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ON INTERVAL EDGE-COLORINGS OF COMPLETE
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A graph G is called a complete r-partite (r > 2) graph, if its vertices can be
divided into r non-empty independent sets Vi, ..., V, in a way that each vertex
in V; is adjacent to all the other vertices in V; for 1 <i < j <r. Let K, 5.0,
denote a complete r-partite graph with independent sets Vi, Vs, ..., V, of sizes
ni,ny,...,n.. Anedge-coloring of a graph G with colors 1,2,...,¢ is called an
interval t-coloring, if all colors are used and the colors of edges incident to each
vertex of G are distinct and form an interval of integers.

In this paper we have obtained some results on the existence and construction
of interval edge-colorings of complete r-partite graphs. Moreover, we have also
derived an upper bound on the number of colors in interval colorings of complete
multipartite graphs.
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Introduction. A proper edge-coloring of a graph G is a mapping o : E(G) — N,
such that for every pair of adjacent edges e,¢’ € E(G), a(e) # a(e). A proper edge-
coloring of a graph G with colors 1,2,...,¢ is called an interval t-coloring, if all
colors are used and the colors of edges incident to each vertex of G form an interval
of integers. A graph G is interval colorable, if it has an interval t-coloring for some
positive integer 7. For interval colorable graphs, let W (G) be the largest value of 7 for
which G has an interval f-coloring.

In 1987 Asratian and Kamalian [1] introduced the concept of interval edge-
coloring of graphs. In [2] Kamalian investigated interval edge-colorings of complete
bipartite graphs and trees. Later, for general graphs, in [3] Kamalian obtained an upper
bound on W(G).

In [4] Petrosyan investigated interval edge-colorings of complete graphs
and hypercubes. Later, in [5] authors improved the results for hypercubes. In [6]

* E-mail: levonmuradyanlevon@gmail . com


https://doi.org/10.46991/PYSU:A/2022.56.1.019
levonmuradyanlevon@gmail.com

20 L.N. MURADYAN

Khachatrian and Petrosyan improved lower and upper bounds for the number of colors
of interval edge-colorings of complete graphs. In [7, 8] authors obtained some results
on interval edge-colorings of complete 3-partite graphs. In [9] Petrosyan investigated
interval edge-colorings of complete balanced multipartite graphs. In [10] Axenovich
investigated interval edge-colorings of planar graphs. Recently, in [11] Sahakyan and
Muradyan investigated interval edge-colorings of even block graphs.

There are also some results showing NP-completeness of problems on the
existance of interval colorings. For example, in [12] Sevast’janov proved that it is
a NP-complete problem to decide whether a bipartite graph has an interval coloring
or not. Recently, in [13] Sahakyan and Muradyan proved that it is a NP-complete
problem to decide whether complete or complete bipartite graphs have an interval
coloring or not when there are restrictions on the edges, and the edge-coloring should
satisfy those restrictions.

Notation, Definitions and Auxiliary Results. All graphs considered in this
paper are undirected, finite, and have no loops or multiple edges. For an undirected
graph G, let V(G) and E(G) denote the sets of vertices and edges of G, respectively.
The degree of a vertex v € V(G) is denoted by dg(v). The maximum degree of G is
denoted by A(G). Not defined terms and concepts can be found in [14].

A graph G is called a complete r-partite (» > 2) graph, if its vertices can be
divided into r non-empty independent sets V,...,V, such that each vertex in V; is
adjacent to all the other vertices in V; for 1 <i< j<r.

A proper edge-coloring of a graph G is a mapping « : E(G) — N, such that
for every pair of adjacent edges e,e¢’ € E(G), a(e) # a(e’). A proper edge-coloring
of a graph G with colors 1,2,...,¢ is called an interval t-coloring, if all colors are
used and the colors of edges incident to each vertex of G form an interval of integers.
A graph G is interval colorable, if it has an interval ¢-coloring for some positive
integer ¢. Let 91 is the set of all interval colorable graphs.

Fig. 1. The complete 3-partite graph K> 5 4 with its interval coloring ¢ and
LSE(V(K2p4),0) = (1,1,1,1,1,1,1,1).

For a graph G, let w(G) and W(G) be the smallest and largest values of ¢,
for which G has an interval 7-coloring, respectively.
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An ordered sequence of non negative integers L = (I;,1,...,l) is called a
continuous sequence, if it contains all integers between the smallest and largest
elements of L.

Let o be an interval edge-coloring of G and v be a vertex in G. Then the
set of colors of edges incident to v is called the spectrum of a vertex v and denoted
by S(v,o). The smallest and largest colors of S(v, o) are denoted by S(v, ) and

S(v,a), respectively. Let V/ = {vy,...,»} € V(G). Let us define ordered sequence
LSE(V',a) (Lower Spectral Edge) example shown in Fig. 1 in the following way:

LSE(V,a (X) = (§(Vi1 y a),Q(Viza (X), e ag(viky a))a
where S(v;,, o) < S(vj,,,a) for 1 <1 <k.
In [3] Kamalian proved the following for general graphs:
Theorem 1. If G is a connected graph with at least two vertices and G € 1},

then
W(G) <2|V(G)|-3.

