, 1,...,k—1}
we define #(v), and #[v]}, as follows:

#()y = |{u € No(v) : 9(u) =i} and #]v]}, = [{u € No] : o(u) = i}].
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If @ is a k-partition of a graph G and v € V(G), then for any i, (0 <i,j <k—1)
we define #(v) and #[v]y/ as follows:

#(v)§ =#(v), —#(v)}, and #[V) = #], —#]).
Clearly, ¢ is a locally-balanced k-partition with an open (a closed) neighbor-
hood of G if and only if for every v € V(G) and any 0 <i,j < k—1, [#(v)¢/| < 1

(|1#[v] l;;,j | < 1). Itis easy to see that the following results hold.

Lemma 1. ¢ is a locally-balanced k-partition with an open neighborhood of
a graph G if and only if for everyv € V(G) and any 0 <i <k —1

dG(v) ;| de(v)
46 <o 4]
Corollary 1. ¢isalocally-balanced k-partition with an open neighborhood

of a graph G if and only if for every v € V(G) there exists S C{0,1,...,k— 1} with
|S| =dg(v) (mod k) such that

#(v)ly = [d‘;ﬂ i),

w0y =| 2 i)

Lemma 2. ¢ is a locally-balanced k-partition with a closed neighborhood
of a graph G if and only if for every v € V(G) and any 0 < i < k—1

VG(VkHIJ <#lj, < [dG(VkHW

Corollary 2. ¢ is a locally-balanced k-partition with a closed neighbor-
hood of a graph G if and only if for every v € V(G), there exists S C {0,1,...,k—1}
with |S| = (dg(v) + 1) (mod k) such that

Dl = | U Ges)

#]v], = VG(Vk)J“lJ (i¢S).

It is straightforward to see that the following result holds.

Lemma 3. If ¢ is alocally-balanced k-partition with a closed neighbourhood
of a graph G, then for every v € V(G) withdg(v) = 1, @(u) # @(v), where uv € E(G).

For a graph G we denote by G? the graph with the same vertices as G and
containing an edge uv whenever G has a path of length at most two between u and v
(u#v).

A spanning subgraph F of a graph G is called an r-factor (r € N) of G if
dp(v) =r for all v € V(G). If G can be decomposed into edge-disjoint r-factors,
then this decomposition is called an r-factorization of G. We will use the following
well-known result on 1-factorization of K5,,.
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Theorem 1. [2]. For any n € N, the complete graph K, has a
1-factorization, that is,
Ky=HURKRU---UF,;,_ 1,

where F; is a 1-factor of Ky, (1 <i<2n—1).

Finally, we need the notion of a projective plane. A finite projective plane mt(n)
of order n (n > 2) has n> +n+ 1 points and n> 4 n+ 1 lines, and satisfies the following
properties:

[P1] any two points determine a line;

[P2] any two lines determine a point;

[P3] every point is incident to n+ 1 lines;

[P4] every line is incident to n + 1 points.

Basic Properties of Locally-balanced k-partitions of Graphs. In this
section we investigate basic properties of locally-balanced k-partitions of graphs.
In particular, we provide some bounds on the /b-open and /b-closed chromatic
numbers of graphs. We begin our consideration with the following result.

Proposition 1. For any positive integer n > 2, there are bipartite graphs
G and H such that ¥ ;) (G) = n and X, (H) = n.

Proof. For the proof, we are going to construct a bipartite graph G, that
satisfies the specified conditions. We define the bipartite graph G, with bipartition
(X,Y) as follows:

X = {X],X27...,Xn},YZ {y(l,J) 1 §l<]§n},
E(G,) = {x,-y(i’j),xjy(l-vj) 1<i<j< n}

Clearly, G, is an (n — 1,2)-biregular bipartite graph.

