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M a t h e m a t i c s

LOCALLY-BALANCED k-PARTITIONS OF GRAPHS
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Chair of Discrete Mathematics and Theoretical Informatics, YSU, Armenia

In this paper we generalize locally-balanced 2-partitions of graphs and intro-
duce a new notion, the locally-balanced k-partitions of graphs, defined as
follows: a k-partition of a graph G is a surjection f : V (G)→{0,1, . . . ,k−1}.
A k-partition (k ≥ 2) f of a graph G is a locally-balanced with an open
neighborhood, if for every v ∈V (G) and any 0≤ i < j ≤ k−1

||{u ∈ NG(v) : f (u) = i}|− |{u ∈ NG(v) : f (u) = j}|| ≤ 1.

A k-partition (k ≥ 2) f ′ of a graph G is a locally-balanced with a closed
neighborhood, if for every v ∈V (G) and any 0≤ i < j ≤ k−1∣∣|{u ∈ NG[v] : f ′(u) = i}|− |{u ∈ NG[v] : f ′(u) = j}|

∣∣≤ 1.

The minimum number k (k ≥ 2), for which a graph G has a locally-balanced
k-partition with an open (a closed) neighborhood, is called an lb-open (lb-closed)
chromatic number of G and denoted by χ(lb)(G) (χ[lb](G)). In this paper we
determine or bound the lb-open and lb-closed chromatic numbers of several
families of graphs. We also consider the connections of lb-open and lb-closed
chromatic numbers of graphs with other chromatic numbers such as injective
and 2-distance chromatic numbers.
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Introduction. In this paper all graphs are finite, undirected, and have no loops
or multiple edges, unless otherwise stated. Let V (G) and E(G) denote the sets of
vertices and edges of a graph G, respectively. The set of neighbors of a vertex v in
G is denoted by NG(v). Let NG[v] = NG(v)∪{v}. The degree of a vertex v ∈V (G) is
denoted by dG(v), the maximum degree of vertices in G by ∆(G), and the chromatic
number of G by χ(G). A bipartite graph is (a,b)-biregular if all vertices in one part
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have degree a and all vertices in the other part have degree b. The terms and concepts
that we do not define can be found in [1, 2].

Graph partition problems are one of the well-known and prominent areas of
research in graph theory. There are different applications of graph partition problems in
VLSI design, parallel computing, task scheduling, clustering detection of communities,
cliques and cores in complex networks, etc. Moreover, there are many problems in
graph theory which can be formulated as graph partition problems (factorization
problems, coloring problems, clustering problems, problems of Ramsey Theory).
For example, the problem of finding the arboricity of a graph is the one of decomposing
a graph into minimum number of forests, the problem of determining of the chromatic
number of a graph is the problem of decomposing a graph into minimum number of
independent sets, and the problem of determining of the chromatic index of a graph
is the one of decomposing a graph into minimum number of matchings. Some other
applications of graph partition problems can be found in [3].

Locally-balanced 2-partitions of graphs were introduced by Balikyan and
Kamalian [4] in 2005 and were motivated by the problems concerning a distribu-
tion of influences of two different powers in a modelling system, which minimizes the
probability of conflicts. Locally-balanced 2-partitions of graphs can be also considered
as a special case of equitable colorings of hypergraphs [5]. In [5], Berge obtained
some sufficient conditions for the existence of equitable colorings of hypergraphs.
Ghouila-Houri [6] characterized unimodular hypergraphs in terms of partial equi-
table colorings and proved that a hypergraph H = (V,E) is unimodular if and only
if for each V0 ⊆ V there is a 2-coloring α : V0 → {0,1} such that for every e ∈ E,∣∣|e∩α−1(0)|− |e∩α−1(1)|

∣∣≤ 1. In [7–10], the problems of the existence and con-
struction of proper vertex-coloring of a graph, for which the number of vertices in any
two color classes differ by at most one were considered. In [11], 2-vertex-colorings
of graphs were considered, for which each vertex is adjacent to the same number of
vertices of every color. In particular, Kratochvil [11] proved that the problem of the
existence of such coloring is NP-complete even for the (2p,2q)-biregular (p,q≥ 2)
bipartite graphs. Moreover, he showed that the problem of the existence of the afore-
mentioned coloring for the (2,2q)-biregular (q ≥ 2) bipartite graphs can be solved
in polynomial time. Gerber and Kobler [12, 13] suggested to consider the problem
of determining if a given graph has a 2-partition with nonempty parts such that each
vertex has at least as many neighbors in its part as in the other part. In [14], it was
proved that the problem is NP-complete. In [4], Balikyan and Kamalian proved that
the problem of existence of locally-balanced 2-partition with an open neighborhood
of bipartite graphs with maximum degree 3 is NP-complete. In 2006, a similar result
for locally-balanced 2-partitions with a closed neighborhood was also proved [15].
In [16,17], the necessary and sufficient conditions for the existence of locally-balanced
2-partitions of trees were obtained. In [18], Gharibyan and Petrosyan obtained the
necessary and sufficient conditions for the existence of locally-balanced 2-partitions of
complete multipartite graphs. Gharibyan [19] studied locally-balanced 2-partitions of
even and odd graphs. In particular, he gave necessary conditions for the existence of
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locally-balanced 2-partitions of these graphs. Recently, Gharibyan and Petrosyan [20]
investigated locally-balanced 2-partitions of bipartite graphs. In particular, it was
proved that if G is a subcubic bipartite graph that has no cycle of length 2 (mod 4),
then G has a locally-balanced 2-partition with an open neighbourhood.

