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AVERAGED CONTROLLABILITY OF THERMOELASTICITY EQUATIONS.
AVERAGE STATE OF A RECTANGULAR PLATE
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The concept of averaged controllability has been introduced relatively re-
cently aiming to analyse the controllability of systems or processes containing
some important parameters that may affect the controllability in usual sense.
The averaged controllability of various specific and abstract equations has been
studied so far. Relatively little attention has been paid to averaged controllability
of coupled systems. The averaged state of a thermoelastic rectangular plate
is studied in this paper using the well-known Green’s function approach. The
aim of the paper is to provide a theoretical background for further exact and
approximate controllability analysis of fully coupled thermoelasticity equations
which will appear elsewhere.
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Introduction. hen dealing with controllability analysis of systems with uncer-
tain or random parameters, it is important to take into account that the steering controls
should not depend on these parameters. Looking at the usual (residual) definition of
controllability, requiring to evaluate the residue [1]

Ry (u) = [[w (wo;u, T, @) —wr||,

where w is the system state, wy is the initial state, u is the control, T is the required
control time, @ is a parameter, wr is a desired terminal state, it becomes obvious
that any admissible control that may ensure Ry = 0 (exact controllability) or Ry < €
for a pre-defined tolerance € (approximate controllability), should depend on ®.
However, this is not feasible in the sense that the steering controls must depend only
on pre-determined data.
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In order to overcome this difficulty in the case when @ is uncertain, it has been
suggested by the prominent mathematician Enrique Zuazua in [2] to use the averaged
state

Alw] :/w(-;-,-,a))da)

instead of w itself. Integration goes over all possible values of @. Thus, the residue
takes the form

Ry (u) = ||A[w] —wr].

Apparently, now R$” does not depend on @, so does u as well.
In the case when @ is a random variable, this difficulty is overcome, again by the
suggestion of Enrique Zuazua [3], by considering the mathematical expectation of w,

Ml = [w (5 0)p (@) do,

where p is the probability density function of ®. The case of multiple parameters is
treated analogously.

The definition of exact and approximate controllability is given as above in
terms of R¢”. In this case, however, in order to distinguish the difference, the property
is referred to as averaged controllability, in view of involvement of the averaged state.
Specifically, when R%" («) = O for an admissible control u, then the system is called
averaged exactly controllable, and when R’ (1) < €, the system is called averaged
approximate controllable. For other relevant studies see also [4—8].

The aim of the current research is to carry out averaged (exact and approximate)
controllability analysis for thermoelasticity equations in the whole three-dimsnional
space with five uniformly distributed random parameters: Lamé coefficients, density,
thermal expansion coefficient, thermal diffusivity coefficient. The heat diffusion is
controlled by a time-dependent intensity of heaters continuously distributed over
a bounded domain within the thermoelastic space. Given any initial state, finite
control time, the problem is in determination of steering controls providing a given
desired value to the mathematical expectation of the deformed state of the body.
Constructing the Green’s function solution of the governing coupled system, the
mathematical expectations of interest are evaluated in an explicit form making the
averaged controllability analysis straightforward. In this first part of the paper, we
present the average state of a thermoelastic rectangular plate, the controllability
analysis of which will appear in the second part of the paper.

Problem Statement. Consider a linear thermoelastic material occupying a
domain Q C R3. Assume that at the undeformed state, the temperature of Q is
everywhere 0. Assuming linear Duhamel-Neumann relations, the state of Q is defined
as the solution of the coupled system of partial differential equations [9]

52
uVu+ (A +u) graddivu = p v, (3L +2u) e, grad ®,

Era
20 (1)
KA® = o7 —n(t) xa, (x),



AVERAGED CONTROLLABILITY OF THERMOELASTICITY EQUATIONS... 125

where w is point displacement and @ is the temperature of Q, A and u are the Lamé
coefficients, e; is the thermal extension coefficient, p is the density, k is the thermal
diffusivity of the material, 7 is the intensity and Q, C Q is the spatial distribution of
the heaters. The operators V, A, grad and div are defined as usual, Yo, is the indicator
function of Q. The intensity of the heaters, 1, is considered to be controllable.
Hereinafter, it is assumed that N € A = {n € L*[0,T], |n| < no, supp(n) € [0,T]}.

