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AVERAGED CONTROLLABILITY OF THERMOELASTICITY EQUATIONS.
AVERAGE STATE OF A RECTANGULAR PLATE
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The concept of averaged controllability has been introduced relatively re-
cently aiming to analyse the controllability of systems or processes containing
some important parameters that may affect the controllability in usual sense.
The averaged controllability of various specific and abstract equations has been
studied so far. Relatively little attention has been paid to averaged controllability
of coupled systems. The averaged state of a thermoelastic rectangular plate
is studied in this paper using the well-known Green’s function approach. The
aim of the paper is to provide a theoretical background for further exact and
approximate controllability analysis of fully coupled thermoelasticity equations
which will appear elsewhere.

MSC2010: Primary: 35Q93; Secondary: 74F05.

https://doi.org/10.46991/PYSU:A/2021.55.2.123

Keywords: averaged controllability, mathematical expectation, controllabil-
ity of PDEs.

Introduction. hen dealing with controllability analysis of systems with uncer-
tain or random parameters, it is important to take into account that the steering controls
should not depend on these parameters. Looking at the usual (residual) definition of
controllability, requiring to evaluate the residue [1]

RT (u) = ||w(w0;u,T,ω)−wT || ,
where w is the system state, w0 is the initial state, u is the control, T is the required
control time, ω is a parameter, wT is a desired terminal state, it becomes obvious
that any admissible control that may ensure RT = 0 (exact controllability) or RT ≤ ε

for a pre-defined tolerance ε (approximate controllability), should depend on ω .
However, this is not feasible in the sense that the steering controls must depend only
on pre-determined data.
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In order to overcome this difficulty in the case when ω is uncertain, it has been
suggested by the prominent mathematician Enrique Zuazua in [2] to use the averaged
state

A [w] =
∫

w(·; ·, ·,ω)dω

instead of w itself. Integration goes over all possible values of ω . Thus, the residue
takes the form

Rav
T (u) = ||A [w]−wT || .

Apparently, now Rav
T does not depend on ω , so does u as well.

In the case when ω is a random variable, this difficulty is overcome, again by the
suggestion of Enrique Zuazua [3], by considering the mathematical expectation of w,

M [w] =
∫

w(·; ·, ·,ω)ρ (ω)dω,

where ρ is the probability density function of ω . The case of multiple parameters is
treated analogously.

The definition of exact and approximate controllability is given as above in
terms of Rav

T . In this case, however, in order to distinguish the difference, the property
is referred to as averaged controllability, in view of involvement of the averaged state.
Specifically, when Rav

T (u) = 0 for an admissible control u, then the system is called
averaged exactly controllable, and when Rav

T (u)≤ ε , the system is called averaged
approximate controllable. For other relevant studies see also [4–8].

The aim of the current research is to carry out averaged (exact and approximate)
controllability analysis for thermoelasticity equations in the whole three-dimsnional
space with five uniformly distributed random parameters: Lamé coefficients, density,
thermal expansion coefficient, thermal diffusivity coefficient. The heat diffusion is
controlled by a time-dependent intensity of heaters continuously distributed over
a bounded domain within the thermoelastic space. Given any initial state, finite
control time, the problem is in determination of steering controls providing a given
desired value to the mathematical expectation of the deformed state of the body.
Constructing the Green’s function solution of the governing coupled system, the
mathematical expectations of interest are evaluated in an explicit form making the
averaged controllability analysis straightforward. In this first part of the paper, we
present the average state of a thermoelastic rectangular plate, the controllability
analysis of which will appear in the second part of the paper.

Problem Statement. Consider a linear thermoelastic material occupying a
domain Ω ⊆ R3. Assume that at the undeformed state, the temperature of Ω is
everywhere 0. Assuming linear Duhamel-Neumann relations, the state of Ω is defined
as the solution of the coupled system of partial differential equations [9]

µ∇
2u+(λ +µ)graddivu= ρ

∂ 2u

∂ t2 +(3λ +2µ)et gradΘ,

κ∆Θ =
∂Θ

∂ t
−η (t)χΩη

(x) ,

(1)
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where u is point displacement and Θ is the temperature of Ω, λ and µ are the Lamé
coefficients, et is the thermal extension coefficient, ρ is the density, κ is the thermal
diffusivity of the material, η is the intensity and Ωη ⊆Ω is the spatial distribution of
the heaters. The operators ∇, ∆, grad and div are defined as usual, χΩη

is the indicator
function of Ωη . The intensity of the heaters, η , is considered to be controllable.
Hereinafter, it is assumed that η ∈A=

{
η ∈ L2 [0,T ] , |η | ≤ η0, supp(η)⊆ [0,T ]

}
.