In this paper we generalize locally-balanced 2-partitions of graphs and intro-
duce a new notion, the locally-balanced k-partitions of graphs. The problems of the
existence and construction of locally-balanced k-partitions of graphs correspond to the
problems concerning a distribution of influences of k different powers in a modelling
system, which minimizes the probability of conflicts. Moreover, the subjects of a
modelling system may or may not have an ability of self-defense. In this paper we
determine or bound the lb-open and lb-closed chromatic numbers of several families
of graphs. We also consider the connections of lb-open and lb-closed chromatic
numbers of graphs with other chromatic numbers.

Notation, Definitions and Auxiliary Results. In this section we introduce
some terminology and notation. If G is a connected graph, then the distance between
two vertices u and v in G is denoted by dG(u,v). If ϕ is a 2-partition of a graph G and
v ∈V (G), then define #(v)ϕ and ϕ∗(v) as follows:

#(v)ϕ = |{u ∈ NG(v) : ϕ(u) = 1}|− |{u ∈ NG(v) : ϕ(u) = 0}|,

ϕ∗(v) =
{
−1, if ϕ(v) = 0,
1, if ϕ(v) = 1.

It is easy to see that
#(v)ϕ = ∑

u∈NG(v)
ϕ
∗(u).

A k-partition of a graph G is a surjection f : V (G)→{0,1, . . . ,k−1}. A k-partition
(k ≥ 2) f of a graph G is a locally-balanced with an open neighborhood, if for every
v ∈V (G) and any 0≤ i < j ≤ k−1

||{u ∈ NG(v) : f (u) = i}|− |{u ∈ NG(v) : f (u) = j}|| ≤ 1.

A k-partition (k ≥ 2) f ′ of a graph G is locally-balanced with a closed
neighborhood, if for every v ∈V (G) and any 0≤ i < j ≤ k−1∣∣|{u ∈ NG[v] : f ′(u) = i}|− |{u ∈ NG[v] : f ′(u) = j}|

∣∣≤ 1.

The minimum number k (k ≥ 2), for which a graph G has a locally-balanced
k-partition with an open (a closed) neighborhood, is called an lb-open (lb-closed)
chromatic number of G and denoted by χ(lb)(G) (χ[lb](G)). We set that
χ(lb)(K1) = χ[lb](K1) = 2. Clearly, for any graph G,

2≤ χ(lb)(G)≤ |V (G)| and 2≤ χ[lb](G)≤ |V (G)|.

If ϕ is a k-partition of a graph G and v ∈V (G), then for any i ∈ {0,1, . . . ,k−1}
we define #(v)i

ϕ and #[v]iϕ as follows:

#(v)i
ϕ = |{u ∈ NG(v) : ϕ(u) = i}| and #[v]iϕ = |{u ∈ NG[v] : ϕ(u) = i}|.
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If ϕ is a k-partition of a graph G and v ∈ V (G), then for any i, j (0 ≤ i, j ≤ k− 1)
we define #(v)i, j

ϕ and #[v]i, jϕ as follows:

#(v)i, j
ϕ = #(v)i

ϕ −#(v) j
ϕ and #[v]i, jϕ = #[v]iϕ −#[v] j

ϕ .

Clearly, ϕ is a locally-balanced k-partition with an open (a closed) neighbor-
hood of G if and only if for every v ∈ V (G) and any 0 ≤ i, j ≤ k− 1, |#(v)i, j

ϕ | ≤ 1
(|#[v]i, jϕ | ≤ 1). It is easy to see that the following results hold.

L e m m a 1. ϕ is a locally-balanced k-partition with an open neighborhood of
a graph G if and only if for every v ∈V (G) and any 0≤ i≤ k−1⌊

dG(v)
k

⌋
≤ #(v)i

ϕ ≤
⌈

dG(v)
k

⌉
.

C o r o l l a r y 1. ϕ is a locally-balanced k-partition with an open neighborhood
of a graph G if and only if for every v ∈V (G) there exists S ⊆ {0,1, . . . ,k−1} with
|S|= dG(v) (mod k) such that

#(v)i
ϕ =

⌈
dG(v)

k

⌉
(i ∈ S),

#(v)i
ϕ =

⌊
dG(v)

k

⌋
(i /∈ S).

L e m m a 2. ϕ is a locally-balanced k-partition with a closed neighborhood
of a graph G if and only if for every v ∈V (G) and any 0≤ i≤ k−1⌊

dG(v)+1
k

⌋
≤ #[v]iϕ ≤

⌈
dG(v)+1

k

⌉
.

C o r o l l a r y 2. ϕ is a locally-balanced k-partition with a closed neighbor-
hood of a graph G if and only if for every v ∈V (G), there exists S⊆ {0,1, . . . ,k−1}
with |S|= (dG(v)+1) (mod k) such that

#[v]iϕ =

⌈
dG(v)+1

k

⌉
(i ∈ S),

#[v]iϕ =

⌊
dG(v)+1

k

⌋
(i /∈ S).

It is straightforward to see that the following result holds.

L e m m a 3. If ϕ is a locally-balanced k-partition with a closed neighbourhood
of a graph G, then for every v ∈V (G) with dG(v) = 1, ϕ(u) 6= ϕ(v), where uv ∈ E(G).

For a graph G we denote by G2 the graph with the same vertices as G and
containing an edge uv whenever G has a path of length at most two between u and v
(u 6= v).