Let us first show that x;;)(Gn) > n. Let ¢ be a locally-balanced k-partition
with an open neighborhood of G, where k = y;,)(G,). Since for each pair (i, j)
(1 <i<j<n), g, is adjacent to x; and x;, we have @(x;) # ¢(x;). This implies
that x(;5)(Gn) = k > n. Let us now show that x;;)(G,) < n. Define an n-partition y
of G, as follows:

a)for1 <i<nmlety(x;)=i—1;

b) for 1 <i<j<nlety(y;;)=(i+j—1) (mod n).

It is easy to verify that y is a locally-balanced n-partition with an open neigh-
borhood of Gy; thus x;)(Gn) < n.

For the proof that for any positive integer n > 2, there exists a bipartite graph
Hy, such that ;) (H,) = n, we set H, = Kj 5,-3. It is straightforward to check that
Xiw)(Hn) = Xy (Ki2n-3) = n. O

Next, we derive general upper bounds on the /b-open and /b-closed chromatic
numbers of graphs.

Theorem 2. For any graph G with maximum degree A > 2 we have
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For any graph G with maximum degree A > 1
X (G) < AP+ 1.
Moreover, these bounds are sharp.

Proof. Letus first prove that ;) (G) < A’ —A+1.

Consider the graph G> — G. Clearly, A(G?> — G) = A(A—1). Since each pair
of vertices u and v with dg(u,v) = 2 is adjacent in G*> — G, we obtain that every
proper vertex k-coloring of G? — G is also a locally-balanced k-partition with an open
neighborhood of G; thus

X (G) S X(GP—G) SA(G*~G) +1=AA—1) + 1.

Let us now prove that y; (G) < A% +1.

Consider the graph G2. Clearly, A(G?) = A?. Since each pair of vertices « and
v with dg(u,v) < 2 is adjacent in G2, we obtain that every proper vertex k-coloring of
G? is also a locally-balanced k-partition with a closed neighborhood of G; thus

2(G) < 2(G?) SAGY) +1=A 4 1.

Let us first prove that the upper bound on ;) (G) is sharp. To see this,
let (2) be the projective plane of order 2 (Fano plane). Let /(7(2)) be the inci-
dence graph of 7(2), that is, the bipartite graph whose bipartition is (X,Y), where
X = {x1,x2,X3,X4,Xs5,%6,x7} and Y = {y1,y2,¥3,y4,Ys, Y6, 7 }. By the Properties [P1]-
[P4] of projective planes, I(7(2)) is a cubic graph with a diameter 2.

Let us prove that x;;) (I(7(2))) = 7. We first prove that I(7(2)) has no locally-
balanced 2-partition with an open neighborhood.

Suppose, to the contrary, that I(7r(2)) has a locally-balanced 2-partition with
an open neighborhood. Then

30" (xi) =

-
M-

1 #()’i)qJ-

7

Since 3 divides Z#(y,-)q, and #(yi)e € {—1,1}, we have that there exist j; and
i=1
Jj2 such that

#(yjl)q) = #(yjz)(Pa

and for any j ¢ {1, j»}
#(vj)o Z#(Vji )o-

Without loss of generality we may assume that #(y;, ), = —1. Then,

-
M-

3¢ (x;) =
1 i=1

#<yi)(P = 37

thus,

¢ (x;) = 1.

N

1
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This implies that there are i1, i, and i3 such that
¢ (i) = @ (xi,) = @" (xi3),
and for any i ¢ {iy,i2,i3}
@ (xi) # @7 (xi,)-
By the properties of I(7(2)), there are ', j” and j” such that

XirY j5 XY 15 Xin Y 1 Xis Y XY s Xis Y- € E(1(7(2)))-

Clearly, j' # j” # j"” # j'. This implies that there are three vertices yj,y

and y;» such that
#(yj)e =#jr)e =#(jm)e =—1,

but this is a contradiction, since there are only two j; and j, such that
#(vj1)o = #(yj,)e. Thus, X(b) (I(m(2))) > 3. On the other hand, if X(b) (I(m(2)))
> A(I(m(2))) = 3, then, by Theorem 8, x;)(I(7(2))) = x:(I(%(2))) = 7.