In case when Q is bounded, its sufficiently smooth boundary d€ is assumed
to be rigidly fixed and subjected to a known temperature, leading to the boundary
conditions

u=0, 0=0, z€dQ, t€R,. 2)
The initial state at = 0 is given by
d
u = ug, ait‘:ul, ©=0), t=0, Q. 3)

Assuming that the material characteristics, i.e. A, U, e;, p, and K are uniformly
distributed, independent random variables, the problem is to study the averaged (exact
and approximate) controllability of (1) within a finite amount of time. Specifically,
given any initial state (g, ®y) and a control time 7' > 0, describe the set of resolving
controls providing

R () = [|Ms[u] (2,T) —ur (@)||j2q) + M1 [€] (2,T) = Or (2)|[f2i0)- @)

Here, (ur,®7) € L* (Q) is the desired terminal state to be achieved. Corresponding to
argument, M [u] is a three-component vector, while M [@] is a scalar. The subscript
of the expectation symbol indicates on how many of the random variables the argument
(i.e. u or ®) depends. Evidently, u depends on all 5 random parameters, while ®
depends only on .

Under the additional assumption that the Poisson’s ratio v accepts approxi-
mately same value for almost all isotropic materials, it is possible to reduce the
number of parameters to 4. Indeed, since

v 1
(1+v)(1 —2v)E’ H= 2(1 +v)E’
where E is the Young’s modulus, E can be considered as a random variable instead
of the couple (A4, ). Nonetheless, for the sake of generality, hereinafter, the case of
random A and u is considered.

The Green’s Function Solution of (1). For the sake of simplicity, let 4 = @,
A=, p=ms,e = 0y, and K = s, and denote w = {w,-}le. Let w be constrained
in a rectangular box, i.e. wy < w < wy, where wy,w; € Ri are given constant vectors.
In order to determine the expectations Ms [u] and M [@] entering into (4) in terms
of the random parameters, it is convenient to use the Green’s function solution of
(1)-(3). Since the second equation in (1) is merely for @, its solution is represented as
follows [10]:

0 (w,1,05) = [ [ Golw.&.1—7:05)[00(€) 6(1) +1 () 70, (O)] dede.  (5)
0

Q
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Here 0 is the Dirac function,
Ge (x,£,1;05) = Goy (x1,61,1;5) Gy (x2,62,1; 5) Ges (x3,63,1; ws)

wherex = (x; x2 x3),&€=(& & &) and G, are the Green’s functions of the
corresponding one-dimensional boundary-value problems.

In order to determine the Green’s function representation for u, notice that in
view of absence of body forces and that the linear Duhamel-Neumann relations are
accepted excluding rotations, there exist a scalar function & such that

u=grad® in Q. (6)
Moreover, @ describes the waves of extension and satisfies the wave equation
20 ’® 2w +3
LT 02\ g 00 20T )6 %)
w3 or? s
subject to the boundary condition (cf. (2))
grad® =0, £ €dQ, reR,, (8)
and the initial conditions (cf. (3))
0P
D =P, chbl, t=0, xe€Q, 9)

where u), = grad®,, p =0, 1.
It is well-known that the solution of (7)—(9) is determined in terms of the
Green’s function as follows [10]:

t
®(atiw) = [ [ Gole.&r-7i6) [20(©)8 (1) + 21 (€5 (1)
Q0 (10)
)
+ (2w +3m) @4@(5, r;a)s)} dédr,
where & = {w,-}?zl. Once @ is determined, the displacement field w is evaluated
accoring to (6).

The Case of Rectangular Parallelepiped. Green’s function for one-, two- and
three-dimensional heat and wave equations for bounded and unbounded Q and for
various initial/boundary conditions can be found in the handbook [10]. For example,
when Q = {@ € R?, 0 <x; <1l;, i =1,2,3} is a rectangular parallelepiped, then [10]

3 2= .
Go (@,&,5;05) = [[+ X 0ui (xi) @ui (&) exp [—@sAnt], @i (x:) = sin (Auixi),
i=1 bi p=
and
oy L [ @3
Go (w7£7t7w) - Ll I+ 201 + o