A spanning subgraph F of a graph G is called an r-factor (r ∈ N) of G if
dF(v) = r for all v ∈ V (G). If G can be decomposed into edge-disjoint r-factors,
then this decomposition is called an r-factorization of G. We will use the following
well-known result on 1-factorization of K2n.
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T h e o r e m 1. [2]. For any n ∈ N, the complete graph K2n has a
1-factorization, that is,

K2n = F1∪F2∪·· ·∪F2n−1,

where Fi is a 1-factor of K2n (1≤ i≤ 2n−1).

Finally, we need the notion of a projective plane. A finite projective plane π(n)
of order n (n≥ 2) has n2+n+1 points and n2+n+1 lines, and satisfies the following
properties:

[P1] any two points determine a line;
[P2] any two lines determine a point;
[P3] every point is incident to n+1 lines;
[P4] every line is incident to n+1 points.
Basic Properties of Locally-balanced k-partitions of Graphs. In this

section we investigate basic properties of locally-balanced k-partitions of graphs.
In particular, we provide some bounds on the lb-open and lb-closed chromatic
numbers of graphs. We begin our consideration with the following result.

P r o p o s i t i o n 1. For any positive integer n≥ 2, there are bipartite graphs
G and H such that χ(lb)(G) = n and χ[lb](H) = n.

P ro o f. For the proof, we are going to construct a bipartite graph Gn that
satisfies the specified conditions. We define the bipartite graph Gn with bipartition
(X ,Y ) as follows:

X = {x1,x2, . . . ,xn},Y =
{

y(i, j) : 1≤ i < j ≤ n
}

;

E(Gn) =
{

xiy(i, j),x jy(i, j) : 1≤ i < j ≤ n
}
.

Clearly, Gn is an (n−1,2)-biregular bipartite graph.
Let us first show that χ(lb)(Gn) ≥ n. Let ϕ be a locally-balanced k-partition

with an open neighborhood of Gn, where k = χ(lb)(Gn). Since for each pair (i, j)
(1 ≤ i < j ≤ n), y(i, j) is adjacent to xi and x j, we have ϕ(xi) 6= ϕ(x j). This implies
that χ(lb)(Gn) = k ≥ n. Let us now show that χ(lb)(Gn)≤ n. Define an n-partition ψ

of Gn as follows:
a) for 1≤ i≤ n, let ψ(xi) = i−1;
b) for 1≤ i < j ≤ n, let ψ(y(i, j)) = (i+ j−1) (mod n).
It is easy to verify that ψ is a locally-balanced n-partition with an open neigh-

borhood of Gn; thus χ(lb)(Gn)≤ n.
For the proof that for any positive integer n≥ 2, there exists a bipartite graph

Hn such that χ[lb](Hn) = n, we set Hn = K1,2n−3. It is straightforward to check that
χ[lb](Hn) = χ[lb](K1,2n−3) = n.

Next, we derive general upper bounds on the lb-open and lb-closed chromatic
numbers of graphs.

T h e o r e m 2. For any graph G with maximum degree ∆≥ 2 we have

χ(lb)(G)≤ ∆
2−∆+1.
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For any graph G with maximum degree ∆≥ 1

χ[lb](G)≤ ∆
2 +1.

Moreover, these bounds are sharp.

P ro o f. Let us first prove that χ(lb)(G)≤ ∆2−∆+1.
Consider the graph G2−G. Clearly, ∆(G2−G) = ∆(∆−1). Since each pair

of vertices u and v with dG(u,v) = 2 is adjacent in G2−G, we obtain that every
proper vertex k-coloring of G2−G is also a locally-balanced k-partition with an open
neighborhood of G; thus

χ(lb)(G)≤ χ(G2−G)≤ ∆(G2−G)+1 = ∆(∆−1)+1.

Let us now prove that χ[lb](G)≤ ∆2 +1.
Consider the graph G2. Clearly, ∆(G2) = ∆2. Since each pair of vertices u and

v with dG(u,v)≤ 2 is adjacent in G2, we obtain that every proper vertex k-coloring of
G2 is also a locally-balanced k-partition with a closed neighborhood of G; thus

χ[lb](G)≤ χ(G2)≤ ∆(G2)+1 = ∆
2 +1.

Let us first prove that the upper bound on χ(lb)(G) is sharp. To see this,
let π(2) be the projective plane of order 2 (Fano plane). Let I(π(2)) be the inci-
dence graph of π(2), that is, the bipartite graph whose bipartition is (X ,Y ), where
X = {x1,x2,x3,x4,x5,x6,x7} and Y = {y1,y2,y3,y4,y5,y6,y7}. By the Properties [P1]–
[P4] of projective planes, I(π(2)) is a cubic graph with a diameter 2.

Let us prove that χ(lb)(I(π(2))) = 7. We first prove that I(π(2)) has no locally-
balanced 2-partition with an open neighborhood.

Suppose, to the contrary, that I(π(2)) has a locally-balanced 2-partition with
an open neighborhood. Then

7

∑
i=1

3ϕ
∗(xi) =

7

∑
i=1

#(yi)ϕ .

Since 3 divides
7

∑
i=1

#(yi)ϕ and #(yi)ϕ ∈ {−1,1}, we have that there exist j1 and

j2 such that
#(y j1)ϕ = #(y j2)ϕ ,

and for any j /∈ { j1, j2}
#(y j)ϕ 6= #(y j1)ϕ .

Without loss of generality we may assume that #(y j1)ϕ =−1. Then,
7

∑
i=1

3ϕ
∗(xi) =

7

∑
i=1

#(yi)ϕ = 3,

thus,
7

∑
i=1

ϕ
∗(xi) = 1.
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This implies that there are i1, i2 and i3 such that

ϕ
∗(xi1) = ϕ

∗(xi2) = ϕ
∗(xi3),

and for any i /∈ {i1, i2, i3}
ϕ
∗(xi) 6= ϕ

∗(xi1).