It is straightforward to see that x| (K2) = A*(Kpy)+1=2. O

Figure shows an example of a graph for which the upper bound in Theorem 2 is
sharp.

The graph I(7(2)) with its locally-balanced 7-partition with an open neighborhood.

We now consider the problem of the existence of locally-balanced k-partitions
of regular graphs.

Theorem 3. If G is a 2kl-regular graph that has a locally-balanced
2k-partition with an open neighborhood, then G has an l-factorization.

Proof. Let ¢ be a locally-balanced 2k-partition with an open neighborhood
of G. Then we can decompose V (G) into 2k sets as follows:

V(G) =VuWViu---UVy_1,

where V; = {v € V(G) : ¢(v) =i} (0 <i < 2k—1). Since G is a 2kl-regular graph, we
have that forany v € V(G) and 0 <i < j <2k—1

#(v)i,;j =0
and forany v € V(G) and 0 <i <2k —1,
#(v)p = 1.

Let us show that G has an /-factorization.
For 0 <i< j <2k—1, define [V;,V]] as the set of all edges between V; and V.
Since foreachu € V; (0 <i<2k—1), {uw € E(G) :veV;}=1(0<j<2k—1),
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we obtain that for 0 < i < j < 2k — 1, the bipartite graph with bipartition (V;,V;) and
edge set [V;,V}] is [-regular. Now, let us define a graph H. If we consider the sets V;
as the vertices of H and the sets [V}, V;] as the edges of H, then we obtain that H is
isomorphic to the graph K5;. By Theorem 1,

Kyy=FUFRU---UFy_y,

where F; is a 1-factor of Ky, (1 <i<2k—1). Clearly, each F; (1 <i<2k—1)
induces in G a union of [-regular bipartite graphs that covers all vertices of G.
This implies that there are Gi,Ga,...,Go—1 [-factors in G. On the other hand,
it is not difficult to see that G[Vp] U G[Vi]U--- U G[Vak—1] is also [-factor of G.
Let Gy = G[V()] U G[V]] U---u G[Vz](,l]. Then G = GoU G U---UGyy_1 18 an
[-factorization of G. O

Let us note that from the proof of Theorem 3 it follows, that if G is a kl-regular
graph that has a locally-balanced k-partition with an open neighborhood, then

V(G) =WVWwuWiu---UV,_y,
where V; ={veV(G): ¢(v) =i} (0 <i<k—1). Moreover, since for0 <i< j<k—1,
the bipartite graph with bipartition (V;,V;) and edge set [V;,V;] is [-regular, we obtain
that |Vo| = |Vi| = --- = [Vk—1|. Thus, the following is true:

Corollary 3. If G is a kl-regular graph that has a locally-balanced
k-partition with an open neighborhood, then k divides |V (G)|.

Using the same technique as in the proof of Theorem 3, it can be shown that
the following results hold.

Theorem 4. If G is a (2kl — 1)-regular graph that has a locally-balanced
2k-partition with a closed neighborhood, then G can be decomposed into a
(I —1)-factor and (2k — 1) l-factors.

Corollary 4. If G is a (kl — 1)-regular graph that has a locally-balanced
k-partition with a closed neighborhood, then k divides |V (G)]|.

Our next result concerns a lower bound on the /b-closed chromatic numbers of
graphs with pendant vertices.