In this paper we improve this upper bound for complete multipartite graphs.
In 2012 Petrosyan [9] obtained the following result:

Theorem 2. If K, , is a complete balanced k-partite graph, then
K, . € Nifand only if nk is even. Moreover, if nk is even, then w(K,,.. ,) =n(k—1)

3
and W (K, . ) > <2k— 1) n—1.
In [7] Grzesik and Khachatrian obtained the following result on interval
colorings of complete 3-partite graphs:
Theorem 3. Foranyl,meN, K 14m €N
In [7] authors also posed the following conjecture:

Conjecture 1. The graph K; , ,, where | <m < n and n > 1+ m is interval
colorable if and only if the graph Kj ; n—i—m is interval colorable.

In [15] Tepanyan and Petrosyan obtained the following lemma for complete
bipartite graphs, which we will use later in the proof of our results.

Lemma 1. IfK,, is a complete bipartite graph with bipartition (U,V ), then
for any continuous sequence L with length n, K, , has an interval coloring & such that
LSE(U,a) =LSE(V,) = L.

Main Results. Let us begin with an upper bound on W(G) for complete
multipartite graphs.

Theorem 4. IfK,, ,, . n isacomplete r-partite graph withny >np > ... >
ny (r>2)and Ky, n,...n, €N, then

,
W(Knl,nz-,»---,m) < 22”1’ —n,—n_1— 1.
i=1
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Let o be an interval W (G)-coloring of G. Also let v € Vj, (for some 1 <ip <r)
be a vertex such that S(v,a) = 1. By the definition of the spectrum of the vertex,
we have

S,a)=S(v,a)+dg(v)—1=1+ Zn,- —nj,— 1= Z”f — 1.
i=1 i=1
Let us consider an arbitrary vertex u € Vj,, where 1 < jo < r and iy # jo.
Since (v,u) € E(G), we can note that S(u, &) < S(v, ) and by that inequality, we can
give the following upper bound for S(u, @):
S(u,a) =S(u, ) +dg(u) —1 < S(v,a) +dg(u) —1 <
r r r
< Zni—niO—I—Zni—njo —1< ZZni—niO —nj, — 1<
i=1 i=1 '
.
< ZZni—nr—nr_l —1.
i=1
Let us consider an arbitrary vertex v/ € V;,. By definition of the spectrum of the
vertex, we get the following upper bound for S(v/, &t):

.
SOWV,a) < max S(u,a) =maxS(u,o0) <2y nj—n,—n,_1 —1.
0o, max So) = maSna) <2 1
r
Since for each vertex v € V(G), S(v,a) < ZZni —n, —n,_1 — 1, taking into
i=1
account that W (G) = max S(v, @), we obtain

veV(G)
,

W(G) = max S(v,a) <2Y mi—ny—npy — 1.
(G) = max S(v.0) < ;n ny =y

O

Let us note that Theorem 4 improves an upper bound in Theorem 1 for complete

multipartite graphs (for example, when n,_; > 2). Let us try to find a tight example
for complete balanced r-partite graphs G, using Theorem 2:

3
<2r—1>n—1§W(G) <2nr—n—n-—1,

(;r—1>n—1:2nr—n—n—l,

5nr—n—1:2nr—2n—1,

nr
n——_—.

From this equality, it follows that equation occurs when r = 2. We think that
this upper bound become equality if and only if » = 2 and can be improved for the
remaining cases.

Let us continue with the result about the existence and construction of interval
colorings of complete multipartite graphs.
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Theorem S. Foranyny,ny,...,n, €N, if Ky, ., has an interval t-coloring
r
o such that LSE(V(Ky,, . ),0) is continuous and Zni = n, then for any
i=1
k € Z>o, Ky, . o nom..2kn has an interval (t + (27" — 1)n)-coloring B such that
LSE(V(K,, s .n2n.. %), B) is continuous.

Proof. We prove this Theorem by induction on k. First we show the statement
of Theorem 5 for the case k = 0. Let us divide the vertices of K, . ,, . into the
following two groups (Fig. 2):

r

oUr=Vi Uil =) ni=n;
i=1 i=1

o Uy =V, |[Us]| = [Vip1| =n.

Fig. 2. Grouping of the vertices Fig. 3. Complete bipartite graph G
of K, ny....np - with bipartition (Uy,U»).

Define a complete bipartite graph G with bipartition (U;,U,) (Fig. 3).
Clearly, G is isomorphic to K, ,. By Lemma 1, we can give an interval coloring
Y of G such that the following two conditions hold:

e for any vertex v € Uy, S(v,7) =S(v, a).

We define an edge-coloring 8 of K,, ., » as follows:

e for any vertices v,u € U; such that (vu) € E(Kn, . n.n), let
B((vu)) = a((v,u)) +n;

o for any vertex v € U and u € Ua, let B((v,u)) = y((v,u)).

Clearly, B is an interval (¢ 4 n)-coloring of K, ., . By the definition of 3, it
is easy to see that LSE(V (K, .. n,.n),B) is continuous.