By the properties of I(π(2)), there are j′, j′′ and j′′′ such that

xi1y j′ ,xi2y j′ ,xi2y j′′ ,xi3y j′′ ,xi1y j′′′ ,xi3y j′′′ ∈ E(I(π(2))).

Clearly, j′ 6= j′′ 6= j′′′ 6= j′. This implies that there are three vertices y j′ ,y j′′

and y j′′′ such that
#(y j′)ϕ = #(y j′′)ϕ = #(y j′′′)ϕ =−1,

but this is a contradiction, since there are only two j1 and j2 such that
#(y j1)ϕ = #(y j2)ϕ . Thus, χ(lb)(I(π(2))) ≥ 3. On the other hand, if χ(lb)(I(π(2)))
≥ ∆(I(π(2))) = 3, then, by Theorem 8, χ(lb)(I(π(2))) = χi(I(π(2))) = 7.

It is straightforward to see that χ[lb](K2) = ∆2(K2)+1 = 2.

Figure shows an example of a graph for which the upper bound in Theorem 2 is
sharp.

The graph I(π(2)) with its locally-balanced 7-partition with an open neighborhood.

We now consider the problem of the existence of locally-balanced k-partitions
of regular graphs.

T h e o r e m 3. If G is a 2kl-regular graph that has a locally-balanced
2k-partition with an open neighborhood, then G has an l-factorization.

P ro o f. Let ϕ be a locally-balanced 2k-partition with an open neighborhood
of G. Then we can decompose V (G) into 2k sets as follows:

V (G) =V0∪V1∪·· ·∪V2k−1,

where Vi = {v ∈V (G) : ϕ(v) = i} (0≤ i≤ 2k−1). Since G is a 2kl-regular graph, we
have that for any v ∈V (G) and 0≤ i < j ≤ 2k−1

#(v)i, j
ϕ = 0

and for any v ∈V (G) and 0≤ i≤ 2k−1,

#(v)i
ϕ = l.

Let us show that G has an l-factorization.
For 0≤ i < j ≤ 2k−1, define [Vi,Vj] as the set of all edges between Vi and Vj.

Since for each u ∈ Vi (0 ≤ i ≤ 2k− 1), |{uv ∈ E(G) : v ∈ Vj}| = l (0 ≤ j ≤ 2k− 1),
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we obtain that for 0≤ i < j ≤ 2k−1, the bipartite graph with bipartition (Vi,Vj) and
edge set [Vi,Vj] is l-regular. Now, let us define a graph H. If we consider the sets Vi

as the vertices of H and the sets [Vi,Vj] as the edges of H, then we obtain that H is
isomorphic to the graph K2k. By Theorem 1,

K2k = F1∪F2∪·· ·∪F2k−1,

where Fi is a 1-factor of K2k (1 ≤ i ≤ 2k− 1). Clearly, each Fi (1 ≤ i ≤ 2k− 1)
induces in G a union of l-regular bipartite graphs that covers all vertices of G.
This implies that there are G1,G2, . . . ,G2k−1 l-factors in G. On the other hand,
it is not difficult to see that G[V0] ∪G[V1] ∪ ·· · ∪G[V2k−1] is also l-factor of G.
Let G0 = G[V0] ∪G[V1] ∪ ·· · ∪G[V2k−1]. Then G = G0 ∪G1 ∪ ·· · ∪G2k−1 is an
l-factorization of G.

Let us note that from the proof of Theorem 3 it follows, that if G is a kl-regular
graph that has a locally-balanced k-partition with an open neighborhood, then

V (G) =V0∪V1∪·· ·∪Vk−1,

where Vi = {v∈V (G) : ϕ(v)= i} (0≤ i≤ k−1). Moreover, since for 0≤ i< j≤ k−1,
the bipartite graph with bipartition (Vi,Vj) and edge set [Vi,Vj] is l-regular, we obtain
that |V0|= |V1|= · · ·= |Vk−1|. Thus, the following is true:

C o r o l l a r y 3. If G is a kl-regular graph that has a locally-balanced
k-partition with an open neighborhood, then k divides |V (G)|.

Using the same technique as in the proof of Theorem 3, it can be shown that
the following results hold.

T h e o r e m 4. If G is a (2kl−1)-regular graph that has a locally-balanced
2k-partition with a closed neighborhood, then G can be decomposed into a
(l−1)-factor and (2k−1) l-factors.

C o r o l l a r y 4. If G is a (kl−1)-regular graph that has a locally-balanced
k-partition with a closed neighborhood, then k divides |V (G)|.

Our next result concerns a lower bound on the lb-closed chromatic numbers of
graphs with pendant vertices.

T h e o r e m 5. If for a graph G, there are a vertex u and a set of pendant
vertices S such that S⊆ NG(u), then

χ[lb](G)≥ 1+
⌈

|S|
dG(u)−|S|+2

⌉
.

P ro o f. Let ϕ be a locally-balanced k-partition with closed neighbourhood of
G, where k = χ[lb](G). Also, let ϕ(u) = i0. By Lemma 3, for any v ∈ S, ϕ(v) 6= i0.
This implies that |{ϕ(v) : v ∈ S}| ≤ k−1. Let j0 be the color j (0≤ j ≤ k−1), which
maximizes |{v : v ∈ S,ϕ(v) = j}|. Clearly,

#[u] j0
ϕ ≥

⌈
|S|

|{ϕ(v) : v ∈ S}|

⌉
.
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From this and taking into account that −1 ≤ #[u] j0,i0
ϕ = #[u] j0

ϕ − #[u]i0ϕ ≤ 1,
we obtain ⌈

|S|
|{ϕ(v) : v ∈ S}|

⌉
−#[u]i0ϕ ≤ #[u] j0

ϕ −#[u]i0ϕ ≤ 1.