Theorem 5. If for a graph G, there are a vertex u and a set of pendant
vertices S such that S C Ng(u), then

S| w
G) 21+ |—F—a= |-
202 1+ 7
Proof. Let ¢ be a locally-balanced k-partition with closed neighbourhood of
G, where k = x;)(G). Also, let ¢(u) = ip. By Lemma 3, for any v € S, @(v) # io.
This implies that [{@(v) : v € S}| <k—1. Let jjy be the color j (0 < j <k— 1), which
maximizes [{v:v e S, @(v) = j}|. Clearly,

8 = | [ vesy |
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From this and taking into account that —1 < #[u]{;”io = #[u]{;’ — #[u}ig <1,
we obtain

L — #[y]io ujO— ylio
[H¢WWVESHW #lulp < #[ulg —#lulg <1

This implies that
N

[H(P(V)WGS}I

From this and taking into account that [{@(v) : v € S}| <k — 1, we obtain

[’f” = [I{(p(v):ﬂves}ﬂ <H#u9+1.

B ek
#ug +1

On the other hand, since for any v € S, @(v) # i, we have #[u]ig <dg(u)—|S|+ 1.
This implies that

W <#[uo+1.

This implies that

S| S|
w—yM s {#[u]iﬁ#—l—‘ sk

L&;(u)|f||S|+2w+1§k.

Thus,

O]

Let us note that the lower bound in Theorem 5 is sharp for stars, since
n
X (Kin) = 1+ {*W

2
‘. e A+1
Proposition 2. Forany A € N and a positive integer k, 2 < k < — |
there exists a connected graph G such that A(G) = A and ¥ (G) = k.
: e A+1
Proof. For agiven A € N and a positive integer k, 2 < k < — | let

L if k=2,
1 2(k=2), if k>2.

For a given A € N and /, define a graph G, ; as follows:
V(Gag) ={vi:0<i<AyU{u:1<i<A1<j<I},
E(Gag) ={vovi: 1 <i<AyU{val;: 1 <i<A 1< j<I}.
Clearly, Ga is a tree such that A(G) = A. Let us show that G4 ; has a locally-
balanced k-partition with a closed neighborhood. Define a k-partition ¢ of G as

follows:
1) for 0 <i <A, let @(v;) =i mod k;
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2)for1 <i<A/ 1< j<landimod k=0, let

@(uf)=(j—1) mod (k—1)+1;

3)for1 <i<A/1<j<2(imod k) andimodk;éO,let(p(u;-): BJ,

4) for 1 gigA,Z(imodk)gjglandimodk7é0,let(p(u§)—1+BJ.

Let us prove that ¢ is a locally-balanced k-partition with a closed neighborhood
of Ga ;. We consider some cases. Let v € V(Gay).
Case 1: v =vy.
For 0 <i < k—1 and by the definition of ¢, we have
A+1
. 1+ % if i< (A+1)modk,
#lvolp = {AHJ .
s otherwise.

k
This implies that forany 0 <i< j<k—1, ‘#[vo]ii,j‘ <1.
Case2: v=y,, where 1 <t <Aand¢ mod k =0.
For 0 <i < k— 1 and by the definition of ¢, we have
2, if i=0,
2, if 1<i<k-3,
1, otherwise.

#[Vt]io =
This implies that for any 0 < i < j < k—1, ’#[v,]i,’,j ‘ <1.
Case 3: v=v;, where 1 <7 <A and¢ mod k # 0.
For 0 <i < k—1 and by the definition of ¢, we have
#[Vt]i :{ 1, if i:'tmodkori:k—l,
¢ 2, otherwise.

This implies that for any 0 <i < j <k—1, [#[v]{/| < 1.

Cased: v=u!,where | <t <Aand 1 <s<I.

By the definition of ¢, we have that ¢@(u}) # ¢(v,). Thus, for any
0<i<j<k—1, ‘#[ug]i,;f
that ¥(;4)(Gas) > k. Clearly, the statement is true for k = 2.