Assume that the statement of Theorem 5 holds for k = [. Let us consider the case
k=1+1. By induction, we have that K, .5, o, hasaninterval (14 (2" —1)n)-
coloring 8 such that LSE(V(K,, . n24.. 21x),B) is continuous. Using the same
argument as in the proof of the case k = 0, it can be easily obtained that the Theorem
also holds in the case k =1+ 1. ]
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Corollary 1. Foranyni,...,n, €N, if Ky, ., hasaninterval A(Ky, . ,a4,)-

.
coloring o such that LSE(V (K, . n,), Q) is continuous and Z n; = n, then for any
i=1

k € Z>o, Ky, nom.. 2kn has an interval A(K, -coloring B such that

LSE(V(K,, ... n,n2n,..2kn)s B) is continuous.

1,.‘.,n,,n,2n,‘..,2"n)

Corollary 2. For any a,b,c,k € N, if K, has an interval t-coloring o
such that LSE (Vi UV,, @) is continuous, then K, j, s i(a+p) has an interval (t +a+b)-
coloring B such that LSE(V, UVa, B) is continuous.

We prove this Corollary by induction on k also using the proof of Theorem 5 in
the case k = 0. Let us also note that this Corollary partially confirmes Conjecture 1.
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L L. UNFeU8UL

LOPpJd, AUQUUUNNUUWLE GLUDLELD UPQUUUSRLUSPL UNIUShUL
LEPUNFULEME UUUDL

G qpudp Yngdmud & ppyf r-fndwdih (r > 2) gpud, tipt gpudh ququplbinh

puqunipgnilp Juntih £ qpnhtg 7 ng punpuin wjupe puqineymbabbph Vi,...,V,
wjiybiu, np Juiwjwluwid ququp Vi-hg hwplwb £ pninp ququpbtiphtt V;-hg
(1 <i< j<r): Lphy r-Yynniwbh gpudn Vi, Vs, ..., V, wiuh puqimpmbibpny,
npptin [Vi| = n; (1 <@ <7r), YUpwhwltlp Ky p,,..n,-nd: G gnudh Ynnuiyhl
bbpynuin 1,2,...,¢ gnybbpny Yngymu £ dpowluypuypls t-thpynid E Gph pnnp
gnybtinp ogyuugnpdywd b, b G-h judwjwlwb ququphi Yhg Ynntiph qnydtpp
ypupptip G0 b juqinud Gb wipnne pytiph dhowlwp:

Wu wphuiwgubipnd uypugytip Gt iphy 7-Ynndwth gpuditiph dhowljwypwyht

Unnuyhtt Obpymittph gnympjub, Junmgdwud U pYwihlt wuwpudbppbpp
giwhunpiwb htip uuyyuwd npny wpnynubpbtin: Uwubwynpuytiu, wphowgpubpnid
ugnugytiy £ phy puquwynniwth gnudbtiph dhewlwypwyhte Ynnuyhte bhpljdwb
utio dwulmljgnn htmpwynp gnybtiph pwtwyh yiphtt gbwhunpujuib:
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JI. H. MYPAJIAH

Ob UHTEPBAJIBHBIX PEBEPHBIX PACKPACKAX IIOJIHBIX
MHOI'OJOJIBHBIX T'PA®OB

I'pad G HasbBaeTcs noanvim r-dosvhvim (r > 2 ) epadom, eciim MHOKECTBO
€r0 BEPIITUHBI MOXKHO PA30UTh HA F HEIIYCTHIX HE3aBUCUMBIX MHOXKeCTB Vi, ..., V,
TaKuM 00pa30M, YTO KaKjias BepiinHa u3 V; cMeXKHa cO BCeMH BEPITUHAME U3
Vi (1 <i< j<r). Honuslii r-1oabHblii rpad ¢ HE3ABHCUMBIME MHOMKECTBAMI
Vi,Va,...,V,, tie Vil =n; (1 <i<r), obosuaunum depes Ky, u,,. n,. Pebepnas
packpacka rpada G B 1iBera 1,2, ... f HABBIBACTCS UHMEPEAALHOU t -PacKPacKod,
€CJI BCE I[BETA WCIIOJIH30BAHbI U I[BeTa pebep, WHIMIEHTHBIX JII00O! BepInHe
rpacda G, pa3judHbl 1 00Pa3yIOT UHTEPBAJI IEJIbIX TUCEII.

B macrosimieit cratbe mOIydYeHBI HEKOTOPBIE PE3YJIbTATHI, KaCAIOIIHeCs
3a/1a9 CyIIEeCTBOBAHMS, IMIOCTPOCHUS U ONEHKU YHUCJIOBBIX HAapaMETPOB HMHTED-
BaJIbHBIX PeOEPHBIX PACKPACOK IOJTHBIX F-I0JBHBIX rpadoB. Kpome Toro, Hamu
TaK)Ke IOJIyUYeHA BEPXHss OIEHKAa YHCJIa [IBETOB B MHTEPBAJbHBIX PeOEPHBIX
packpacKkax IOJIHBIX MHOT'OJIOJILHBIX IpadoB.