This implies that ⌈
|S|

|{ϕ(v) : v ∈ S}|

⌉
≤ #[u]i0ϕ +1.

From this and taking into account that |{ϕ(v) : v ∈ S}| ≤ k−1, we obtain⌈
|S|

k−1

⌉
≤
⌈

|S|
|{ϕ(v) : v ∈ S}|

⌉
≤ #[u]i0ϕ +1.

This implies that ⌈
|S|

#[u]i0ϕ +1

⌉
+1≤ k.

On the other hand, since for any v ∈ S, ϕ(v) 6= i0, we have #[u]i0ϕ ≤ dG(u)−|S|+ 1.
This implies that ⌈

|S|
dG(u)−|S|+2

⌉
+1≤

⌈
|S|

#[u]i0ϕ +1

⌉
+1≤ k.

Thus, ⌈
|S|

dG(u)−|S|+2

⌉
+1≤ k.

Let us note that the lower bound in Theorem 5 is sharp for stars, since
χ[lb](K1,n) = 1+

⌈n
2

⌉
.

P r o p o s i t i o n 2. For any ∆ ∈ N and a positive integer k, 2≤ k ≤
⌈

∆+1
2

⌉
,

there exists a connected graph G such that ∆(G) = ∆ and χ[lb](G) = k.

P ro o f. For a given ∆ ∈ N and a positive integer k, 2≤ k ≤
⌈

∆+1
2

⌉
, let

l =
{

1, if k = 2,
2(k−2), if k > 2.

For a given ∆ ∈ N and l, define a graph G∆,l as follows:

V (G∆,l) = {vi : 0≤ i≤ ∆}∪
{

ui
j : 1≤ i≤ ∆,1≤ j ≤ l

}
,

E(G∆,l) = {v0vi : 1≤ i≤ ∆}∪
{

viui
j : 1≤ i≤ ∆,1≤ j ≤ l

}
.

Clearly, G∆,l is a tree such that ∆(G) = ∆. Let us show that G∆,l has a locally-
balanced k-partition with a closed neighborhood. Define a k-partition ϕ of G∆,l as
follows:

1) for 0≤ i≤ ∆, let ϕ(vi) = i mod k;
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2) for 1≤ i≤ ∆,1≤ j ≤ l and i mod k = 0, let

ϕ(ui
j) = ( j−1) mod (k−1)+1;

3) for 1≤ i≤ ∆,1≤ j < 2(i mod k) and i mod k 6= 0, let ϕ(ui
j) =

⌊
j
2

⌋
;

4) for 1≤ i≤ ∆,2(i mod k)≤ j ≤ l and i mod k 6= 0, let ϕ(ui
j) = 1+

⌊
j
2

⌋
.

Let us prove that ϕ is a locally-balanced k-partition with a closed neighborhood
of G∆,l . We consider some cases. Let v ∈V (G∆,l).

Case 1: v = v0.

For 0≤ i≤ k−1 and by the definition of ϕ , we have

#[v0]
i
ϕ =


1+
⌊

∆+1
k

⌋
, if i < (∆+1) mod k,⌊

∆+1
k

⌋
, otherwise.

This implies that for any 0≤ i < j ≤ k−1,
∣∣∣#[v0]

i, j
ϕ

∣∣∣≤ 1.
Case 2: v = vt , where 1≤ t ≤ ∆ and t mod k = 0.
For 0≤ i≤ k−1 and by the definition of ϕ , we have

#[vt ]
i
ϕ =


2, if i = 0,
2, if 1≤ i≤ k−3,
1, otherwise.

This implies that for any 0≤ i < j ≤ k−1,
∣∣∣#[vt ]

i, j
ϕ

∣∣∣≤ 1.
Case 3: v = vt , where 1≤ t ≤ ∆ and t mod k 6= 0.
For 0≤ i≤ k−1 and by the definition of ϕ , we have

#[vt ]
i
ϕ =

{
1, if i = t mod k or i = k−1,
2, otherwise.

This implies that for any 0≤ i < j ≤ k−1,
∣∣∣#[vt ]

i, j
ϕ

∣∣∣≤ 1.

Case 4: v = ut
s, where 1≤ t ≤ ∆ and 1≤ s≤ l.

By the definition of ϕ , we have that ϕ(ut
s) 6= ϕ(vt). Thus, for any

0 ≤ i < j ≤ k−1,
∣∣∣#[ut

s]
i, j
ϕ

∣∣∣ ≤ 1. This implies that χ[lb](G∆,l) ≤ k. Let us now show
that χ[lb](G∆,l)≥ k. Clearly, the statement is true for k = 2.