Assume that k > 2. Suppose, to the contrary that G, ; has a locally-balanced
r-partition with a closed neighborhood y, where r < k. Clearly, there exists
io (1 <ip < A) such that y(vo) # y(vi,). By the construction Ga;, we have
d(vi,) =14+ 1=2k—3. Since u"lo, . ,ufo are pendant vertices, by Lemma 3, we obtain
that y(v;,) # l//(uf‘)) (1 <t <1). Let us prove that there exists jo (0 < jo <r—1,
Jo # io) such that #[vio]j.,,‘) > 3. Again, suppose that for any j (0 < j <r—1,j # ip),

< 1. This implies that Y,/ (Ga;) < k. Let us now show

#[v,-o]{;, < 2. From this and taking into account that r < k, we get

2%k —3=d(viy) = L i, [{w: W € Nay, (vig), w(w) = j}
<2(r—1)<2(k—2)=2k—4,
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which is a contradiction. This implies that there exists jo (Q < jo<r—1,jo#ip) such
that #[v;, [y > 3. Since ¥ (vi)) # W(vo) and y(vi)) # w (") (1 <1 < 1), we have

H [V > 3122,
which is a contradiction. O]

Lb-open and [b-closed Chromatic Numbers of Some Classes of Graphs.
In this section we determine /b-open and /b-closed chromatic numbers of some classes
of graphs such as simple cycles, complete graphs and hypercubes.

Proposition 3. For any positive integer n > 3, we have

2, if nmod4=0,
1)%(1b)(cn)—{ 3 /

otherwise,
2) i) (Cn) = 2.
Proof. Let V(C,) = {vi,v2,...,vn} and E(C,) = {vivir1 : 1 <i<n—1}
U{vivn}.

In [21], it was proved that C, has a locally-balanced 2-partition with an open
neighbourhood if and only if » mod 4 = 0. This implies that x;;)(C,) = 2 if and only
if n mod 4 = 0, and ;) (C,) > 3 if n mod 4 # 0.

Let us show that if » mod 4 # 0, then C, has a locally-balanced 3-partition with
an open neighbourhood. Let us first note that if n = 3, then a 3-partition ¢ of C3,
where @(v;) =0,¢(v2) =1 and @(v3) = 2, is trivially a locally-balanced 3-partition
with an open neighbourhood.

Assume that n > 4. We consider three cases. Letn =4k+1 (1 <[ <3).

Casel: [ =1.

Let us define a 3-partition y of C, as follows:

0, ifi=4t—3o0ori=4r—2, wherel <<k,

y(v;) = 1, ifi=4r—1ori=4t, where 1 <t <k,
2, ifi=4k+1.
It is easy to see that y is a locally-balanced 3-partition with an open neighbour-
hood of C,,.
Case2: [ =2.

Let us define a 3-partition y of C, as follows:

0, ifi=4r—3o0ri=4tr—2, wherel <t <k,
y(v;) = 1, ifi=4r—1ori=4t, where 1 <t <k,
2, ifi=4k+1ori=4k+2.

It is easy to see that y is a locally-balanced 3-partition with an open neighbour-
hood of C,.

Case 3: [ =3.

Let us define a 3-partition ¥ of C, as follows:

0, ifi=4r—3o0ori=4r—2, wherel <t<k,andi=4k+1,
v(v) = 1, ifi=4t—1ori=4t, where 1 <t <k,
2, ifi=4k+2ori=4k+3.
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It is easy to see that y is a locally-balanced 3-partition with an open
neighbourhood of C,,. This shows that x ;) (C,) = 3 if n mod 4 # 0.

In [21], it was proved that for any positive integer n > 3, C, has a locally-
balanced 2-partition with a closed neighbourhood; thus ;) (C,) = 2. O

Theorem 6. The complete graph K, has a locally-balanced k-partition
(2 < k < n) with an open neighborhood if and only if k divides n.

Proof. We first show, that if K, has a locally-balanced k-partition (2 < k < n)
with an open neighborhood, then & divides 7.

Suppose, to the contrary that k does not divide n, but K, has a locally-balanced
k-partition with an open neighborhood ¢. Since k does not divide n, we obtain that
there are iy and jo such that

{veV(Ky): o) =i} <{veV(K): () =Jo}
Let us now show that there exists at least one vertex v € V(K,,) with (V') = io.