In case when Ω is bounded, its sufficiently smooth boundary ∂Ω is assumed
to be rigidly fixed and subjected to a known temperature, leading to the boundary
conditions

u= 0, Θ = 0, x ∈ ∂Ω, t ∈ R+. (2)

The initial state at t = 0 is given by

u= u0,
∂u

∂ t
= u1, Θ = Θ0, t = 0, x ∈Ω. (3)

Assuming that the material characteristics, i.e. λ , µ , et , ρ , and κ are uniformly
distributed, independent random variables, the problem is to study the averaged (exact
and approximate) controllability of (1) within a finite amount of time. Specifically,
given any initial state (u0,Θ0) and a control time T > 0, describe the set of resolving
controls providing

Rav
T (η) = ||M5 [u] (x,T )−uT (x)||2L2(Ω)+ ||M1 [Θ] (x,T )−ΘT (x)||2L2(Ω) . (4)

Here, (uT ,ΘT )∈ L2 (Ω) is the desired terminal state to be achieved. Corresponding to
argument, M5 [u] is a three-component vector, while M1 [Θ] is a scalar. The subscript
of the expectation symbol indicates on how many of the random variables the argument
(i.e. u or Θ) depends. Evidently, u depends on all 5 random parameters, while Θ

depends only on κ .
Under the additional assumption that the Poisson’s ratio ν accepts approxi-

mately same value for almost all isotropic materials, it is possible to reduce the
number of parameters to 4. Indeed, since

λ =
ν

(1+ν)(1−2ν)
E, µ =

1
2(1+ν)

E,

where E is the Young’s modulus, E can be considered as a random variable instead
of the couple (λ ,µ). Nonetheless, for the sake of generality, hereinafter, the case of
random λ and µ is considered.

The Green’s Function Solution of (1). For the sake of simplicity, let µ = ω1,
λ = ω2, ρ = ω3, et = ω4, and κ = ω5, and denote ω = {ωi}5

i=1. Let ω be constrained
in a rectangular box, i.e. ω0 ≤ω ≤ω1, where ω0,ω1 ∈R5

+ are given constant vectors.
In order to determine the expectations M5 [u] and M1 [Θ] entering into (4) in terms
of the random parameters, it is convenient to use the Green’s function solution of
(1)–(3). Since the second equation in (1) is merely for Θ, its solution is represented as
follows [10]:

Θ(x, t;ω5) =
∫
Ω

t∫
0

GΘ (x,ξ, t− τ;ω5)
[
Θ0 (ξ)δ (τ)+η (τ)χΩη

(ξ)
]

dξdτ. (5)
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Here δ is the Dirac function,

GΘ (x,ξ, t;ω5) = GΘ1 (x1,ξ1, t;ω5)GΘ2 (x2,ξ2, t;ω5)GΘ3 (x3,ξ3, t;ω5) ,

where x= (x1 x2 x3), ξ = (ξ1 ξ2 ξ3) and GΘi are the Green’s functions of the
corresponding one-dimensional boundary-value problems.

In order to determine the Green’s function representation for u, notice that in
view of absence of body forces and that the linear Duhamel–Neumann relations are
accepted excluding rotations, there exist a scalar function Φ such that

u= gradΦ in Ω. (6)

Moreover, Φ describes the waves of extension and satisfies the wave equation

2ω1 +ω2

ω3
∆Φ =

∂ 2Φ

∂ t2 +
2ω1 +3ω2

ω3
ω4Θ, (7)

subject to the boundary condition (cf. (2))

gradΦ = 0, x ∈ ∂Ω, t ∈ R+, (8)

and the initial conditions (cf. (3))

Φ = Φ0,
∂Φ

∂ t
= Φ1, t = 0, x ∈Ω, (9)

where up = gradΦp, p = 0,1.
It is well-known that the solution of (7)–(9) is determined in terms of the

Green’s function as follows [10]:

Φ(x, t;ω) =
∫
Ω

t∫
0

GΦ (x,ξ, t− τ; ω̂)
[

Φ0 (ξ) δ̇ (τ)+Φ1 (ξ)δ (τ)

+(2ω1 +3ω2)
ω4

ω3
Θ(ξ,τ;ω5)

]
dξdτ,

(10)

where ω̂ =
{

ωi
}3

i=1. Once Φ is determined, the displacement field u is evaluated
accoring to (6).