Assume that k > 2. Suppose, to the contrary that G∆,l has a locally-balanced
r-partition with a closed neighborhood ψ , where r < k. Clearly, there exists
i0 (1 ≤ i0 ≤ ∆) such that ψ(v0) 6= ψ(vi0). By the construction G∆,l , we have
d(vi0) = l+1 = 2k−3. Since ui0

1 , . . . ,u
i0
l are pendant vertices, by Lemma 3, we obtain

that ψ(vi0) 6= ψ(ui0
t ) (1 ≤ t ≤ l). Let us prove that there exists j0 (0 ≤ j0 ≤ r− 1,

j0 6= i0) such that #[vi0 ]
j0
ψ ≥ 3. Again, suppose that for any j (0 ≤ j ≤ r−1, j 6= i0),

#[vi0 ]
j
ψ ≤ 2. From this and taking into account that r < k, we get

2k−3 = d(vi0) = ∑
r−1
j=0, j 6=i0

∣∣{w : w ∈ NG∆,l (vi0),ψ(w) = j}
∣∣

≤ 2(r−1)≤ 2(k−2) = 2k−4,
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which is a contradiction. This implies that there exists j0 (0≤ j0 ≤ r−1, j0 6= i0) such
that #[vi0 ]

j0
ψ ≥ 3. Since ψ(vi0) 6= ψ(v0) and ψ(vi0) 6= ψ(ui0

t ) (1≤ t ≤ l), we have

#[vi0 ]
j0,ψ(vi0 )
ψ ≥ 3−1 = 2,

which is a contradiction.

Lb-open and lb-closed Chromatic Numbers of Some Classes of Graphs.
In this section we determine lb-open and lb-closed chromatic numbers of some classes
of graphs such as simple cycles, complete graphs and hypercubes.

P r o p o s i t i o n 3. For any positive integer n≥ 3, we have

1) χ(lb)(Cn) =

{
2, if n mod 4 = 0,
3, otherwise,

2) χ[lb](Cn) = 2.

P ro o f. Let V (Cn) = {v1,v2, . . . ,vn} and E(Cn) = {vivi+1 : 1 ≤ i ≤ n− 1}
∪{v1vn}.

In [21], it was proved that Cn has a locally-balanced 2-partition with an open
neighbourhood if and only if n mod 4 = 0. This implies that χ(lb)(Cn) = 2 if and only
if n mod 4 = 0, and χ(lb)(Cn)≥ 3 if n mod 4 6= 0.

Let us show that if n mod 4 6= 0, then Cn has a locally-balanced 3-partition with
an open neighbourhood. Let us first note that if n = 3, then a 3-partition ϕ of C3,
where ϕ(v1) = 0,ϕ(v2) = 1 and ϕ(v3) = 2, is trivially a locally-balanced 3-partition
with an open neighbourhood.

Assume that n≥ 4. We consider three cases. Let n = 4k+ l (1≤ l ≤ 3).
Case 1: l = 1.
Let us define a 3-partition ψ of Cn as follows:

ψ(vi) =


0, if i = 4t−3 or i = 4t−2, where 1≤ t ≤ k,
1, if i = 4t−1 or i = 4t, where 1≤ t ≤ k,
2, if i = 4k+1.

It is easy to see that ψ is a locally-balanced 3-partition with an open neighbour-
hood of Cn.

Case 2: l = 2.
Let us define a 3-partition ψ of Cn as follows:

ψ(vi) =


0, if i = 4t−3 or i = 4t−2, where 1≤ t ≤ k,
1, if i = 4t−1 or i = 4t, where 1≤ t ≤ k,
2, if i = 4k+1 or i = 4k+2.

It is easy to see that ψ is a locally-balanced 3-partition with an open neighbour-
hood of Cn.

Case 3: l = 3.
Let us define a 3-partition ψ of Cn as follows:

ψ(vi) =


0, if i = 4t−3 or i = 4t−2, where 1≤ t ≤ k, and i = 4k+1,
1, if i = 4t−1 or i = 4t, where 1≤ t ≤ k,
2, if i = 4k+2 or i = 4k+3.
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It is easy to see that ψ is a locally-balanced 3-partition with an open
neighbourhood of Cn. This shows that χ(lb)(Cn) = 3 if n mod 4 6= 0.

In [21], it was proved that for any positive integer n ≥ 3, Cn has a locally-
balanced 2-partition with a closed neighbourhood; thus χ[lb](Cn) = 2.

T h e o r e m 6. The complete graph Kn has a locally-balanced k-partition
(2≤ k ≤ n) with an open neighborhood if and only if k divides n.

P ro o f. We first show, that if Kn has a locally-balanced k-partition (2≤ k ≤ n)
with an open neighborhood, then k divides n.

Suppose, to the contrary that k does not divide n, but Kn has a locally-balanced
k-partition with an open neighborhood ϕ . Since k does not divide n, we obtain that
there are i0 and j0 such that

|{v ∈V (Kn) : ϕ(v) = i0}|< |{v ∈V (Kn) : ϕ(v) = j0}|.
Let us now show that there exists at least one vertex v′ ∈V (Kn) with ϕ(v′) = i0.
Suppose that ϕ(v′) 6= i0. Then, by Lemma 1 and taking into account that k < n,

we have

|{v ∈V (Kn) : ϕ(v) = i0}|= #(v′)i0
ϕ ≥

⌊
dKn(v

′)

k

⌋
=

⌊
n−1

k

⌋
≥ 1.

Let v′′ ∈V (Kn) and ϕ(v′′) = i0. Since |{v∈V (Kn) : ϕ(v) = i0}|< |{v∈V (Kn) :
ϕ(v) = j0}|, we obtain

#(v′′) j0,i0
ϕ = |{v ∈V (Kn) : ϕ(v) = j0}|− (|{v ∈V (Kn) : ϕ(v) = i0}|−1)≥ 2,

which is a contradiction. We now suppose that k divides n (2 ≤ k ≤ n). Let us
show that Kn has a locally-balanced k-partition with an open neighborhood. Let
V (Kn) = {v1,v2, . . . ,vn}. Define a k-partition ψ of Kn as follows: for 1 ≤ i ≤ n, let
ψ(vi) = (i−1) (mod k).