Suppose that @ (V') # ip. Then, by Lemma 1 and taking into account that k < n,
we have

eV o0) =il =400 = | H00 | = =,

LetVv' € V(K,) and @(v"") =ip. Since [{v e V(K,) : (v) =ip}| < |[{v € V(K,):

©(v) = jo}|, we obtain
#07)g" = {ve V(K - 0(v) = o} = ({v € V(K) : 9(v) = io}| 1) > 2,

which is a contradiction. We now suppose that k divides n (2 < k < n). Let us
show that K, has a locally-balanced k-partition with an open neighborhood. Let
V(K,) = {v1,v2,...,vs}. Define a k-partition y of K, as follows: for 1 <i < n, let
y(v))=(i—1) (mod k).

It is not difficult to see that y is a locally-balanced k-partition with an open
neighborhood of K. O

Corollary 5. For any prime number p, we have ¥, (K,) = p.

Corollary 6. Forany n € N, there are a positive integer k > 2 and a graph
G such that G has a locally-balanced k-partition and (k + n)-partition with an open
neighborhood, but for any 1 < i < n, G has no locally-balanced (k + i)-partition with
an open neighborhood.

Proof. For a given n, choose k = n. Let G = K5,. Then, by Theorem 6,
we have that K5, has a locally-balanced n-partition and 2n-partition with an open
neighborhood, but for any 1 <i < n, K,, has no locally-balanced (n -+ i)-partition with
an open neighborhood. O

In [21], it was proved that for any n € N, K}, has a locally-balanced 2-partition
with a closed neighbourhood; thus xj; (K,) = 2.

Theorem 7. For any n € N, the n-dimensional cube Q, has a locally-
balanced 2-partition with an open neighborhood and with a closed neighborhood.
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Proof. Letus show that Q, has a locally-balanced 2-partition with an open
neighborhood and with a closed neighborhood. We prove it by induction on n. Let
V(Q1) ={(0),(1)} and E(Q;) = {(0)(1)}. Then define a 2-partition ¢ of Q; as
follows: for i € {0, 1}, let @((i)) = i. Clearly, @ is a locally-balanced 2-partition with
an open neighborhood and with a closed neighborhood of Q.

Assume that n > 2. For i € {0,1}, let Q,(jll be a subgraph of the graph Q,
induced by the vertices

{0, 05....00) (2,05, a) € {0,1)"" |

Clearly, foz | is isomorphic to Q,_1, i = 0,1. By the induction hypothesis,
each Q,(le has a locally-balanced 2-partition with an open neighborhood and with a
closed neighborhood, i =0, 1. Let ¢ be a a locally-balanced 2-partition with an open

neighborhood and with a closed neighborhood of Q,g(i)l.

Let us define a 2-partition y of QEBI in the following way: for every vertex
(Layev (o) te
| e(0,@)), if n is even,
v((l,a) = { 1—¢((0,&)), ifnisodd.
Clearly, v is a locally-balanced 2-partition with an open neighborhood and
with a closed neighborhood of QEBI. We are now able to define a 2-partition A of Q,,.
For every vertex & € V (Q,), let
o(@), ifaecv(o”

n—1/)°

v(a), ifaecv (oW

n—1 /-

Aa) =

It is easy to verify that A is a locally-balanced 2-partition with an open neigh-
borhood and with a closed neighborhood of Q,. O

Corollary 7. Foranyn € N, we have
X(ip)(Qn) = Xj1p) (Qn) = 2.