The Case of Rectangular Parallelepiped. Green’s function for one-, two- and
three-dimensional heat and wave equations for bounded and unbounded Ω and for
various initial/boundary conditions can be found in the handbook [10]. For example,
when Ω =

{
x ∈ R3, 0≤ xi ≤ li, i = 1,2,3

}
is a rectangular parallelepiped, then [10]

GΘ (x,ξ, t;ω5) =
3

∏
i=1

2
li

∞

∑
n=1

ϕni (xi)ϕni (ξi)exp
[
−ω5λ

2
nit
]
, ϕni (xi) = sin(λnixi) ,

and

GΦ (x,ξ, t; ω̂) =
1

l1l2l3

[
t +
√

ω3

2ω1 +ω2

×
∞

∑
n1,n2,n3=0

αn1αn2αn3

σn1n2n3

sin
(

σn1n2n3

√
2ω1 +ω2

ω3
t
) 3

∏
i=1

ψni (xi)ψni (ξi)

]
,



AVERAGED CONTROLLABILITY OF THERMOELASTICITY EQUATIONS. . . 127

αni =

{
1, ni = 0,
2, ni ≥ 1,

σn1n2n3 =
√

ν2
n1
+ν2

n2 +ν2
n3,

λni =
πn
li
, νni =

πni

li
, ψni (xi) = cos(λnixi) .

Determination of the Averaged State. In view of the obvious relation

M5 [u] = gradM5 [Φ] ,

the expectation M5 [Φ] will be evaluated below. Taking into account that both M5 and
M1 are invariant with respect to the integral integral sign, it is obtained

M5 [Φ] (x, t) =
∫
Ω

t∫
0

[
M3 [GΦ] (x,ξ, t− τ)

[
Φ0 (ξ) δ̇ (τ)+Φ1 (ξ)δ (τ)

]

+M5

[
(2ω1 +3ω2)

ω4

ω3
GΦΘ

]
(x,ξ, t,τ)

]
dξdτ;

(11)

M1 [Θ] (x, t) =
∫
Ω

t∫
0

M1 [GΘ] (x,ξ, t− τ)
[
Θ0 (ξ)δ (τ)+η (τ)χΩη

(ξ)
]

dξdτ. (12)

Since ωi, i = 1, . . . ,5, are uniformly distributed random variables and GΘ depends
only on ω5, then

M1 [GΘ] (x,ξ, t) =
1

ω51−ω50

ω51∫
ω50

GΘ (x,ξ, t;ω5)dω5, (13)

On the other hand,

M3 [GΦ] (x,ξ, t) =
1

A3

ω̂1∫
ω̂0

GΦ (x,ξ, t; ω̂)dω̂, (14)

M5 [GΦ] (x,ξ, t) =
1

A5

ω1∫
ω0

(2ω1 +3ω2)
ω4

ω3
GΦ (x,ξ, t; ω̂)Θ(ξ,τ;ω5)dω, (15)

where ω̂p = {ωpi}3
i=1, p = 0,1,

A3 = (ω11−ω10)(ω21−ω20)(ω31−ω30) ,

A5 = A3 (ω41−ω40)(ω51−ω50) .

A Particular Case. In particular, in the case considered in Section , straightfor-
ward integration in (13) and (14) provides

M1 [GΘ] (x,ξ, t) =
3

∏
i=1

2
li

∞

∑
n=1

exp
[
−ω51λ 2

nit
]
− exp

[
−ω50λ 2

nit
]

λ 2
nit (ω51−ω50)

ϕni (xi)ϕni (ξi) .

M3 [GΦ] (x,ξ, t) =
t

l1l2l3
+

1
Al1l2l3

∞

∑
n1,n2,n3=0

αn1αn2αn3

σn1n2n3

In1n2n3 (t)
3

∏
i=1

ψni (xi)ψni (ξi) ,
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where

In1n2n3 (t) =
ω̂1∫

ω̂0

√
ω3

2ω1 +ω2
sin
(

σn1n2n3

√
2ω1 +ω2

ω3
t
)

dω̂.

Note that M5

[
(2ω1 +3ω2)

ω4

ω3
GΦΘ

]
is evaluated similarly. Its final form is of

burdensome length and is not brought here. Note only that as a result of
integration with respect to ω, the following quantity arises:

Jnn1n2n3 (t) =
ω1∫

ω0

(2ω1 +3ω2)
ω4

ω3

√
ω3

2ω1 +ω2
sin
(

σn1n2n3

√
2ω1 +ω2

ω3
t
)

× exp
[
−ω5λ

2
nit
]

dω.