It is not difficult to see that ψ is a locally-balanced k-partition with an open
neighborhood of Kn.

C o r o l l a r y 5. For any prime number p, we have χ(lb)(Kp) = p.

C o r o l l a r y 6. For any n ∈ N, there are a positive integer k ≥ 2 and a graph
G such that G has a locally-balanced k-partition and (k+n)-partition with an open
neighborhood, but for any 1≤ i < n, G has no locally-balanced (k+ i)-partition with
an open neighborhood.

P ro o f. For a given n, choose k = n. Let G = K2n. Then, by Theorem 6,
we have that K2n has a locally-balanced n-partition and 2n-partition with an open
neighborhood, but for any 1≤ i < n, K2n has no locally-balanced (n+ i)-partition with
an open neighborhood.

In [21], it was proved that for any n ∈ N, Kn has a locally-balanced 2-partition
with a closed neighbourhood; thus χ[lb](Kn) = 2.

T h e o r e m 7. For any n ∈ N, the n-dimensional cube Qn has a locally-
balanced 2-partition with an open neighborhood and with a closed neighborhood.
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P ro o f. Let us show that Qn has a locally-balanced 2-partition with an open
neighborhood and with a closed neighborhood. We prove it by induction on n. Let
V (Q1) = {(0),(1)} and E(Q1) = {(0)(1)}. Then define a 2-partition ϕ of Q1 as
follows: for i ∈ {0,1}, let ϕ((i)) = i. Clearly, ϕ is a locally-balanced 2-partition with
an open neighborhood and with a closed neighborhood of Q1.

Assume that n ≥ 2. For i ∈ {0,1}, let Q(i)
n−1 be a subgraph of the graph Qn

induced by the vertices{
(i,α2,α3, . . . ,αn) |(α2,α3, . . . ,αn) ∈ {0,1}n−1

}
.

Clearly, Q(i)
n−1 is isomorphic to Qn−1, i = 0,1. By the induction hypothesis,

each Q(i)
n−1 has a locally-balanced 2-partition with an open neighborhood and with a

closed neighborhood, i = 0,1. Let ϕ be a a locally-balanced 2-partition with an open
neighborhood and with a closed neighborhood of Q(0)

n−1.

Let us define a 2-partition ψ of Q(1)
n−1 in the following way: for every vertex

(1, ᾱ) ∈V
(

Q(1)
n−1

)
, let

ψ ((1, ᾱ)) =

{
ϕ ((0, ᾱ)), if n is even,
1−ϕ ((0, ᾱ)), if n is odd.

Clearly, ψ is a locally-balanced 2-partition with an open neighborhood and
with a closed neighborhood of Q(1)

n−1. We are now able to define a 2-partition λ of Qn.
For every vertex α̃ ∈V (Qn), let

λ (α̃) =

 ϕ (α̃), if α̃ ∈V
(

Q(0)
n−1

)
,

ψ (α̃), if α̃ ∈V
(

Q(1)
n−1

)
.

It is easy to verify that λ is a locally-balanced 2-partition with an open neigh-
borhood and with a closed neighborhood of Qn.

C o r o l l a r y 7. For any n ∈ N, we have
χ(lb)(Qn) = χ[lb](Qn) = 2.

Connections with Other Chromatic Numbers. In this section we consider
the connections between lb-open and lb-closed chromatic numbers of graphs and
injective and 2-distance chromatic numbers of graphs. Recall that an injective
k-coloring [22] of a graph G is a mapping from V (G) to the set of colors {1, . . . ,k}
such that every two vertices at distance 2 receive distinct colors. The injective chro-
matic number χi(G) of a graph G is the minimum k such that G has an injective
k-coloring. We also need to recall the definition of 2-distance coloring of graphs. A
2-distance k-coloring [23,24] of a graph G is a mapping from V (G) to the set of colors
{1, . . . ,k} such that every two vertices at distance at most 2 receive distinct colors.
The 2-distance chromatic number χ2(G) of G is the minimum k for which G admits a
2-distance k-coloring. We are now able to formulate the following result.

T h e o r e m 8. For any graph G with maximum degree ∆, we have
1) If χ(lb)(G)≥ ∆, then χ(lb)(G) = χi(G);
2) If χ[lb](G)≥ ∆+1, then χ[lb](G) = χ2(G).
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P ro o f. Let χ(lb)(G) = k, where k≥ ∆, and ϕ be a locally-balanced k-partition
with an open neighbourhood of G.

Let us show that ∀uv,uw ∈ E(G) ϕ(v) 6= ϕ(w). Suppose, to the contrary, that
there are edges uv,uw ∈ E(G) such that ϕ(v) = ϕ(w). Let ϕ(v) = i0. Since k≥ ∆ and
ϕ(v) = ϕ(w), there exists j0 such that {z : z∈NG(u),ϕ(z) = j0}= /0 (0≤ j0 ≤ k−1).
This implies that

#(u)i0, j0
ϕ ≥ 2−0 = 2,

which is a contradiction. Hence, we obtain that ∀uv,uw ∈ E(G) ϕ(v) 6= ϕ(w).
We now define a vertex coloring ψ of G the following way:
for any v ∈V (G), let

ψ(v) = ϕ(v)+1.