9

o Oy Oy Ol 201+ )\ £
% Z Zm MmN Gn <0n1n2n3 \/7t> H W, (1) W, (&)
ny,ny,n3=0 Gn1”2”3 (0] i=1
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1, n; = 0, /
— 2
o = O, = 5 —|—V + vV
n; {27 i> 17 ninyn3 n2 n37

nn n;
/lni = T) vn,- == Tla ll/n,- (-xi) = COS (A'nixi) .
1 4
Determination of the Averaged State. In view of the obvious relation
Ms [u] = grad M [®],

the expectation M [®] will be evaluated below. Taking into account that both Ms and
M are invariant with respect to the integral integral sign, it is obtained

cb](sc,r)://
Q0

()
+M5 |:(2(01 + 30)2) a)zG¢®:| (m7£7t7 T)

M [Go) (2,&,1 — 7) [0 () 6 (1) + @1 (£) 6 (7)]

(1)
dédr;

M, (O] (z,1) = / / M [Ge] (x,&,1— 1) [0 (£) § (T) +1 (T) X, (£)] dédr. (12)
Q0

Since w;, i = 1,...,5, are uniformly distributed random variables and Gg depends
only on s, then
s

1
M, [Gel (@,£.1) = “Mw/ Go (@.£.1:05) dos, (13)
On the other hand,
M [Go) (m,£,1) = /ch (@, €,1;0) d> (14)
M [G ](mgt)—17(2w 1 300) PGy (2.6,1:0)0 (¢, T 05)dw, (15
5 (3] 'S _Ajw 1 s (03] Qo b s by s )

where &, = {@,i},_,, p=0,1,
Az = (011 — @10) (W21 — (o) (W31 — B30)
As = A3 (041 — @49) (051 — @sp) -
A Particular Case. In particular, in the case considered in Section , straightfor-
ward integration in (13) and (14) provides
32 & exp| a)51/l 1] —exp [—wsoA 2]

M [Ge] (,&,t) = 1:[ Z At (51 — wso)

¢ 1 > oy, O, O 2
Mlmnzm )H Yo (xi) Wi (él) ’
i=1

Oni (Xi) @i (&) -

M;[Go] (z,€,t) =

hibly ~ Ahbly, ™= Onnns
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2(01 + (02 N
n1nzn3 2601 —|—(1)2 Sln Gﬂlnzn% d

Q.
Note that M5 | (20 +3@) éGq)@ is evaluated similarly. Its final form is of

where

burdensome length and is not brought here. Note only that as a result of
integration with respect to w, the following quantity arises:

wy
oy [ s . 1201 4 an
Jnn|n2n3 ([) = /(20)1 + 30)2) a m S <Gn|n2n3 (1)3[>
wo

x exp [~ wsAkt] dw
The integrals I, 5,; and Jun,n,n; can be obtained explicitly. The definite integral
in I, 5,0, is evaluated as follows:

/\/ : <\/2w1+a>z ) A
—— ot |dw
26014-602 3
201+ o
3 66 1
W[ (201 + @) o Ci <\/Tf”>
2.2 2 51 . 20 + an
(2w1+wz)w3[((2w1+wz)6t — ) +23a)3}s1n (\/Tm>
2
(20 e -] 2|

where Ci is the integral cosine.

When evaluating the definite integral in Jy,, n,,, it is €asy to see that the inte-
grand is linear in @4 and exponential in @s. The difficult part is in integrating with
respect to w. Eventually, the integral is evaluated as follows:

3 201 4+ w 2
20, +3 —— gsin| o t> exp | —wsAt| dw
/( 1 wz)wﬂ/Zler(oz (\/ s p[—wsA’t]
_ wjexp [—osA’t] . 2w, + a»
= A5 f1(t;@)cos S ot
(o wz)c1<,/2“’1+a’2m> 7 (z-w)sin<,/2wl+a’zoz>
2 bl ) - - 3 ’ - )
: o3 o3
where

fi(t:@) = w3 (o 201 + @) (201 — 5@r) —6671% (100 +Tan) @3 + 9603 ) ,
fr(t; 01, @) = 6%° 2w; + ) (20, —50),

f(t;0) = ot/ (201 + @) o3
x (o't 201 + @) (201 —50,) — 20671 (201 — 50n) @3 — 963 .
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Conclusion. Various types of controllability has been introduced to study
possibilities of providing required states for systems and processes in some broad or
narrow sense. At that, a special attention is paid to the sensitivity of the controllability
with respect to characteristic parameters of the system or process under study.