The integrals In1n2n3 and Jnn1n2n3 can be obtained explicitly. The definite integral
in In1n2n3 is evaluated as follows:∫ √

ω3

2ω1 +ω2
sin
(√

2ω1 +ω2

ω3
σt
)

dω̂

=
1

36σ3t3

[
− (2ω1 +ω2)

3
σ

6t6 Ci
(√

2ω1 +ω2

ω3
σt
)

+σt
√

(2ω1 +ω2)ω3

[(
(2ω1 +ω2)σ

2t2−ω3
)2

+23ω
2
3

]
sin
(√

2ω1 +ω2

ω3
σt
)

+ω3

[(
(2ω1 +ω2)σ

2t2−3ω3
)2−33ω

2
3

]
cos
(√

2ω1 +ω2

ω3
σt
)]

,

where Ci is the integral cosine.
When evaluating the definite integral in Jnn1n2n3 , it is easy to see that the inte-

grand is linear in ω4 and exponential in ω5. The difficult part is in integrating with
respect to ω̂. Eventually, the integral is evaluated as follows:∫

(2ω1 +3ω2)
ω4

ω3

√
ω3

2ω1 +ω2
sin
(

σ

√
2ω1 +ω2

ω3
t
)

exp
[
−ω5λ

2t
]

dω

=−
ω2

4 exp
[
−ω5λ 2t

]
12λσ5t6

[
f1 (t; ω̂)cos

(√
2ω1 +ω2

ω3
σt
)

+ f2 (t,ω1,ω2)Ci
(√

2ω1 +ω2

ω3
σt
)
− f3 (t; ω̂)sin

(√
2ω1 +ω2

ω3
σt
)]

,

where

f1 (t; ω̂) = ω3
(
σ

4t4 (2ω1 +ω2)(2ω1−5ω2)−6σ
2t2 (10ω1 +7ω2)ω3 +96ω

2
3
)
,

f2 (t;ω1,ω2) = σ
6t6 (2ω1 +ω2)

2 (2ω1−5ω2) ,

f3 (t; ω̂) = σt
√

(2ω1 +ω2)ω3

×
(
σ

4t4 (2ω1 +ω2)(2ω1−5ω2)−2σ
2t2 (2ω1−5ω2)ω3−96ω

2
3
)
.
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Conclusion. Various types of controllability has been introduced to study
possibilities of providing required states for systems and processes in some broad or
narrow sense. At that, a special attention is paid to the sensitivity of the controllability
with respect to characteristic parameters of the system or process under study.

In this paper, we derive the averaged state of a rectangular, linear thermoelastic
plate heated by an external heat source with given location and controllable intensity.
The averaging parameters are the Lamé coefficients, density, thermal expansion
coefficient and thermal diffusivity of the plate. Using the well-known Green’s function
approach developed in [1], the dependence of the average state on parameter values is
made explicit, simplifying the average controllability analysis much further.

Future work will include the study of exact and approximate controllability of
the plate and will appear elsewhere.
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JERMAA�A�GAKANOW�YAN HAVASAROWMNERI MIJINACVA


�EKAVARELIOW�YOWN�:

OW��ANKYOWN SALI MIJINACVA
 VI�AK�

Mijinacva� �ekavareliow�yown�, or� sahmanvel � hamematabar

verjers, bnow�agrowm � hamakargi kam procesi �ekavareliow�yownn �st

kar or parametreri, oronq karo� en azdel sovorakan imastov �ekava-

reliow�yan vra: Min� ay�m owsowmnasirvel en taratesak masnavor  

abstrakt havasarowmneri mijinacva� �ekavareliow�yown�: Hamemata-

bar qi� ow�adrow�yan � ar�anacel kapakcva� hamakargeri mijinacva�

�ekavareliow�yown�: Ays a�xatanqowm, �gtagor�elov haytni Grini fownk-

ciayi e�anak�, owsowmnasirvowm � jermaa�a�gakan ow��ankyown sali miji-

nacva� vi�ak�: Hodva�i npatak� jermaa�a�gakan kapakcva� hama-

kargi ��grit  gre�e �ekavareliow�yan hetaga hetazotman hamar

tesakan bavarar himq ste��eln �, or� knerkayacvi hetaga a�xatanq-

nerowm:

С. А. ДЖИЛАВЯН, Ас. Ж. ХУРШУДЯН

УСРЕДНЕННАЯ УПРАВЛЯЕМОСТЬ УРАВНЕНИЙ ТЕРМОУПРУГОСТИ.
УСРЕДНЕННОЕ СОСТОЯНИЕ ПРЯМОУГОЛЬНОЙ ПЛАСТИНКИ

Понятие усредненной управляемости было введено относительно не-
давно с целью анализа управляемости систем или процессов, содержащих
некоторые важные параметры, которые могут влиять на управляемость
в обычном смысле. До сих пор изучалась усредненная управляемость
различных конкретных и абстрактных уравнений. Относительно мало
внимания уделяется усредненной управляемости связанных систем.
В данной работе изучается усредненное состояние термоупругой прямо-
угольной пластинки с использованием известного подхода – функции Грина.
Цель статьи – построить теоретическую основу для дальнейшего точного
и приближенного анализа управляемости полностью связанных уравнений
термоупругости, результаты которого будут опубликованы в дальнейшем.