It is straightforward to check that ψ is an injective k-coloring of G.
This implies that χi(G) ≤ χ(lb)(G). On the other hand, it can be easily seen that
if ψ ′ is an injective k′-coloring of G, then the k′-partition ϕ ′ of G, where ∀v ∈V (G)
ϕ ′(v) = ψ ′(v)−1, is a locally-balanced k′-partition with an open neighbourhood of G.
Thus, χ(lb)(G) = χi(G).

Let us now prove that if χ[lb](G) ≥ ∆+ 1, then χ[lb](G) = χ2(G). Let λ be a
locally-balanced r-partition with a closed neighbourhood of G.

Let us show that ∀uv,uw ∈ E(G) λ (v) 6= λ (w), λ (u) 6= λ (w), λ (u) 6= λ (v).
Suppose, to the contrary, that there are edges uv,uw ∈ E(G) such that either λ (v) =
λ (w) = t0 or λ (u) = λ (w) = t0 or λ (u) = λ (v) = t0. Since r ≥ ∆+1, there exists l0
such that {z : z ∈ NG[u],λ (z) = l0}= /0 (0≤ l0 ≤ r−1). This implies that

#[u]t0,l0
λ
≥ 2−0 = 2,

which is a contradiction.
We now define a vertex coloring γ of G in the following way:
for any v ∈V (G), let

γ(v) = λ (v)+1.

It is straightforward to check that γ is a 2-distance r-coloring of G. This implies
that χ2(G)≤ χ[lb](G). On the other hand, it can be easily seen that if γ ′ is a 2-distance
r′-coloring of G, then the r′-partition λ ′ of G, where ∀v ∈V (G) λ ′(v) = γ ′(v)−1,
is a locally-balanced r′-partition with a closed neighbourhood of G. Thus,
χ[lb](G) = χ2(G).
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A. H. �ARIBYAN, P. A. PETROSYAN

GRAFNERI LOKAL-HAVASARAK
�VA
 k-TROHOWMNER

A�xatanqowm �ndhanracvowm en grafneri lokal-havasarak��va�

2-trohowmner�  nermow�vowm` grafneri lokal-havasarak��va� k-trohowm-
ner�: f :V (G)→{0,1, . . . ,k−1} sowryekcian kanvanenq G grafi k-trohowm:
G grafi f k-trohowm� (k ≥ 2) lokal-havasarak��va� k-trohowm � bac

�rjakayqov, e�e cankaca� v ∈ V (G) gaga�i hamar  cankaca�

0≤ i < j ≤ k−1 hamar te�i owni

||{u ∈ NG(v) : f (u) = i}|− |{u ∈ NG(v) : f (u) = j}|| ≤ 1

payman�: G grafi f ′ k-trohowm� (k ≥ 2) lokal-havasarak��va�

k-trohowm � �ak �rjakayqov, e�e cankaca� v ∈ V (G) gaga�i hamar

 cankaca� 0≤ i < j ≤ k−1 hamar te�i owni∣∣|{u ∈ NG[v] : f ′(u) = i}|− |{u ∈ NG[v] : f ′(u) = j}|
∣∣≤ 1

payman�: Ayn nvazagowyn k �iv� (k ≥ 2), ori hamar G grafn owni lokal-

havasarak��va� k-trohowm bac (�ak) �rjakayqov ko�vowm � G-i lb-bac

(lb-�ak) qromatik �iv  n�anakvowm � χ(lb)(G) (χ[lb](G)): A�xatanqowm
trvowm en gnahatakanner kam gtnvowm en lb-bac  lb-�ak qromatik

�veri ��grit ar�eqner� grafneri oro� daseri hamar: Cowyc � trvowm na 

lb-bac  lb-�ak qromatik �veri kapn ayl qromatik �veri het, in�pisiq
en inyektiv  2-he�avorow�yan qromatik �ver�:

https://doi.org/10.46991/PYSU:A/2020.54.1.009
https://doi.org/10.46991/PYSU:A/2020.54.3.137
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А. Г. ГАРИБЯН, П. А. ПЕТРОСЯН

ЛОКАЛЬНО-СБАЛАНСИРОВАННЫЕ k-РАЗБИЕНИЯ ГРАФОВ

В работе обобщены локально-сбалансированные 2-разбиения графов
и введено новое понятие – локально сбалансированные k-разбиения графов,
определяемые следующим образом: сюръекция f : V (G)→ {0,1, ...,k− 1}
называется k-разбиением графа G. k-разбиение (k≥ 2) f графа G является
локально-сбалансированным с открытой окрестностью, если для любой
вершины v ∈V (G) и любых 0≤ i < j ≤ k−1

||{u ∈ NG(v) : f (u) = i}|− |{u ∈ NG(v) : f (u) = j}|| ≤ 1.

k-разбиение (k ≥ 2) f ′ графа G является локально-сбалансированным с
закрытой окрестностью, если для любой вершины v ∈ V (G) и любых
0≤ i < j ≤ k−1∣∣|{u ∈ NG[v] : f ′(u) = i}|− |{u ∈ NG[v] : f ′(u) = j}|

∣∣≤ 1.

Mинимальное число k (k ≥ 2), для которого граф G имеет локально-
сбалансированное k-разбиение с открытой (закрытой) окрестностью,
называется lb-открытым (lb-закрытым) хроматическим числом G и
обозначается через χ(lb)(G) (χ[lb](G)). В работе даны оценки или определены
точные значения lb-открытого и lb-закрытого хроматических чисел
некоторых классов графов. Кроме того, рассмотрены связи lb-открытых
и lb-закрытых хроматических чисел графов с другими хроматическими
числами, такими как инъективные и 2-дистанционные хроматические числа.