In this paper, we derive the averaged state of a rectangular, linear thermoelastic
plate heated by an external heat source with given location and controllable intensity.
The averaging parameters are the Lamé coefficients, density, thermal expansion
coefficient and thermal diffusivity of the plate. Using the well-known Green’s function
approach developed in [1], the dependence of the average state on parameter values is
made explicit, simplifying the average controllability analysis much further.

Future work will include the study of exact and approximate controllability of
the plate and will appear elsewhere.
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U. \. 9hIUJ3UL, Wu. d. NFPSNFE8UWL

QEMUTUUNTQGUHUUTLNFE-8TL NUJUUUCNFULEMD UPQPLUSJIUO
N EUUJUCELPNFE-8NFLL:
NFMAUYLU3NFL UULh UPQPLUSJUG Jbhsuur

Uhohtmugwd ntjujwuptihmpiniip, npp vwhdwiytp £ hwdbdugpupun
ytipetinu, pnipwgpnid £ hwdwwpgh Jud wpngtuh nbjujupbihnigeyniad pugp
Juplnp wupwdtipptph, npnbp upnn &b wqnb unynpujut hdwugpny nEljujw-
phjhnpjubt Jpw: Uhls wydd mumibwuhpdtp G qpupupbtivul dwubuygnp b
wpuppuipp hwjuwuwpmdbtiph Jhohtwgwd ntuuptjhnggymbn: Swibdwgu-
puwn phs npwnpnipjuwd £ wupdwiwgt juuyulgqud hwdwlwpgtinh dhohtwgywd
ntujwuntihnpynon: Wu wphiupuwbpnd, oqupugnpdbny hwyypptth Gphioh $mby-
ghwyh tnubwlp, nuntibwuhpynud £ oipdwwunwaqujut ninnublyynit uwh dhop-
Owgywd Jhdwlp: Snpuwdh byquypuiyp sbpduwnwaqujud juuyulgjud hundw-
Jupgh 62gphyp b gpbpt nbudupbihnpjut htpuqu htppugnpdwt hwdwp
nhuwyub pwjuwpup hhdp uyptindt b &, npp jotpjuyugyh hiipugu wphawgpuip-
Otipnud:

C. A. JIZKINJIABAH, Ac. 2K. XYPIIVIAH

YCPEJITHEHHA4 VIIPAB/JISIEMOCTH YPABHEHUII TEPMOYIIPYTOCTH.
YCPEJHEHHOE COCTOSHUE TPAMOYT'OJIBHOUW IIJTACTUHKU

[TousTue ycpemHeHHOR yIIPaB/IsieMOCTH OBLIO BBEJIEHO OTHOCUTE/IHHO He-
JaBHO C IIeJIbI0 aHAJIN3a YIIPABJISIEMOCTA CUCTEM UJIN IIPOIIECCOB, COMAEPIKAITIX
HEKOTOPbIE BaKHbIE IIapaMeTpPbl, KOTOPblE MOI'YT BJIUATH Ha YIPABJILEMOCTH
B 0oObruHOM cMmbiciie. Jlo cux mop m3ydasach yCpPeIHEHHAsl YIIPABJISIEMOCTh
PA3JINYHBIX KOHKPETHBIX U a0CTPAaKTHBIX ypaBHeHHil. OTHOCHUTEJHHO MAJIO
BHUMAHUS YJIEJSETCs YCPEIHEHHOU YIPaBJISEMOCTA CBA3aHHBIX CHCTEM.
B nannoit pabore n3ydaercss yCpeIHEHHOE COCTOSHUE TEPMOYIIPYTO IIPSMO-
YTOJIBHOM MJIACTUHKY C UCIIOJIL30BAHUEM U3BECTHOrO 01x0/1a — hyHukiun ['puna.
Hesib craTbi — MOCTPOUTH TEOPETUYECKYIO OCHOBY [IJIsl JAJILHEHINEro TOYHOTO
U IpUOJIM2KEHHOTO aHAJIN3a YIIPABJISIEMOCTH ITOJTHOCTHIO CBA3AHHBIX YPAaBHEHUN
TEPMOYIPYT'OCTU, PEIYILTATHI KOTOPOTO OYJIyT OIyOJIMKOBAHBI B JAJILHEHIIIEM.