Connections with Other Chromatic Numbers. In this section we consider
the connections between /b-open and [b-closed chromatic numbers of graphs and
injective and 2-distance chromatic numbers of graphs. Recall that an injective
k-coloring [22] of a graph G is a mapping from V(G) to the set of colors {1,...,k}
such that every two vertices at distance 2 receive distinct colors. The injective chro-
matic number ¥;(G) of a graph G is the minimum k such that G has an injective
k-coloring. We also need to recall the definition of 2-distance coloring of graphs. A
2-distance k-coloring [23,24] of a graph G is a mapping from V (G) to the set of colors
{1,...,k} such that every two vertices at distance at most 2 receive distinct colors.
The 2-distance chromatic number X(G) of G is the minimum k for which G admits a
2-distance k-coloring. We are now able to formulate the following result.

Theorem 8. For any graph G with maximum degree A, we have
D) If xup) (G) = A, then ) (G) = xi(G);
2) If Xup)(G) = A+ 1, then x(G) = 22(G).
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Proof. Let x(;)(G) = k, where k > A, and ¢ be a locally-balanced k-partition
with an open neighbourhood of G.

Let us show that Vuv,uw € E(G) ¢(v) # ¢@(w). Suppose, to the contrary, that
there are edges uv,uw € E(G) such that @ (v) = @(w). Let ¢(v) = io. Since k > A and
@(v) = @(w), there exists jjo such that {z:z € Ng(u),@(z) = jo} =0 (0 < jo <k—1).
This implies that o

#w)oio >2-0=2,

which is a contradiction. Hence, we obtain that Vuv,uw € E(G) @(v) # ¢(w).
We now define a vertex coloring ¥ of G the following way:
for any v € V(G), let
W) = p(n)+1.

It is straightforward to check that y is an injective k-coloring of G.
This implies that x;(G) < X()(G). On the other hand, it can be easily seen that
if Y is an injective k’-coloring of G, then the k’-partition ¢’ of G, where Vv € V(G)
¢'(v) = y/(v) — 1, is a locally-balanced k’-partition with an open neighbourhood of G.
Thus, x()(G) = %i(G).

Let us now prove that if y;(G) > A+ 1, then x| (G) = x2(G). Let A be a
locally-balanced r-partition with a closed neighbourhood of G.

Let us show that Vuv,uw € E(G) A(v) # A(w), A(u) # A(w), A(u) # A(v).
Suppose, to the contrary, that there are edges uv,uw € E(G) such that either A (v) =
A(w)=toor A(u) =A(w)=1tpor A(u) = A(v) =ty. Since r > A+ 1, there exists ly
such that {z:z € Ng[u],A(z) =lp} =0 (0 <lp < r—1). This implies that

#uoP >2-0=2,
which is a contradiction.
We now define a vertex coloring Y of G in the following way:

for any v € V(G), let
Y(v) =A(v)+ 1.

It is straightforward to check that 7y is a 2-distance r-coloring of G. This implies
that %2(G) < Xj14)(G). On the other hand, it can be easily seen that if ¥ is a 2-distance
r'-coloring of G, then the r/-partition A" of G, where Vv € V(G) A'(v) =¥ (v)—1,
is a locally-balanced r’-partition with a closed neighbourhood of G. Thus,
X (G) = 22(G). H
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W N\, \Urppsdy, M. W M6SrNUsWL

A UHLELP LOGUL-NUJUWUU UGS UT k-SCONNFULEDR

Whwpwipnmd pnhwipugymd b gpudbtiph nju-hujuuwpulpnud
2-yppnhnudtitipp b dbpdndynid” gpudttiph (njup-hwjwuwpuyypud k-ppnhnng-
utpp: f:V(G) —{0,1,...,k— 1} unipyighwt yubjwbdtbp G gpudp k-ippnhnid:
G qnudh f k-ppnhndp (k > 2) mlpwy-hwdwuwwpulpnyjuwd k-pppnhud E pug
opowluypny, tpt guiugwd v € V(G) ququph hwiwp b gubliugud
0 <i< j<k—1 hudwp yptnh nibh

{ueNa(v): f(u)=i}|—[{ueNg(v): f(u)=j}I<1

wuydwbip: G qpudh f k-ppnhndp (K > 2)  mluy-hwwuwpudpmjwd
k-ipppnhnid E ol ppowlpuypny, tph guiugud v € V(G) ququph hwdwp
b guiugud 0 <i < j <k—1 hwdwp ptinh nbp

[1{u € Nab]: f'w)=i}| ~{u € Nob]: f'(w) = j}I| <1

wuwyiwip: Wi tuqugnyt k£ phyp (k > 2), nph hwdwp G gpudbt mbh nljug-
hwjuwuwpupnduwd k-ppnhmd pug (hwly) opowluypny Yngmd E G-h [b-puwg
(Ib-1paly) ppndwphy phy b Dpwbwydmd b x ) (G) (X (G)): Whuwypubpnud
ppymu &b qgwhugpujubttp ud qpiymd G0 Ib-pug U [b-thwl] ppndunphy
rYbLnh G2gnhyp wpdtipbipn gpudttinh npno nuutiph hwdwn: 8nyg £ ppynud bl
[b-pwug b Ib-thwly ppniwnphy pytiph uwb wyp ppndunhy pybiph htp, hogwhuhp
th hiytyyphy b 2-htnwynpnipyul ppndunphly pYtpp:
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A. I TAPUBSAH, II. A. IIETPOCAH

JIOKAJIBHO-CBAJIAHCUIPOBAHHBIE k-PASBUEHNS I'PA®OB

B pabore 0600611eHbI JTOKAIbHO-cOATAHCUPOBAHHBIE 2-pa3buenus rpadon
U BBEJIEHO HOBOE ITOHSITHE — JIOKAJIBHO COAJIaHCHPOBAHHEIE k-pasOnennst rpados,
ompe/iesisieMble creyomum obpazom: ciopbekiust f: V(G) — {0,1,....k—1}
Ha3bIBaeTCs k-pasbueruem 2paga G. k-pasbuenne (k> 2) f rpada G sapiasgercs
AOKAABHO-COAAGHCUPOBAHHBIM C OMEPBIMOT OKPECTNHOCMBIO, €CJIN JIJTs JIIODOH
Bepumubl v € V(G) n mobeix 0 <i< j<k—1

{1 € Ng(v): F(u) =i} — |{u € No(v): F(u) = j}|| < 1.

k-pasbuenue (k > 2) f' rpada G sBisiercst A0KAALHO-COUAGHCUPOSAHHBIM C
3aKpLMot oKpecmHocmvlo, ecan s J06oi Bepmuabl Vv € V(G) u J1106bIX
0<i<j<k-—1

|{u € No[v]: f'(u) =i} = [{u € No[v]: f'(u)=j}I| < 1.

Munumanbnoe uncio k (k > 2), amst koroporo rpad G uMeeT JOKAJIbHO-
cbajlancupoBaHHOe k-pa30ueHne ¢ OTKPBITOH (3aKPBITO) OKPECTHOCTHIO,
HasbiBaeTcst [b-omxpomoim  (Ib-3axpuimoim) xpomarndecknm dncioM G u
obosnauaercs uepes X(p)(G) (X[1)(G)). B paboTe jambi oleHKH WM ONPe/Ie/TeHbI
TOYHBbIE 3Ha4YeHUsI [b-OTKPBITOIO u [b-3aKPBITOrO0 XPOMATUYECKUX UUCEJI
HEKOTOPBIX KjaccoB rpados. Kpome Toro, paccMoTpeHbl CBS3U [h-OTKPBITHIX
U [b-3aKPBITHIX XPOMATHYIECKAX YUCeJ rpadOB C JAPYTUMU XPOMATHIECKIMHI
YUCJIAME, TAKUMU KaK HHHEKTUBHBIE U 2-/IUCTAHITMOHHBIE XPOMATUIECKUE THUCIIA.



